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what’s new with a bounded motion?

What ions are concerned?
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what’s new with a bounded motion?

motion induced effects in atom-laser interaction

are induced by the interaction modulation

VAL(r, t) = −deg .EL(r)εL cos(ωt − Φ(r))

role of the reduction of the motion amplitude first demonstrated in
1952 and called the Lamb-Dicke effect

if ∆r � λL, the motion has no effect...
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what’s new with a bounded motion?

what fails from our previous analysis???

the broad line picture is not true anymore : the relevant timescale
Text for atom external dynamics is shorter than τe = 1/Γ.

we have to keep the position dependance in the atom-laser
interaction.

let’s assume the atom oscillates along the laser propagation direction
along Ox

x(t) ' X cos(ωt)
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what’s new with a bounded motion?

x(t) = X cos(ωxt) in the classical limit

1 the motion induced phase modulation of the atom-laser interaction is
periodic :

e ikLx(t) = e ikLX cosωx t = J0(kLX )+iJ1(kLX )e±iωx t−J2(kLX )e±i2ωx t . . .

Jn are Bessel functions and kLX is the modulation index
2 from the atom point of view, it is like the laser emits several

(coherent) lines with angular frequencies ωL, ωL ± ωx , ωL ± 2ωx . . ..

3 central band (ωL) : ΩLJ0(kLX ),
first sidebands ( ωL ± ωx ) : ΩLJ1(kLX ),
second sidebands (ωL ± 2ωx) : ΩLJ2(kLX )

4 in the low saturation case

Pe(∆) =
m=+∞∑

m=−∞

1

2

Ω2
LJ 2

m(kLX )

Ω2
LJ 2

m(kLX ) + 2(∆−mω)2 + Γ2/2
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what’s new with a bounded motion?

x(t) = X cos(ωxt) in the classical limit

kLX = 1

ω/2π = 1MHz

ΩL = Γ

Γ/2π = 105 Hz
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what’s new with a bounded motion?

x(t) = X cos(ωxt) in the classical limit

kLX = 1

ω/2π = 1MHz

ΩL = Γ

Γ/2π = 2.106 Hz
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what’s new with a bounded motion?

x(t) = X cos(ωxt) in the classical limit

for excitation on a broad transition (Γ > ωx), the oscillating nature of
the motion is not very relevant to describe the spectrum.

indeed, it can be shown that for Γ� ωx , the ions can be treated as
free (regime often called the “weak binding regime”, which fills the
broad line condition).

for Γ� ωx (the “strong binding regime”), the first order Doppler
effect is canceled as long as it is possible to point the central band
without error!!!

for Γ� ωx and a low temperature, this classical description of the
motion is not sufficient to explain the observed spectrum.
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what’s new with a bounded motion?

a more realistic case

In a realistic experiment, the laser does not propagate along a symmetry
axis of the trap. In a RF trap, the motion can include non negligible
µmotion and even excess µmotion. Then

kL.r = kx(X cosωx t+εx)(1+
qx
2

cos Ωt)+kz(Z cosωz t+εz)(1+
qz
2

cos Ωt)

and the same spectral decomposition in Bessel function can be done with
several frequencies, as long as these frequencies are not in a rational ratio.
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what’s new with a bounded motion?

Doppler laser cooling of a large sample of Ca+

Fluorescence spectra while scanning the cooling laser

Fluorescence sent to a PM
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the abrupt transition is the signature of the competition between
laser cooling and RF heating

R. Blümel et al Nature, (1988)
L. Hornaeker, M. Drewsen PRA 66, 013412 (2002)
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what’s new with a bounded motion?

In a quadrupole trap, from liquid to crystal:
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the strong binding regime

Being in the strong binding regime

There are two ways to reach this regime :

choose an ion with a dipole forbidden transition. In several cases, it is
an electric quadrupolar transition (S → D), with natural linewidth
≤ 1 Hz. This is the case for Ca+, Sr +, Ba+, Ra+, Yb+, Hg+. Let’s
also mention experiments with In+, making use of an
intercombination line.

use Raman coupling by two lasers between two sub-levels (Zeeman or
hyperfine) of the ground state and an extra excited state. The system
behaves like a two-level system with infinite lifetimes.
This is commonly used with Be+, Mg+, Zn+, Cd+.
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the strong binding regime

Quantum description of the motion

for single ion or chains of ions in an RF quadrupole trap, the motion is
well described by a harmonic oscillator (one for each axis of the trap)

