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Topics of this lecture

o What is the g-factor of the bound electron?
o … and why is it interesting ?

o How does it differ from the free electron ?
o Interference with lectures by S. Ulmer (g-factor proton/antiproton)

and W. Quint (free and bound electron)

o How can it be used to test fundamental theories ?

o How can it be measured ?

o Determination of the electron’s mass
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QED in strong fields

o Quantum Electrodynamics describes the 
interaction of charged particles and 
light/photons.

o It enables extremely precise predictions: 
o hydrogen spectrum
o magnetic moments
o …
 “the jewel of physics” (Feynman)

o It is the best tested theory of the
Standard Model ! 

o BUT these tests are typically in weak fields:
 Weak coupling ~ √α (higher orders

suppressed)
 ”low” photon density in low fields 

ߙ
“Classical” 

charge 
interaction

“New” 
interaction with 
quantum field

NOT allowed !
(photons have

no charge)Is QED valid in strong fields ?
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How strong could it be ?

Macroscopic fields

Mesoscopic fields

Atomic fields

HCI fields
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How strong could it be ?
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Electron

Magnetic 
moment

Spin

Every charged and spin-
carrying particle has a 
magnetic moment:

S
m
egSS 2

=μ

The g-factor characterizes 
its strength. 

Spin and g-factor
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Spin and g-factor

Free electron, no interaction

2=Sg

Dirac,
plane wave
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Spin and g-factor

Bound electron, no interaction

Dirac,
hydrogenlike

wave

BreitS g
Z
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Spin and g-factor

Bound electron, with QED

Dirac,
hydrogenlike

wave

BreitS g
Z

g ≡
−+

=
3

)(121
2

2α



12C5+ 208Pb81+

QED of  Bound States
28Si13+

40Ca19+

The Standard Model in 
extreme conditions

High to ultra-high 
field strength

Low field strength

Extract fundamental 
constants (electron mass, 

fine structure constant)
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 Results allow determination of 
fundamental constants (me , α)

The g-factor of a bound electron

[Z. Harman et al., 2016]
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Changes to the free-electron case:

1. Spin is no longer „good quantum number“ but total angular momentum gJ

2. QED has to take into account the effect of binding

3. Nuclear effects have to be considered

Primary goal: test of QED in strong fields

1st order 
terms

gJ = ?

The g-factor of a bound electron
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From free to bound electrons

bound             free        interaction  with  the  field  of  the nucleus

QED corrections of order (α/π)

From free to bound electron QED
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QED corrections of  order (α/π)2

free: 7 diagramms, calculated in 1957

bound: 50 diagramms, only 10 related Lamb shift diagrams 
finished in 2001 (V. Yerokhin)

Calculation for gJ in 12C5+

Dirac binding energy 1.988 721 354 4
finite nuclear size +0.000 000 000 4
nuclear recoil +0.000 000 087 6(1)
free QED, order (α/π) +0.002 322 819 5
bound QED, order (α/π) +0.000 000 844 2(9)
free QED, orders (α/π)2 to (α/π)4 - 0.000 003 515 1
bound QED, order (α/π)2, (Zα)2 - 0.000 000 001 1(4)

total theoretical value: 2.001 041 589 9(10)

(δg/g)theo = 5 ⋅10-10

(δg/g)theo = 8.9 ⋅10-12

Today (Pachucki):



• Reduced cyclotron 
frequency:

• Magnetron drift
frequency:

• Axial frequency:

2222
zc ωωωω ++= −+ Free cyclotron frequency

~2π∙27 MHz

~ 2π∙ 9 kHz

~ 2π∙ 700 kHz

Three independent eigenmotions

(Brown-Gabrielse invariance theorem)

Our measurement tool - the Penning trap
B



Precision trap 
 Very homogeneous magnetic field
 Measurement of the frequency ratio Γ

