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I. Conditions for Coulomb crystallization 



Condition for the formation of Coulomb crystals 

3D, infinite case:   
 
      Γ=ECoul/Ekin = Q2/(4πε0akBT) > ~170    , 
                     
      or equivalent 
                                       a/Δrkin> ~10      
     
     with            a=(3/(4πn))1/3 is the Wigner-Seitz radius 

                                                                                               

Coulomb crystal? 

classical 

3D, finite case:   
 
      Γ=~200 (~10.000 ions) – 500 (~100 ions) 
              

                  J. P Schiffer, PRL 88, 205003(2002) 
                                                          

J.-P. Hansen, Phys. Rev. A 8, 3096 (1973)  

Conditions for Coulomb crystallization 



Historical background 

   Wigner 1934:   
 
                        Electrons in metals at low temperatures:   
 
                        Normally,  Δr~a  due to quantum mechanics. 
 
                            By lowering the electron density one would,  
                        however, get Coulomb crystals or so-called  
 
                                    Wigner-crystals. 
 
 
                               
                                                    Still not observed in 3D, but….      

History I 



~1980:      2D Wigner-crystals on the surface  
                           of superfluid helium 
 
 
~1990:        2D Wigner-crystals in GaAs/GaAlAs  
                            quantum well stuctures 
 
~2000:     Simulations of few electrons in a quantum dot: 
 

History II 

Filinov, Bonitz, Lozovik 



~1980:  
 
Dense stellar objects: White Dwarfs and Neutron Stars 

I.e., at sufficient ”low” temperatures (~106 K) ion Coulomb 
crystals are expected to be present in these exotic objects !                               

What about ions? 

Criterion for avoiding “quantum melting”:   
 
                                   a> 104 x h2ε0/(Q2m) 
 

Interior of WD:      C6+, O8+     =>   a> ~10-12 m    
Crust of NS:           Fe26+         =>   a> ~10-14 m   



~1980: 
 
First demonstartion of laser cooling of ions.  (NIST, Hamburg) 
 
    =>                           Γ~1000     
 
 

Trap experiments 

History IV 

~1980 ->:  Non-neutral plasma physics, statistical physics,  
              non-linear dynamics, metrology, quantum optics,  
              cold molecules, nuclear physics, solid state physics…   

<1980: 
 
Trap ion densities of n~108 cm-3 and temperatures of >1 K 
 
                    =>            Γ<1 



The linear Paul trap 
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Effective oscillation freq.’s:

Sinusoidal RF potential:  URF(t)=URFsin(Ωt)  

ω  β Ω r=1/2 , β =(1/2 + )2 1/2  q a

a 
a q 



5 cm 

Electron beam 

Cooling laser 

Photo-ionizing laser 

Cooling laser 

Cooling laser 

Atomic beam 

The Aarhus linear Paul trap 



II. Structural properties under various  
trapping conditions 



Single species ion Coulomb crystals 

Smaller crystals – strings of ions 

250 µm 

1 mm 

Ion spacing: ~ 10 µm  

Strings of ions 



Equilibrium positions: 

Potential energy: 

How to determine the 1D linear ion structure?  

James, Appl. Phys. B 66, 181 (1998) 



Length scale: 

James, Appl. Phys. B 66, 181 (1998) 

Scaled equilibrium positions 



#ions ωN,i
2: 

Normal mode frequencies and eigenvectors  

James, Appl. Phys. B 66, 181 (1998) 



Medium size crystals (~100 - ~1000 ions) 

Properties: 
 
       Shells with near-hexagonal structures  
 

       Uniform density of ~108 cm-3 
 

       Temperature of      ~10 mK 
 

       Trap life times of   ~hours @ P~10-10 mBar 

Medium size crystals 
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Outer contours of crystals 

cold charged  

liquid model 

Cold uniformly charged liquid model 
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L. Turner, Phys. Fluids 30, 3196 (1987) 





Ref: PRA 44 4506 (1991) 



Ref: PRA 44 4506 (1991) 

“Magic numbers” 



Theory: 

3D Long-range-order in Coulomb crystals   

Wigner, Hansen, Pollock, Dubin, Hasse, Totsuji .. 

Recent MD simulations: 

N≈104 

Ucoh=ΔUsys/(Nq2/a) 

Ref: PRL 88 125002 (2002) 

bcc 

Shells 



Penning trap experiments with ~105 9Be+ ions 

W. M. Itano et al., Science 279, 686 (1998) 





Ann. Phys. 203, 419 (1990) 



The structure of cylindrically confined infinite crystals 

Projections to the radial plane 

Dimensionless linear charge density:  

Hasse and Schiffer, Ann. Phys. 203, 419 (1990) 



The structure of cylindrically confined infinite crystals 

Structures for increasing linear densities 

Hasse and Schiffer, Ann. Phys. 203, 419 (1990) 



Observation of multi-shell structures in a quadrupole storage ring 



Ref: PRL 81 2878 (1998) 



Atomic density: 

Ref: PRL 86 1994 (2001)  

Two-species ion Coulomb crystals  

24Mg+ 

40Ca+  

Effective oscillation freq.’s:
ω  β Ω r=1/2 , β =(1/2 + )2 1/2  q a

a 
a q 



~3000 40Ca+ + 47 24Mg+ 

Equidistantly spaced ions in the string! 