Doppler cooling results in a thermal distribution of n with

n =
e−~ωx/kBTD

1− e−~ωx/kBTD
=

e−2ωx/ΓDA

1− e−2ωx/ΓDA

In the limit where ωx � ΓDA/2 (DA for ”dipole allowed”),

n = ΓDA/2ωx

With usual miniature traps designed for single ions and Doppler
cooling on strong dipolar transition

n ' 5− 15

for low temperature, a quantum description of the motion must be
included in the Hamiltonian
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the strong binding regime

Summary of useful equations for H.O:

Ĥm
0 =

p̂2

2m
+

mω2
x

2
x̂2 ⇒ Ĥm

0 = ~ωx(â†â +
1

2
)

x̂ =

√
~

2mωx
(â† + â) = x0(â† + â)

p̂ = i

√
m~ωx

2
(â† − â) (1)

[â, â†] = 1̂ N̂ = â†â

â†|n〉 =
√
n + 1|n + 1〉

â|n〉 =
√
n|n − 1〉 (2)
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the strong binding regime

time evolution

the ”clean” way to get rid of the free evolution and keep the evolution
induced by atom-laser coupling and further do the RWA is to use the
Interaction Picture (half way between Schrödinger and Heisenberg)

V̂ I = Û†0(t)V̂ Û0(t) Û0(t) = exp(−i Ĥ0t/~)

if the motion is not quantised Ĥ0 = ~ω0
2 (|e〉〈e| − |g〉〈g |)

V̂ I
AL =

~Ω1

2

(
|e〉〈g |e−i∆Lte i(kLx+ψ) + |g〉〈e|e i∆Lte−i(kLx+ψ)

)

when the motion is also quantised, the self Hamiltonian of the system
is Ĥ0 + Ĥm

0 (with eigenstates |g〉|n〉, |e〉|m〉):

V̂ I
AL =

~Ω1

2

(
|e〉〈g |e−i(∆Lt−ψ)e i Ĥ

m
0 t/~e ikLx̂e−i Ĥ

m
0 t/~ + H.c .

)
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the strong binding regime

time evolution

by using the relation

eÂ+B̂ = eÂeB̂e−1/2[Â,B̂] if [Â, [Â, B̂]] = [B̂, [Â, B̂]] = 0

and by using exp(Â) = 1̂ + Â + Â2/2 + Â3/6 + . . . one can
demonstrate these useful relations to move to the interaction picture:

âne−iωtâ
†â = e−iωtâ

†âe−inωt ân (3)

â†ne−iωtâ
†â = e−iωtâ

†âe inωt â†n (4)

e iη(â+â†) = e iηâe iηâ
†
e−η/2 (5)

and then, finally:

V̂ I
AL =

~Ω1

2

(
|e〉〈g |e−i(∆Lt−ψ) exp

(
iηâ†e iωx t + iηâe−iωx t

)
+ H.c .

)

with η = kLx0, the Lamb-Dicke parameter (x0 is the size of the
ground vibrational wave-packet).
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the strong binding regime

motion and internal state are coupled in the transition

For each transition modifying the vibrational state, an effective Rabi
frequency can be defined by

Ωn,n+p = ΩL|〈n + p|e iη(â+â†)|n〉|

This expression was developed by Glauber in 1969.

We can gain insight by making a Taylor expansion of V̂ I
AL with η. Up

to the second order in η:

n→ n Ωn, n = ΩL(1− η2n)
n→ n + 1 Ωn, n + 1 = ΩLη

√
n + 1

n→ n − 1 Ωn, n − 1 = ΩLη
√
n

n→ n + 2 Ωn, n + 2 = ΩLη
2/2
√

(n + 1)(n + 2)

n→ n − 2 Ωn, n − 2 = ΩLη
2/2
√
n(n − 1)

C.Champenois (PIIM, CNRS-AMU) Les Houches PWTCP 2018 17 / 35



the strong binding regime

motion and internal state are coupled in the transition

For each transition modifying the vibrational state, an effective Rabi
frequency can be defined by

Ωn,n+p = ΩL|〈n + p|e iη(â+â†)|n〉|
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the strong binding regime

motion and internal state are coupled in the transition

n→ n Ωn, n = ΩL(1− η2n)
n→ n + 1 Ωn, n + 1 = ΩLη

√
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2/2
√

(n + 1)(n + 2)
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2/2
√
n(n − 1)

the p−sideband couplings scale like (η
√
n)p

for η
√
n� 1, only the first sidebands are excited. This is formally

equivalent to exp(ikx) = 1 + ikx and is the condition for the
Lamb-Dicke regime for oscillating particles.

many experiments implying high precision spectroscopy (QI,
metrology...) requires to reach this regime where the Doppler spectra
is reduced to the main carrier (central) band and small first order
sideband.
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the strong binding regime

the quantum limit

thermal equilibrium

Ω/2π = 1 kHz,
ΓL/2π = 10 kHz
40Ca+,λL = 730 nm
ω/2π = 1 MHz :
η0 = 0.094
T = 2.5 mK
n = 51.6
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the strong binding regime

Experimental sideband spectrum

the amplitude of one band is the sum of many contributions

the occupation probability P(n) depends on the process applied to
prepare the motional state of the ion.

it takes η � 1 to reach η
√
n < 1 after a Doppler cooling process.

