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Entanglement of pure quantum states

System A System B
1) A [v2) B
W)
Joint state
DY = |11) a4 ® |1h2) B = |h1)]1h2) product or separable state
W2) = |¢1)]¢2)

Superposition principle

W) = a|ir)|ve) + Bld1)|d2) entangled state
(unless a=0 or =0 or |p1) = [¢1)Or |¢2) = [1)2))

A state ‘\I!> IS entangled if it cannot be written as a product state.




Pure quantum states: separable and entangled states

Examples:

(100) + |11)) maximally entangled

Uy) = 7

1 :
Wy) = §(|00)| + |01) — |10) + |11)) maximally entangled

1 1
=10) ® E(IOHID) -hHe® E(I())—H))

|W3) = =(|00) — |01) — |10) + |11)) separable

l\-'Jll—L [\Dlr—-*

(10)=11)) ® (10) = 1))



Why are we interested in entanglement?

In Isolated composite quantum systems,
entanglement is the rule, not the exception

System A <:> System B

H=00,4®0p
)

A and B are brought into contact at time t and interact shortly:

(W(t) = [a) @ [¥p) — [Tt + AT)) = 2T Y 4) @ |¢p)
e ~ (I4+iATH)|YA) @ |UB)
unentangled = [tha) @ [¥B) + O4lth.4) @ Oplvs)

/

almost certainly entangled



Why are we interested in entanglement?

In Isolated composite quantum systems,
entanglement is the rule, not the exception

System A <:> System B

H=00,4®0p
)

Because of the interaction

 the state of system A influences the dynamics of B and vice versa

« the systems exchange information in terms of quantum correlations



Why are we interested in entanglement?

Entanglement is a characteristic trait of
guantum physics.

System A System B

Bell inequalities:

There are entangled quantum states for which measurement
of correlations in different measurement bases cannot
be explained by models of hidden variables.




Why are we interested in entanglement?

Entanglement is a resource for
guantum information processing protocols

Applications:

Quantum teleportation
Transfer of quantum information in a quantum network

Quantum cryptography
Shared EPR pairs can be used for secure communication

Quantum error correction
Entanglement enables quantum error correction protocols




Error correction example: correcting spin flip errors

statistical s

: robability:

qubit - mixture of P Y
1 al0) + 5|1) flip — «|0) 4+ 3|1) 1—p

errors all) + 3[0) P



Quantum error correction of spin flip errors

gubits _ _
encoding error detection
1 a|0) + 5|1) —o — R
spin conditional =l
2 0) 7 flip T 1¢ o — Alip l__T_._
errors spin flip errors
3 ‘0) <> l' ll . 4 —I ll '
0)~DD 0) —DD
reset A
0) DD 0) D

measurement



gubits
1

2

Quantum error correction of spin flip errors

al0) + 5|1)
0)

0)

encoding

—
spin
/ —

\L/

4
\

A
L/

flip

errors
7

statistical
mixture of

«|000) + 3[111)
a|100) + 5]011)
a|010) + B/101)
«|001) + 5|110)

probability:
(1-p)P~1-3p
p(l—p)*~p
p(1—p)*=p
p(1—p)* ~p

assuming p < 1



Quantum error correction of spin flip errors

a|000) + 5[111)
a|100) + B|011)
a|010) + B|101)
«|001) + B|110)

gubits _ _
encoding error detection
1 Oé|0> + 6|1> T—( —® —
spin conditional
0 / : e 000) + 5111
2 0) NV flip — spin lip —  «|000) + S[111)
errors
3 0) D— —
0)-g
0) D
measurement
outcome
qubits 2 and 3 in the same state: 0
Outcome Action Result: we recover «|000) + 3|111)
0 —— none with probability (1~ p)* +3p(1 — p)? ~ 1 — 32

o — flipqubitl
1 — flip qubit 3
1 — flip qubit 2

If p<0.5 ,the protocols reduces the error rate.