Similar to an infinite long single component crystal! 

Ref: PRL 86 1994 (2001)  



Ref: PRL 91 165001 (2003)  

20,288 ions 

Simulations:  50:50 systems with q2=2q1, m2=2m1  

Full mixing and double shells   
Radial density distributions Ground state vs. N-1/3     

Coulomb crystals of two species with  
the same charge-to mass ratio  



Coulomb crystals of two species with  
the same charge-to mass ratio  

Potential Exp.: 50:50 systems of 24Mg+ and 48Ca2+ 

More extreme cases, e.g.: 
 
 
9Be+ - 27Al3+, 36Ar4+, 45Sc5+, 54Fe6+,…, 180Hf20+, 189Os21+,… 

… the sensitivity 
of the mixing on the charge-to-mass 
ratio… 
 

 …one per thousand is enough to observe 
at least partial segregation of the two 
species. 

Ref: PRL 91 165001 (2003)  

This can be tested experimentally! 



White Dwarfs (revisited) 

12C6+ and 16O8+   

The “Sun” 5 Billion years from now! 



In collaboration with Piet Schmidt, PTB, 
 and J. José R. Crespo López Urrutia, MPIK (Project leader) 

9Be+ and 40Ar13+ 



Four 9Be+ and one 40Ar13+ ions 



III. Metastable long-range-ordered 
Coulomb clusters 



~300 µm 

Number of 40Ca+ ions ~2700  Cubic structures viewed along 
one of the <111> directions: 

Observed structures in a linear Paul trap 

The structures are the same, 
BUT densities different! 

 

(nbcc=2nsc=4nfcc) 

Expected ion density:  nions=2.4±2x108 cm-3 

Ion density assuming bcc structure:  nbcc=2.3±2x108 cm-3 

a

b

c

PRL 96, 103001 (2006) 



Theory: 

3D Long-range-order (theory)   

Wigner, Hansen, Pollock, Dubin, Hasse, Totsuji, ... 

Recent MD simulations: 

N≈104 

Cohesive energy:   Ucoh=ΔUsys/(Nq2/a) 

Ref: Totsuji et al., PRL 88 125002 (2002) 

bcc 

Shells 
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N≈2700 
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Percentage of ions fixed in bcc structure

 2685 ions

(Γfinal > 10.000 in all simulations) 

MD simulations of spherical clusters with 
fixed central bcc-structures  

5 mK  
~ 
Γ=400 



MD simulation 
 

 2685 ions, T=1 mK  (Γ~2000) 

Video: 10 ms real time Averaged ion distribution (10 ms) 



MD simulation 
 

 2685 ions, T=20 mK  (Γ~100) 

Video: 10 ms real time Averaged ion distribution (10 ms) 



Real-time video 

Number of ions:  ~2500  



”Snap-shots” 

1 frame = 100 ms ≈ 104 τosc  arXiv:1202.2544 (2012) 
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FCC <211> 

hfcc 

FCC structure 

wfcc 

hfcc/wfcc = 23/2/31/2= 1.63 



1 frame = 100 ms ≈ 104 τosc  

”Snap-shots” 

arXiv:1202.2544 (2012) 
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Interface viewed along the <111> direction of the bcc structure 

FCC  

Kurdjumov-Sachs Nischiyama-Wassermann 
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BCC <110>- FCC <111> interface  



W. M. Itano et al., Science 279, 686 (1998) 

Fcc <111>  - bcc <110> interface also observed in Penning traps? 

Kurdjumov-Sachs: 

Nischiyama-Wassermann 

Expected orientation: 

5.3o 

0o 

Penning trap experiment 

3o 



IV. Control of crystal structures by  
light induced forces 



Introduction to optically induced potentials 

Generally, we can polarize atoms/ions: 

=> 

Two level atom/ion: 



  Exploitation of optically induced potentials 
 

A) Control of structural phases of Coulomb crystals 
  

Idea: 
 

   Try to clamp specific lattice planes by standing  
   wave optical fields. 

BCC FCC 



Standing wave field induced potential 

Interference pattern from two  
crossing light beams  

θ

Standing wave period Λ 
can be controlled by the  
angle θ 

Λ

Cold ions 



MD simulation results with 1000 ions 

64 ions initially  
fixed in a fcc  
structure 
 

(111) 

(001) 

(011) 

Next, release the initially fixed ions, and see if they stay: 

P. Horak, A. Dantan, and M. Drewsen,  
Phys. Rev. A. 86, 043435 (2012) 

 



Can we induce a structural phase transition? 



BCC  

ab

c

Interface viewed along the <111> direction of the bcc structure 

FCC  

Kurdjumov-Sachs Nischiyama-Wassermann 
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BCC <110>- FCC <111> interface  



The Bain path: 

bcc fcc 

 Keeps the number of particles  
 in planes constant, but changes 
 the density by a factor of 2 ! 

Can this be achieved 
experimentally?  

Seems so: 

Fix the 
(001) 
planes 

νr 

νr 

νz 

P. Horak, A. Dantan, and M. Drewsen,  
Phys. Rev. A. 86, 043435 (2012) 

 

Can we induce a structural phase transition? 