Analysis trap
 Magnetic inhomogeneity (B2≈10mT/mm2)
 Detection of spin direction

Creation trap
 In-trap ion creation of highly-charged ions
 Miniature EBIT/S

~1
4 

cm

7 
m

m Triple Penning trap system
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 Cryogenic temperatures (4.2K)
 Vacuum better than 10-16 mbar

 less than 20 gas atoms in the trap volume

Experimental setup



g-Factor Resonance
Many repetitions for random frequencies

 g-factor resonance

 Γ0 is extracted from fit

 g-factor is calculated
Ion

e

m
m

e
qg Γ= 2



g-Factor Resonance
Many repetitions for random frequencies

 g-factor resonance

 Γ0 is extracted from fit

 g-factor is calculated
Ion

e

m
m

e
qg Γ= 2

gexp = 1.995 348 959 04(8)(6)
gtheo= 1.995 348 958 0(17) 

Theoretical value by:
[Z. Harman, J. Zatorski, C.H. Keitel, C. Pachucki et al. 2011]

[S. Sturm et al., PRL 107, 2 (2011)]

Error dominated by uncertainty of electron mass

gexp = 1.995 348 958 7 (5)(3)(8)
gtheo= 1.995 348 958 0 (17) 

Theoretical value by:
[Z. Hamann, J. Zatorski, C. Pachucki et al. 2011]

[S. Sturm et al., PRL 107, 2 (2011)]

6 8 10 12 14 16 18 20 22 24
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a(Zα)4

2loop

Uncalculated higher orders
two-loop QED

a(Zα)2

2loop

aNuclear Size
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a1loop 
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The electron’s mass

Electron mass from ultra-high precision 
g-factor of hydrogenlike carbon:

ion
ionL

ctheo
e m

q
egm

ω
ω

2
=

e
m

m
qg e

ion

ion

c

L

ω
ω2=

Theory (Pachucki et. al) x 10-12

Experiment



me=0.000 548 579 909 067(16) u

Order of magnitude 
improved value ! Nature 506, 467-470, 2014 

The electron’s mass

Electron mass from ultra-high precision 
g-factor of hydrogenlike carbon:

ion
ionL

ctheo
e m

q
egm

ω
ω
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The strongest fields

208Pb81+

 Probe validity of QED in the strongest fields
 Precision experiment with heavy, highly charged ions
 Strongly coupled (Zα≈1) electron, beyond the Furry

picture
 Extract nuclear structure information



The strongest fields

 Probe validity of QED in the strongest fields
 Precision experiment with heavy, highly charged ions
 Strongly coupled (Zα≈1) electron, beyond the Furry

picture
 Extract nuclear structure information

sp ggg 12' ξ−=

Specific difference 
cancels nuclear 

effects:



Experimental Setup

ground floor

basement

tt-EBIT

UHV 
beamline

Be+ Laser 
ion source

Cooling LASER



Trap chamber with 
Penning Traps

Cryogenic 
vacuum valve

Cryogenic
electronics

Liquid 
helium

Liquid 
nitrogen

~4 T
magnet

Beamline

Experimental Setup

ground floor

basement

tt-EBIT

UHV 
beamline

Cooling & Spectroscopy laser

Be+
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ion
source



Experimental Setup

Cryogenic 
vacuum valve

Cryogenic
electronics

Liquid 
helium

Beamline

Trap chamber with 
Penning Traps

ground floor

basement

UHV 
beamline

16:09

tt-EBIT

Be+ Laser 
ion source



Thank you for your attention !
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Isotopic effect in
g(40Ca17+) - g(48Ca17+)

 Basically identical electron
configuration

 Strong cancellation of
theory uncertainties

 Significantly improved 
theoretical results  
(V. Shabaev)



Isotopic effect in
g(40Ca17+) - g(48Ca17+)

Test physics beyond the Furry picture in strong 
field !

 Calcium isotopes 40Ca and 48Ca have

 almost identical nuclear radius (Δr=0.5(9) 10-18 m)
Nuclear size effect cancels to large extent

 different mass (Δm ≈ 8u)
 Very sensitive to (fully relativisitic) nuclear recoil

 Ionic masses to high precision from SHIPTRAP
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We have addressed the following topics:

Thank you for your attention !

o Why precision mass spectrometry

o How are masses measured ?

o What precision can be achieved ?

o What are the applications ?

o How can we use MS to probe
fundamental physics ?


