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Motivation

• Top pair production enters almost all LHC 
analyses, either as a signal, as a background or via 
PDF fits and MC-tunes	

• NLO-accurate MCs do a decent job, still there is 
some tension with data	

• The decreasing exp. uncertainties call for better 
predictions: NNLO and NLO EW mandatory	

• Unlike QCD corrections, the EW ones bring two 
new features, which can be relevant for boosted 
tops and high-pT searches: 	
• Sudakov suppression (negative) and photon-

initiated contributions (positive) 	
• Need for a consistent combination of NNLO 

QCD and NLO EW corrections
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Higher-order corrections to t t ̄production

• NLO EW corrections to t t ̄have been known for years, but they remain a hot topic 
Weak: Beenakker et al., Nu.Ph.B.411(1994), Kuhn et al., hep-ph/0610335 & arXiv:1305.5773, Bernreuther et al., hep-ph/
0508091, Campbell et al., arXiv:1608.03356; QED+gγ LO: Hollik et al., arXiv:0708.1697; FB asymmetry: Hollik et al., arXiv:
1107.2606, Kuhn et al., arXiv:1109.6830, Manohar et al., arXiv:1201.3926, Bernreuther et al., arXiv:1205.6580; NLO+EW
+decay (NWA): Bernreuther et al., arXiv:1003.3926; EW with γ-initiated: Pagani et al, arXiv:1606.01915; EW to e+𝜇-vvbb̄: 
Denner et al., arXiv:1607.05571	

• We combine the NNLO QCD corrections with the complete LO and NLO 
corrections and we study the effect on differential observables in t t ̄production  
Czakon, Mitov, Heymes arXiv:1511.0049 & 1606.03350
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Setup of the calculation
• We use the following input-parameters  

mt=173.3 GeV,   mW=80.385GeV,   mZ=91.1876 GeV,   mH=125.0 GeV	
• EW corrections are computed in the Gμ scheme, with  

Gμ=1.1663787·10-5 GeV-2	
• Factorization and renormalisation scales are set to 
μ=mT(t/t̄)/2 for pT(t/t̄),  μ=HT/4 for all other observables Czakon et al, arXiv:1606.03350	

• A 5FS is employed throughout the computation	
• EW corrections are computed with a development branch of 
MadGraph5_aMC@NLO; NNLO QCD corrections with Top++	

• We use the LuxQED PDF set for our reference predictions, and 
compare with NNPDF3.0QED. These PDF sets provide a photon 
density obtained with different methodologies
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FIG. 4. The ratio of common PDF sets to our LUXqed result,
along with the LUXqed uncertainty band (light red). The CT14
and MRST bands correspond to the range from the PDF mem-
bers shown in brackets (95% cl. in CT14’s case). The NNPDF

bands span from max(µr � �r, r16) to µr + �r, where µr is
the average (represented by the blue line), �r is the standard
deviation over replicas, and r16 denotes the 16th percentile
among replicas. Note the di↵erent y-axes for the panels.

as the di↵erence between the CLAS and CB fits (RES);
a systematic uncertainty due to the choice of the transi-
tion scale between the HERMES F

2

fit and the pertur-
bative determination from the PDFs, obtained by reduc-
ing the transition scale from 9 to 5 GeV2 (M); missing
higher order e↵ects, estimated using a modification of
Eq. (6), with the upper bound of the Q2 integration set
to µ2 and the last term adjusted to maintain ↵2(↵

s

L)n

accuracy (HO); a potential twist-4 contribution to F
L

parametrised as a factor (1 + 5.5 GeV2/Q2) [54] for
Q2 � 9GeV2 (T). One-sided errors are all symmetrised.
Our final uncertainty, shown as a solid line in Fig. 3, is
obtained by combining all sources in quadrature and is
about 1-2% over a large range of x values.