Quantum error correction of spin flip errors

a|000) + 5[111) a|000) + 5[111)
a|100) + 5|011)
«|010) + 3|101)
«|001) + 3|110)

gubits _ _
encoding error detection
1 a|0) + 5|1) —o — R
spin conditional =l
2 0) D I fip Y sinip [ P11
errors P P errors
3 ‘0) <> l' ll @ —I ll '
0)~DD 0) —DD
reset A
0) DD 0) D

measurement



Experimental quantum error correction

Three-qubit demonstrations:
«|001) + 3]110)

encoding error detection conditiona
a|0) + B[1) . al0) + B[1)
sl spin flip
0) 7 flip D —t |0)
rese
errors
0) —P— —D 0)
measurement
0.3 T T T
J. Chiaverini et al., Nature 432, 602 (2004) LB ' ' 2 A =
; o2} e
P. Schindler et al., Science 332, 1059 (2011) = o]
0.9F T~ E . ,;.F -
. > . T el !
... and further more advanced demonstrations 3 o oTGT oz o3| o4
£ 0.8 Error probability p
DE— 0.7

0.6 P, Schindler et al.

0.0 0.1 0.2 0.3 0.4
Error probability p




Entanglement's enemy: decoherence

Rest of the world:
the environment

weak
" coupling




Decoherence in trapped ion experiments

Motional decoherence

« Dephasing by fluctuating trap voltages

« Heating of ion motion by fluctuating electric fields

Electronic state decoherence

« Spontaneous decay of metastable state (optical qubit)

« Spontaneous decay of excited state mediating
the Raman coupling during gate operations

(hyperfine qubit)
« Magnetic field noise

» Laser phase noise of qubit phase reference (optical qubit)

« Path length fluctuations of laser driving the qubit transition

« Laser intensity noise + beam pointing of laser coupling qubit states



Decoherence in trapped ion experiments

Gate times for one- and two-qubit gates: T~ 10-100 pus

Motional decoherence

Dephasing by fluctuating trap voltages T~ 100 ms

a|0) + B[1) — |al?|0){0] + [B]*[1)(1]

Heating of ion motion by fluctuating electric fields T~ 1-100 ms



|e> A e

Decoherence of optical qubits

* Spontaneous decay of metastable state

irrelevant in most experiments

* Magnetic field noise

Av = pp(ge — gg)AB/R

(‘clock states’ have much longer coherence times)

* Frequency noise of phase reference

W(0) = alg) + Ble) |
—— W(t) = alg) + Be~ e

requires ultrastable laser !

T~ 1s
15 ~ 1-100 ms
7, ~ 1-100 ms



Decoherence of hyperfine qubits

* Spontaneous decay of excited state
mediating the Raman coupling

requires large detuning -> high laser power!

* Magnetic field noise
Av = pp(ge — gg)AB/R

(‘clock states’ have much longer coherence times)

* Frequency noise of phase reference

T ~ 1-10 ms

g ~ 1-100 ms

negligible



Coherence

GHZ-states: Coherence of large-scale entanglement

T. Monz et al.,
‘|.O ' T T T
%
\ one qubit
0.8F
0.6}
04F
0.2} two qubits
four ¢
qublt qubits three qubits
0.0B ! : :
0 1 2 3

Wait Time (ms)

Phys. Rev. Lett. 106, 130506 (2011)

1
Tcoh X /=

N
or even

1

Tecoh X N2

N = number of qubits



Classical vs quantum correlations

Rest of the world:

the environment > .
decoherence
/X
e f
g /
// 1
7 1
// /
x” ¥
1) . 1 1)
10) 10)

Coupling to the environment
« can create classical correlations
« turns quantum correlations into classical correlations.