This has to be already thought of when the trap is designed :

η =
2π

λL

√
~

2mωx

building trap with large ωx is very important as it makes η smaller.

for a given temperature, the averaged occupation number n is smaller

n = exp(−~ωx/kBT )/(1− exp(−~ωx/kBT ))
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the strong binding regime

In the Lamb-Dicke regime exp(ikLx) ' 1 + ikLx

V̂ I =
~Ω1

2
|e〉〈g |

(
1̂e−i(∆Lt−ψ) + iηâ†e−i(∆L−ωx )t−ψ + iηâe−i(∆L+ωx )t−ψ + H.c .

)

the laser interaction reduced to three components:

n→ n Ωn, n = Ω1

n→ n + 1 Ωn, n + 1 = Ω1η
√
n + 1

n→ n − 1 Ωn, n − 1 = Ω1η
√
n

This is very close to the Jaynes-Cummings hamiltonian (but here, there is
the anti-Jaynes-Cumming terms!)
You can treat each line as an independent line for an atom at rest.
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the strong binding regime

a global view

If the recoil frequency ωrec = ~k2
L/2m and ωx ,y ,z � Γ, then the usual

Doppler cooling process works and the semi-classical treatment can
be applied.

ΓDF < ωrec < ωx ,y ,z < ΓDA

' 1 Hz ' 10 kHz ' 1 MHz ' 10 MHz

DA transition are used for Doppler cooling whereas the DF transition
are used for QI, metrology...

For the experiments in the quantum limit, it is very important that

ωrec � ωx ,y ,z ⇒ η = kLx0 =
√
ωrec/ωx ,y ,z � 1

Contrary to neutral atom Doppler cooling, a single direction of
propagation is enough to cool trapped ions, as long as this direction
has projection on all the symmetry axis of the trap.
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Resolved sideband cooling

Resolved sideband cooling, 1st exp in 1989 NIST, Hg+

V̂ I =
~Ω1

2
|e〉〈g |

(
1̂e−i(∆Lt−ψ) + iηâ†e−i(∆L−ωx )t−ψ + iηâe−i(∆L+ωx )t−ψ + H.c .

)

the laser detuning aims at the first red sideband to take away one
phonon on each photon absorption

Ωn, n − 1 = Ω1η
√
n

You increase the scattering rate (1 photon/s is not enough!) :
ΓDF → Γe � ωx
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)

the laser detuning aims at the first red sideband to take away one
phonon on each photon absorption

Ωn, n − 1 = Ω1η
√
n

You increase the scattering rate (1 photon/s is not enough!) :
ΓDF → Γe � ωx

C.Champenois (PIIM, CNRS-AMU) Les Houches PWTCP 2018 23 / 35



Resolved sideband cooling

How efficient is it? (S. Stenholm, in 1986)

you consider the saturation is low and that the probability to be in
the excited state you aim is

Pe =
Ω2

Γ2
e

Γ2
e

4∆2 + Γ2
e

=
Ω2

Γ2
e

W (∆)

excitation on the central band has the strength Ω = Ω1

excitation on the first red sideband has the strength Ω = Ω1η
√
n

spontaneous emission also suffer from the change in vibration
quantum number : the spontaneous scattering rate on n→ n + 1 is

Γeη
2
e (n + 1)
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Resolved sideband cooling

How efficient is it?

R± is the rate for transition from |g , n〉 to |g , n ± 1〉.

R+ = W (δ)
Ω2
L

Γ2
e

× Γeη
2
e (n + 1) + W (δ − ωx)

Ω2
Lη

2(n + 1)

Γ2
e

× Γe (6)

=
Ω2
L

Γe

(
η2
eW (δ) + η2W (δ − ωx)

)
(n + 1) = A+(n + 1). (7)

R− =
Ω2
L

Γe

(
η2
eW (δ) + η2W (δ + ωx)

)
n = A−n. (8)

the time evolution of the averaged vibrational number is

dn

dt
= R+(+1) + R−(−1) = A+(n + 1)− A−n (9)

= (A+ − A−)n + A+. (10)

If δ = −ωx and ω2
x � Γ2

e

nf '
A+

A−
=

Γ2
e

4ω2
x

(
1

4
+
η2
e

η2

)
� 1
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Resolved sideband cooling

two ions on the axis of a linear RF trap

c.o.mx ωcom = ωx

stretchingx ωstr =
√

3ωcom

c.o.my = ωy

c.o.mz = ωz

x − y rocking =
√
ω2
y − ω2

x

x − z rocking =
√
ω2
z − ω2

x

for N ions, 3N vibrational bands to cool....
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...and beyond