In Fig. 4 we compare our LUXqed result for the MS f
�/p

to determinations available publicly within LHAPDF [55].
Of the model-based estimates CT14qed inc, CT14qed [23]
and MRST2004 [21], it is CT14qed inc that comes closest
to LUXqed. Its model for the inelastic component is con-
strained by ep ! e� + X data from ZEUS [24]. It also

FIG. 5. �� luminosity in pp collisions as a function of the
�� invariant mass M , at four collider centre-of-mass energies.
The NNPDF30 results are shown only for 8 and 100 TeV. The
uncertainty of our LUXqed results is smaller than the width of
the lines.

includes an elastic component. Note however that, for
the neutron, CT14qed inc neglects the important neu-
tron magnetic form factor. As for the model-independent
determinations, NNPDF30 [56], which notably extends
NNPDF23 [22] with full treatment of ↵(↵

s

L)n terms in
the evolution [57], almost agrees with our result at small
x. At large x its band overlaps with our result, but the
central value and error are both much larger.
Similar features are visible in the corresponding ��

partonic luminosities, defined as

dL
��

d lnM2

=
M2

s

Z
dz

z
f
�/p

(z,M2) f
�/p

✓
M2

zs
,M2

◆
, (9)

and shown in Fig. 5, as a function of the �� invariant
mass M , for several centre-of-mass energies.
As an application, we consider pp ! HW+(! `+⌫) +

X at
p
s = 13 TeV, for which the total cross section with-

out photon-induced contributions is 91.2±1.8 fb [6], with
the error dominated by (non-photonic) PDF uncertain-
ties. Using HAWK 2.0.1 [58], we find a photon-induced
contribution of 5.5+4.3

�2.9

fb with NNPDF30, to be compared
to 4.4± 0.1 fb with LUXqed.
In conclusion, we have obtained a formula (i.e. Eq. (6))

for the MS photon PDF in terms of the proton structure
functions, which includes all terms of order ↵L (↵

s

L)n,
↵ (↵

s

L)n and ↵2L2 (↵
s

L)n. Our method can be eas-
ily generalised to higher orders in ↵

s

and holds for any
hadronic bound state. Using current experimental in-
formation on F

2

and F
L

for protons we obtain a pho-
ton PDF with much smaller uncertainties than existing
determinations, as can be seen from Fig. 4. The pho-
ton PDF has a substantial contribution from the elas-
tic form factor (⇠ 20%) and from the resonance region
(⇠5%) even for high values of µ ⇠ 100�1000 GeV. Our

Manohar et al, 1607.04266;  
NNPDF Coll. arXiv:1410.849 & 1308.0598

See also Pagani, Tsinikos, MZ, arXiv:1606.01915 for a 
study of  the photon-PDF effects in t t ̄production  
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Combination of NNLO QCD  
and EW corrections

• The most straightforward way to combine EW 
and QCD corrections is an additive combination: 
simply add the two:	
• Only terms which are known exactly are included	
• NLO EW corrections have LO-like scale variations: 

where they are large, they induce very large 
uncertainties	

• Alternatively, one can try to guess subleading 
terms (αs3α) via a multiplicative combination 

 	
• The αs3α term is included in an approximate manner	
• The multiplicative combination works well when QCD 

corrections are dominated by soft-emissions and EW 
corrections by Sudakov logs→It is the case for t t!̄	

• For our reference results the multiplicative 
combination will be employed 

5

1 2 3

1 2 3 4

1 2 3

1 2 3

1 2 3 4

1 2 3

tt-, LHC13, LUXQED

(QCD+EW)/QCD (QCD×EW)/QCD (QCD2×EW)/QCD

 0.8

 1

 1.2

QCD QCD+EW

 0.6

 0.8

 1
(QCD+EW)/QCD; scale unc.

QCD QCD×EW

 0.6

 0.8

 1
(QCD×EW)/QCD; scale unc.

QCD QCD2×EW

 0.6

 0.8

 1
(QCD2×EW)/QCD; scale unc.

pT,avt [GeV]

(QCD+EW)/QCD (QCD+EW−EWres)/QCD

 0.8

 1

 0  500  1000  1500  2000  2500  3000

tt-, LHC13, NNPDF3.0QED

(QCD+EW)/QCD (QCD×EW)/QCD (QCD2×EW)/QCD

 0.8

 1

 1.2

QCD QCD+EW

 0.6

 0.8

 1
(QCD+EW)/QCD; scale unc.

QCD QCD×EW

 0.6

 0.8

 1
(QCD×EW)/QCD; scale unc.

QCD QCD2×EW

 0.6

 0.8

 1
(QCD2×EW)/QCD; scale unc.

pT,avt [GeV]

(QCD+EW)/QCD (QCD+EW−EWres)/QCD

 0.8

 1

 0  500  1000  1500  2000  2500  3000

tt-, LHC13, LUXQED

(QCD+EW)/QCD (QCD×EW)/QCD (QCD2×EW)/QCD

 0.9

 1

 1.1

QCD QCD+EW

 1

 1.5 (QCD+EW)/QCD; scale unc.