Classical vs quantum correlations

Example: Comparison of two different states

1
‘P—=E(\N>—IH>) \lﬁ or \ﬂ/o)

Both state have the same expectation values when measured in z-basis:
(o) =0
(oo @) = -1

Only measurements along x or y reveal the difference:

D2y = 1 (o

ol o
(6D®) = _1 (6D @)

D (2)y

0
0



Mixed quantum states

Density matrix formalism:

Pure states:

Mixed states:
P = ZPJ%)(%\

with p; > Oazpi =1

Example:

)= a0y +5i1) = ()

o= (3) = (1]

= lal* | D{LI+ 18P (L]

af3*
6]

)



Quantum states of composite systems

System A System B

PA PB

PAB

Example :

classically correlated state
Separable pure states

0.5 0 0 O
PAB = PA X PB | 0o o0 o
P=1 o o0 0 o
Separable mixed states 0O 0 0 0.5
1
PAB = Y Dipai® pB,i = S+ T (L)
1

The state PAB is entangled if it cannot be written as a separable state.




Detecting entanglement

Deciding whether a state is entangled or not is a hard task.

Entanglement detection techniques:

Positive partial trace (PPT) cryterion: check whether a density matrix after
partial transposition has negative eigenvalues.

Entanglement witnesses: Particular observables that have negative expectation
value for some entangled states, but are positve for separable states.

Entanglement measures (for example: concurrence):
Nonlinear functions of the density matrix that are zero for separable mixed states
and positive for entangled states.

Entanglement measures quantify entanglement but can be hard to calculate even
if the density matrix is known; for two qubits, closed expressions exist.



Detecting entanglement by witness operators

Quantum states of a composite quantum system

Separable
states

Witness:  An observable W whose expectation value is positive for all

separable states (W) = Tr(pW) > 0

If we measure (W) < 0 in an experiment, we can conclude that the state is
entangled.



Detecting entanglement by witness operators

Quantum states of a composite quantum system

Separable
states

* Not every entangled state is detected by a witness —> 0]

Tr(pW) >0

« An entangled state can be detected by more than one witness —— 09

Tr(poW) <0 Tr(paWs) <0



Entanglement witnesses

Examples:

e A witness detecting the entangled state W) can be constructed by setting

W = al — [¢) (Y|
a = max|(¢]y) [
¢ separable

® The entangled state |¢)) = —(|10) + |01)) is detected by the witness

- ol

W =21 — (a:(,jl)orf_)z +cr( ) a(:Jzz —I-O(l) ( ) — oM :Ehzz)

Z

(1ploMe@ ) + WloWMe® |9y + (WeWe® ) — loWMe® )p) = 212

Bell inequalities of Clauser-Horne-Shimony-Holt type are
entanglement witnesses !



Quantum state analysis

Experiment:

prepares Pexp
quantum states

How to characterize Pexp ?

* measure overlap with the state we hope to prepare

« demonstrate that the state is entangled

Can we do more ? Quantum state tomography

Yes ! We can determine Pexp . Based on the reconstruction,
we can calculate the result of any expectation value we are interested in.



Reconstruction of the density matrix

Representation of p as a sum of orthogonal observables A :
)
p is completely detemined by the expectation values <A>:

For a two-ion system : Al 2 {az-(l) ® a§2), o; € {I,08,0y,02}}
_ . (1) (2)
—  Joint measurements of all spin components 0; " & o,
16

pr= D (A} A;
=il



Bell state analysis

Measurement of (o) :

(o) = P11 PU

Measurement of (oz) , (oy) :

Rotation of the Bloch sphere prior to
state measurement:

<OZ>UpU_1 = TT(O‘ZUpU_l)

= Tr(U 1o,Up)

Measurement time: | — 92

40 s

prepare Bell state

_ 200 repetitions
no rotation

(@), (682, (oMo $2))

prepare Bell state
lon #1, y - rotation
lon #2, identity

?

200 repetitions

(o5, (082, (o1 o (2))

prepare Bell state
lon #1, X - rotation
lon #2, X - rotation

200 repetitions

(o§), (6§, (oS e §?)



Example: Tomography of a qubit

The experimental procedure prepares the state Pprep

porer = (I + (02002 4 {0,), + {02)0-)

»
»

X

Reconstruction by estimation of (o), (d,), (72)
using a finite number of copies of the state:

NT_Nl
NT+Nl ’

S.’Ij_"'ﬂ Sy

SZ:

1
Ptomo — §(I+3:1;O-x+3yo-y+3z0'z) ?é Pprep

Ptomo might not be within the Bloch sphere ! DISASTER !l!