An alternative to resolved SB cooling : EIT cooling

866nm

397nm

∣∣∣S1/2

〉

∣∣∣P1/2

〉

∣∣∣D3/2

〉

94%

6%

∆B : detuning on the
blue laser (397 nm)

∆B = ωLB − ωPS

∆R : detuning on the red
laser (866 nm)

∆R = ωLR − ωPD

the linear combination of the 2 stable/metastable states |ψNC 〉 is such
that ĤAL |ψNC 〉 = 0
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...and beyond

An alternative to resolved SB cooling : EIT cooling

|ψNC 〉 =
−ΩR |S〉+ ΩB |D〉

Ω

|ψC 〉 =
+ΩR |S〉+ ΩB |D〉

Ω

Coherent Population Trapping (CPT) in |ψNC 〉
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...and beyond

an alternative to resolved SB cooling : EIT cooling

Population in the P excited state vs δc/γ ≡ ∆B/ΓP .

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
0

0.02

0.04

0.06

0.08

0.1

0.12

δ
c
 /γ

τP = 7 ns and the branching ratio to D is 1/15 ( Ca+ typical parameter).
ΩB = ΓP/2, ΩR = ΓP/5.
Blue curve : δp ≡ ∆R = +γ/2. Black curve : δp ≡ ∆R = −Γ/2.
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...and beyond

Quantised motion with EIT (Morigi et al. (2000))

with δp = δc (or ∆B = ∆R), the n→ n central band is canceled

the second objective is to enhance the n→ n − 1 transitions by
shaping the spectrum:

the repumping transition is strongly driven to dress the D and P
states with red photons and light-shift them : δLS = Ω2

R/(4∆R)

the cooling transition is driven under saturation :
for ∆B = ∆R + δLS, it drives n→ n
for ∆B = ∆R + δLS ± ωx , it drives n→ n ± 1

C.Champenois (PIIM, CNRS-AMU) Les Houches PWTCP 2018 30 / 35



...and beyond

Quantised motion with EIT (Morigi et al. (2000))

with δp = δc (or ∆B = ∆R), the n→ n central band is canceled

the second objective is to enhance the n→ n − 1 transitions by
shaping the spectrum:

the repumping transition is strongly driven to dress the D and P
states with red photons and light-shift them : δLS = Ω2

R/(4∆R)

the cooling transition is driven under saturation :
for ∆B = ∆R + δLS, it drives n→ n
for ∆B = ∆R + δLS ± ωx , it drives n→ n ± 1

C.Champenois (PIIM, CNRS-AMU) Les Houches PWTCP 2018 30 / 35



...and beyond

Quantised motion with EIT (Morigi et al. (2000))

with δp = δc (or ∆B = ∆R), the n→ n central band is canceled

the second objective is to enhance the n→ n − 1 transitions by
shaping the spectrum:

the repumping transition is strongly driven to dress the D and P
states with red photons and light-shift them : δLS = Ω2

R/(4∆R)

the cooling transition is driven under saturation :
for ∆B = ∆R + δLS, it drives n→ n
for ∆B = ∆R + δLS ± ωx , it drives n→ n ± 1

C.Champenois (PIIM, CNRS-AMU) Les Houches PWTCP 2018 30 / 35



...and beyond

Quantised motion with EIT

the pump transition is tuned to have δLS = ωx

then, for ∆B = ∆R , n→ n is canceled and n→ n − 1 is on
resonance.

Semi-classic calculation for motion X cos(ωx t) with kcX = 0.2
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δp = +20ωx and δLS = ωx .
dark line : total probability to be in P state, dominated by the central band
dashed line : the ±1 sideband contributions expanded by a factor of 50.
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...and beyond

From the idea to realisation (Roos et al. (2000))

The efficiency relies on a complete cancellation of the n→ n
transitions, obtained by the dark line.

In practice, CPT results in a grey line
because of the relative phase drift of
the two involved lasers.
|ψNC 〉 ∝ (−ΩR |S〉+ ΩB |D〉)
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Experimental demonstration of EIT cooling is based on two Zeeman
sub-levels of the ground state.

Different polarisation to address different Zeeman sub-levels.

Any default in the polarisation may lead to a n→ n or n→ n + 1
transition.

The main advantage is that several vibrational bands can be
addressed in the width of the EIT line.
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...and beyond

From the idea to realisation...again (Roos et al. (2016))
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...and beyond

Another alternative to resolved side-band cooling?
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