QCD QCD×EW

 1

 1.5 (QCD×EW)/QCD; scale unc.

QCD QCD2×EW

 1

 1.5 (QCD2×EW)/QCD; scale unc.

m(tt-) [GeV]

(QCD+EW)/QCD (QCD+EW−EWres)/QCD

 0.9

 1

 1.1

 0  1000  2000  3000  4000  5000  6000

tt-, LHC13, NNPDF3.0QED

(QCD+EW)/QCD (QCD×EW)/QCD (QCD2×EW)/QCD

 0.9

 1

 1.1

QCD QCD+EW

 1

 1.5 (QCD+EW)/QCD; scale unc.

QCD QCD×EW

 1

 1.5 (QCD×EW)/QCD; scale unc.

QCD QCD2×EW

 1

 1.5 (QCD2×EW)/QCD; scale unc.

m(tt-) [GeV]

(QCD+EW)/QCD (QCD+EW−EWres)/QCD

 0.9

 1

 1.1

 0  1000  2000  3000  4000  5000  6000

Figure 4. Additive (⌃QCD+EW) versus multiplicative (⌃QCD⇥EW) approach: pT,avt and m(tt̄) di↵er-
ential distributions at 13 TeV. The format of the plots is described in the text.

ference between ⌃QCD⇥EW and ⌃QCD2⇥EW is in general small; a sizeable di↵erence between

their scale dependences can be noted only in the tail of the pT,avt distribution.

For all the reasons mentioned above we believe that the multiplicative approach should

be preferred over the additive one and, indeed, it has been used for the calculation of our

best predictions in sec. 2. One should bear in mind that this conclusion depends on the

choice of scale, which in our case, as explained in ref. [8], is based on the principle of fastest

convergence. A di↵erent scale choice with larger K factors would likely artificially enhance

the di↵erence between ⌃QCD+EW and ⌃QCD⇥EW.

In the last inset in figs. 4 and 5 we compare the quantities ⌃EW and ⌃EW � ⌃res. As

expected, one can see that the ⌃res contribution is typically flat and very small. The only
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Figure 4. Additive (⌃QCD+EW) versus multiplicative (⌃QCD⇥EW) approach: pT,avt and m(tt̄) di↵er-
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Throughout this work with the term “EW corrections” we refer to the quantity ⌃EW,

while the term “NLO EW corrections” will only refer to ⌃NLO EW. In the additive approach,

which is presented in section 3.1, QCD and electroweak corrections are combined through the

linear combination

⌃QCD+EW ⌘ ⌃QCD + ⌃EW . (A.7)

The so called “multiplicative approach”, which has been discussed in sec. 3.1, is precisely

defined in the following. The purpose of the multiplicative approach is to estimate the size

of ⌃NNLO,2, which for convenience we rename ⌃mixed and assuming complete factorisation of

NLO QCD and NLO EW e↵ects we estimate as

⌃mixed ⌘ ⌃NNLO,2 ⇠ ⌃NLO QCD ⇥ ⌃NLO EW . (A.8)

In the regime where NLO QCD corrections are dominated by soft interactions and NLO EW

by Sudakov logarithms, eq. (A.8) is a very good approximation, since the two e↵ects factorise

and are dominant. In other regimes ⌃mixed can be used as an estimate of the leading missing

mixed QCD–EW higher orders. The advantage of the inclusion of ⌃mixed is the stabilisation

of the scale dependence of the term ⌃NLO EW, which in tt̄ production has almost 8 the same

functional form of of ⌃LO QCD. To this end we define the multiplicative approach as

⌃QCD⇥EW ⌘ KNLO
EW (⌃LO QCD + ⌃NLO QCD) + ⌃LO EW + ⌃NNLO QCD + ⌃res (A.9)

= KNLO
QCD (⌃LO QCD + ⌃NLO EW) + ⌃LO EW + ⌃NNLO QCD + ⌃res (A.10)

= ⌃QCD +KNLO
QCD ⌃NLO EW + ⌃LO EW + ⌃res (A.11)

= ⌃QCD+EW + (KNLO
QCD � 1)⇥ ⌃NLO EW (A.12)

⇠ ⌃QCD+EW + ⌃mixed , (A.13)

where we used the standard K-factors

KNLO
QCD ⌘ ⌃LO QCD + ⌃NLO QCD

⌃LO QCD
, KNLO

EW ⌘ ⌃LO QCD + ⌃NLO EW

⌃LO QCD
. (A.14)