Maximum likelihood estimation

Is pp = Z(Ai) A; positive semidefinite 7 ... ot necessarily:
i
with a finite number of measurements, we can only
estimate expectation values

Maximum likelihood estimation: (Hradil '97, Banaszek '99)

In N experiments,the quantum state is projected onto the outcomes |y;).

fj « relative frequency of the outcome |y;)

On the set of density matrices p, look for the
one that maximizes

£(p) = [T¢y;loly) ™7

J

Maximize L(p) = > [ 109(y;lply;)




Bell state reconstruction with maximum likelthood estimation

1) =5(SD) +1DS))

W ””-i-rn(ptOmo)
\/

= State fidelity: (¥|ptomo|?) = 0.91
= Violation of a Bell inequality: (oo ) + (oM p2) ) + (o) 1y — (p1p2) y = 2.52(6) > 2

T psc—z z

= Entanglement of formation: E(ptomo) = 0.79



20-ion magnetization dynamics

N/2 excitation subspace: number of states growths exponentially with N

40- -I I -I -I .I- .I- -I. .I- -I- -I--

How to characterize the states and the entanglement created?

200 -

Time

2 4 6 8 10 12 14 16 18 20
lon number



Entanglement detection in multi-ion experiments

Local characterization of the beginning of entanglement spreading

Option 1: Quantum state tomography to reconstruct the density matrix of subsystems

Reconstruction of all density matrices of nearest-neighbour pairs

b, Qb 1

2 4 6 8 10 12 14 16 18
Qubit pair

— After 2 ms of time evolution, all ions are entangled with their neighbours

N. Friis et al., arXiv:1711.11092



Entanglement detection in multi-ion experiments

Local characterization of the beginning of entanglement spreading

VYRR d

Option 2: Measure all correlation functions between groups of neighbouring ions
(pairs, triplets,...) and try to build up a global representation of the quantum
state using a suitable parametrization of the state

—— Matrix product state tomography

B. Lanyon, C. Maier et al, Nature Physics 13, 1158 (2017)



Entanglement detection in multi-ion experiments

Option 3: Compare the purity of density matrices describing subsystems to the purity

of the overall density matrix

Entanglement will make subsystems less pure than the bigger system.

Purity as a function of time

1¢ £ £ £ e © © S
0ol TE——e—= o——o—oe &
0.8 '

1 ms

0.7

0.6F——a
- — o
4= ‘ . o
a 0.5 e 5 RAMS s

0.4 . .

NS R ——— :g,ms o g
0.3 —— .&_._--a.--'_
_:;Fi
0.2 :
0.1
D L 1 J
1 2 3 A 5 6 7 8 9 10

Subsystem size (qubits 1 to M)

First experimental results: see poster by Tiffany Brydges

Numerical simulation (!)
of 10-qubit system subjected
to long-range Ising interaction



The quantum way of processing information

COVER STORY

WEDNESDAY, JuLy 14, 1999

Beyond the PC: Atomic QC

Quantum computers could be a billion times faster than Pentium III

By Kevin Maney
USA TODAY

Around 2030 or so, the computer on
your desk might be filled with liquid in-

uu antum computer. If uk‘nt 3;\ ra (
anything so mundane as physical |

Il would mpl oy Jmtun nuh nics

v hic h m(} y gets into things *h as (F'

cpf,l on and alterns xt unm rses and i§

by : il accounts, the weir hf M Vi

[0 man.

...a quantum computer. It wouldn‘t operate

on anything so mundane as pnhysical laws.
It would employ quantum mechanics,

‘This quantum computer would be a da-
1a rowkel [ nonhahlv wonld dn palenla.

which quickly gets Into things such as
teleportation and alternate universes and
Is, by all accounts, the weirdest stuff
known to man.




