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Bulk geometry and nontrivial topology

 We investigate combined effects of curved 
background and nontrivial topology on the 
properties of the electromagnetic vacuum

 Background geometry is given by de Sitter (dS) 
spacetime

 Nontrivial topology is caused by the presence of a 
straight cosmic string

 Electromagnetic field is in the Bunch-Davies vacuum
state



De Sitter space

 In most inflationary models an approximately dS
spacetime is employed to solve a number of 
problems in standard cosmology

 At the present epoch the universe is accelerating and 
can be well approximated by a world with a positive 
cosmological constant

 Due to the high symmetry numerous physical 
problems are exactly solvable on dS background and
a better understanding of physical effects in this bulk
could serve as a handle to deal with more 
complicated geometries



Cosmic strings

 Cosmic strings are topological defects which have 
formed during a symmetry breaking phase 
transition in the early universe

 They are sources of a number of interesting physical 
effects: 

Generation of gravitational waves, high-energy   

cosmic rays, and gamma ray bursts

Gravitational lensing

Creation of small non-Gaussianities in the 

cosmic microwave background



Cosmic strings

 Cosmic strings can be either nontrivial field 
configurations or more fundamental objects in 
superstring theories

 More recently, a mechanism for the generation of 
this type of objects with low values of the string 
tensions is proposed within the framework of brane 
inflationary models

 Nontrivial topology by cosmic strings changes the 
spectrum of the vacuum fluctuations of quantum 
fields

 As a consequence the vacuum expectation values
(VEVs) of physical observables are changed



Background Geometry
We consider (D + 1) - dimensional locally dS background geometry
described in cylindrical spatial coordinates by
the interval

with the conformal time coordinate 

conformal time defined as 

For the remaining coordinates we assume that

The cosmological constant is expressed in terms of the
parameter by the relation

angle deficit



Electromagnetic Field Mode Functions

 Maxwell equations                  Coulomb gauge

and for the polarizations σ = 2, . . . , D − 1 we get

where , ,                   and are the 
Hankel and Bessel functions,

 For the polarization σ = 1 the cylindrical electromagnetic 
modes corresponding to the Bunch-Davies vacuum are 
presented as



Electromagnetic Field Mode Functions

For the components of the polarization vector we have 
and the relations

We have a single mode of the TE type (σ = 1) and D − 2 
modes of the TM type (σ = 2, . . . ,D − 1).



Electric Field Squared
VEV of the electric field squared

Renormalized VEV in the 
absence of the cosmic string

Part induced by the cosmic 
string (topological part)

where

MacDonald function

VEV depends on time and radial coordinate through the ratio

Proper distance from the string measured in units of the 
dS curvature radius



Electric Field Squared for odd values of 
spatial dimension

For odd values of D is expressed in terms of elementary
functions

In particular, for D = 3 and D = 5 one has



Large distance asymptotic

Large distances



At large distances from the string the influence of the 
gravitational field on the VEV is essential 

In the Minkowskian case the decay of the VEV is as

For the dS bulk the VEV behaves as for all spatial 
dimensions D > 4

Large distance asymptotic



Small distance asymptotic

At proper distances from the string smaller than the dS
curvature radius one has

Near the string the dominant contribution to the VEV 
comes from the fluctuations with wavelengths smaller 
than the curvature radius and the influence of the 
background gravitational field on the corresponding 
modes is weak



Magnetic Field Squared

VEV of the magnetic field squared

where

Renormalized VEV in the 
absence of the cosmic string

Part is induced by the cosmic 
string (topological part)



Magnetic Field Squared in odd spatial 
dimensions

For odd D, the VEV of the magnetic field squared is presented in
terms of elementary functions

In particular, for D = 3 it coincides with and for D = 5 one
has

where



Asymptotic Behavior of the Magnetic Field Squared

At large distances from the string (r/η ≫ 1)

Near cosmic string (r/η << 1)



Topological parts in the VEVs

=D
Magnetic field

Electric field



Generation of cosmological magnetic fields

Among the most interesting features of the inflation is the transition 
from quantum to classical behavior of quantum fluctuations during the 
quasiexponential expansion of the universe

An important example of this type of effects is the classicalization of the 
vacuum fluctuations of the inflaton field which underlies the most 
popular models of generation of large-scale structure in the universe

A similar effect of classicalization should take place for the 
electromagnetic fluctuations 

In L. Campanelli, PRL 111, 061301 (2013) the quantum-to-classical 
transition of super-Hubble magnetic modes during inflation has been 
considered as a possible mechanism for the generation of galactic and 
galaxy cluster magnetic fields



Generation of cosmological magnetic fields

Presence of cosmic string induces shifts in the VEVs of the squared 
electric and magnetic fields 

As a consequence of the quantum-to-classical transition of the 
corresponding fluctuations during the dS expansion, after inflation these 
shifts will be imprinted as classical stochastic fluctuations of the electric 
and magnetic fields surrounding the cosmic string 

In the post inflationary radiation dominated era the conductivity is high 
and the currents in the cosmic plasma eliminate the electric fields 
whereas the magnetic counterparts are frozen

As a consequence, the cosmic strings will be surrounded by large scale 
magnetic fields

These fields would be among the distinctive features of the cosmic 
strings produced during the inflation and also of the corresponding 
inflationary models



Vacuum energy density

=D

Depending on the 
parameters D and q, the 
energy density can be 
either negative or positive



Summary

We have investigated the influence of the cosmic string on the 
vacuum fluctuations of the electromagnetic field in background of (D 
+ 1)-dimensional dS spacetime

Contribution corresponding to dS spacetime in the absence of the 
cosmic string is explicitly extracted

Outside the string core the renormalization procedure for the VEVs 
are the same as those in pure dS spacetime

Topological parts in the VEVs depend on the time and the radial 
coordinate through the ratio 

Near the string, the dominant contribution to the VEVs comes from 
the fluctuations with short wavelengths and the VEVs coincide with 
those for the string in Minkowski bulk with the distance from the 
string replaced by the proper distance 



Summary
Influence of the gravitational field on the topological contributions in the VEVs 
is crucial at proper distances larger than the curvature radius of the 
background geometry

Modifications of the electromagnetic field vacuum fluctuations during the dS
expansion phase, we have discussed here, will be imprinted in large-scale 
stochastic perturbations of the electromagnetic fields surrounding the cosmic 
string in the post-inflationary radiation dominated era

Near the string the topological contribution dominates in the total VEV and 
the energy density behaves as 

At distances from the string larger than the curvature radius of the dS
spacetime and for spatial dimensions D > 4, the topological part in the 
energy density is dominated by the magnetic contribution and decays as

For D = 4 the electric eld contribution dominates and at large distances the 
string-induced energy density behaves as 

For D = 3 the topological contribution in the energy density is negative and 

decays as for all distances