In order to test the stability of the multiplicative approach under even higher mixed

QCD-EW orders, we combine NNLO QCD corrections and NLO EW corrections in order to

estimate, besides the ⌃mixed term, also NNNLO contributions of order ↵4
s↵. For this purpose

we define the quantity

⌃QCD2⇥EW ⌘ KNLO
EW ⌃QCD + ⌃LO EW + ⌃res (A.15)

= KNNLO
QCD (⌃LO QCD + ⌃NLO EW) + ⌃LO EW + ⌃res (A.16)

= ⌃QCD +KNNLO
QCD ⌃NLO EW + ⌃LO EW + ⌃res (A.17)

= ⌃QCD+EW + (KNNLO
QCD � 1)⇥ ⌃NLO EW , (A.18)

8We say “almost” because this order receives also QCD corrections to the ⌃LO EW contributions from the

g� and bb̄ initial states. Besides these e↵ects ⌃NLO EW(µ2) = ⌃NLO EW(µ1)
⌃LO QCD(µ2)

⌃LO QCD(µ1)
.
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where we used the standard K-factors

KNLO
QCD ⌘ ⌃LO QCD + ⌃NLO QCD

⌃LO QCD
, KNLO

EW ⌘ ⌃LO QCD + ⌃NLO EW

⌃LO QCD
. (A.14)

In order to test the stability of the multiplicative approach under even higher mixed

QCD-EW orders, we combine NNLO QCD corrections and NLO EW corrections in order to

estimate, besides the ⌃mixed term, also NNNLO contributions of order ↵4
s↵. For this purpose

we define the quantity

⌃QCD2⇥EW ⌘ KNLO
EW ⌃QCD + ⌃LO EW + ⌃res (A.15)

= KNNLO
QCD (⌃LO QCD + ⌃NLO EW) + ⌃LO EW + ⌃res (A.16)

= ⌃QCD +KNNLO
QCD ⌃NLO EW + ⌃LO EW + ⌃res (A.17)

= ⌃QCD+EW + (KNNLO
QCD � 1)⇥ ⌃NLO EW , (A.18)

8We say “almost” because this order receives also QCD corrections to the ⌃LO EW contributions from the

g� and bb̄ initial states. Besides these e↵ects ⌃NLO EW(µ2) = ⌃NLO EW(µ1)
⌃LO QCD(µ2)

⌃LO QCD(µ1)
.
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Results

• EW corrections have the largest effect on the top pT (up to -25% at 3 TeV). 
Comparable with scale uncertainties from pT>500 GeV. EW corrections on 
the invariant mass are smaller, and almost negligible on the rapidity of the 
top and of the pair 	

• Note that theoretical uncertainties are dominated, in many regions, by PDFs
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Photon PDF effects

• As it has been shown in 1606.01915, the photon density from NNPDF 
gives large effects, which even compensate the Sudakov suppression at 
large pT’s, with a large uncertainties. 	

• On the other hand, the photon density from LuxQED gives very small 
effects in t t ̄production, compatible with what one gets by setting the 
photon PDF to zero
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Radiation of extra Heavy Bosons

• The real-radiation of heavy bosons (W/Z/H) is of the same perturbative orders 
of NLO EW corrections	

• It is a finite contributions, which is also subtracted from the t t ̄cross section in 
experimental analyses	

• In principle, one may wonder if it compensates EW corrections, in particular 
Sudakov effects	

• In practice, their contribution remains small or very small
8
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Conclusion and outlook

• We have provided a consistent combination of NNLO QCD and NLO 
EW corrections (including all subleading contributions at LO and NLO)	

• A multiplicative combination is employed, which approximates the term at 
order αs3α	

• Results, including differential K-factors and rates for 8 and 13 TeV and raw 
histograms data are publicly available at  
http://www.precision.hep.phy.cam.ac.uk/results/ttbar-nnloqcd-nloew/ 
 	

• EW K-factor is expected to be very stable e.g. with different PDFs; one can 
obtain predictions at NNLO QCD + EW for any PDF set by using 
FastNLO tables for the QCD part Czakon, Heymes, Mitov, arXiv:1704.08551	

• Coming soon: combination of NNLO QCD and EW corrections for the 
top asymmetry at the Tevatron and at the LHC

9
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Extra slides:	
Additive vs multiplicative
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