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The anomalous magnetic moment of the muon

• gyromagnetic ratio: g

• Deviation from the Dirac value         is:

~µ = g
e

2m
· ~S

1

2
g = 2
g 6= 2

spin → Dirac theory:
QFT (Rad. Corr):

g = 2

aµ =
gµ � 2

2
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aQED,LO
µ = ↵/2⇡ ⇠ 1.16⇥ 10�3

Updated pseudoscalar-pole contribution to (gµ � 2) Hadronic Light-by-Light
What is (gµ � 2)?

What is (gµ � 2) ?

• How charged spin particle interacts in classical electromagnetic field ~B

µ

~S ~B
M = �e

⇣
u
h
�µF1(q2) + i�µ⌫q⌫

2m F2(q2)
i
u
⌘
Ãµ(q)

ge(µ) = 2(F1(0) + F2(0))
Ward���! ge(µ) = 2(1 + F2(0))

• Care, spin is not classic!

Dirac equation (1928) predicted ge(µ) = 2
Confirmed in 1934 ! 1%� deviations in 1947!

• But nature is quantum (also electromagnetism)
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The anomalous magnetic moment of 
the muon: the experiment
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Fig. 4. The schematics of muon injection and storage in the g � 2 ring.

structure with a diameter of 14 m, the aperture of the beam pipe is 90 mm, the field is 1.45 T and the momentum of the
muon is pµ = 3.094 GeV. In the horizontal plane of the orbit themuons execute a relativistic cyclotronmotion with angular
frequency !c . By the motion of the muon magnetic moment in the homogeneous magnetic field the spin axis is changed in
a particular way as described by the Larmor precession. After each circle the muon’s spin axis changes by 120 (arc s), while
the muon is traveling at the same momentum (see Fig. 3). The muon spin is precessing with angular frequency !s, which is
slightly bigger than !c by the difference angular frequency !a = !s � !c .

!c = eB
mµ �

, !s = eB
mµ �

+ aµ

eB
mµ

, !a = aµ

eB
mµ

, (23)

where � = 1/
p
1 � v2 is the relativistic Lorentz factor and v the muon velocity. In the experiment !a and B are measured.

Themuonmassmµ is obtained from an independent experiment onmuonium,which is a (µ+e�) bound system. Note that if
themuon just has its Diracmagneticmoment g = 2 (tree level) the direction of the spin of themuonwould not change at all.

In order to retain the muons in the ring an electrostatic focusing system is needed. Thus in addition to the magnetic
field EB an electric quadrupole field EE in the plane normal to the particle orbit must be applied. This transversal electric field
changes the angular frequency according to

E!a = e
mµ

✓

aµ
EB �



aµ � 1
� 2 � 1

�

Ev ⇥ EE
◆

. (24)

This key formula for measuring aµ was found by Bargmann, Michel and Telegdi in 1959 [70,96]. Interestingly, one has the
possibility to choose � such that aµ � 1/(� 2 � 1) = 0, in which case !a becomes independent of EE. This is the so-called
magic � . When running at the corresponding magic energy, the muons are highly relativistic, the magic � -factor being � =
p

1 + 1/aµ = 29.3. The muons thus travel almost at the speed of light with energies of about Emagic = �mµ ' 3.098 GeV.
This rather high energy, which is dictated by the requirement to minimize the precession frequency shift caused by the
electric quadrupole superimposed upon the uniform magnetic field, also leads to a large time dilatation. The lifetime of a
muon at rest is 2.19711µs, while in the ring it is 64.435µs (theory) [64.378µs (experiment)]. Thus,with their lifetime being
much larger than at rest, muons are circling in the ring many times before they decay into a positron plus two neutrinos:
µ+ ! e+ + ⌫e + ⌫̄µ. In this decay we have the necessary strong correlation between the muon spin direction and the
direction of emission of the positrons. The differential decay rate for the muon in the rest frame is given by Eq. (12) which
may be written as

d� = N(Ee)
✓

1 + 1 � 2xe
3 � 2xe

cos ✓

◆

d⌦. (25)

Again, Ee is the positron energy, xe is Ee in units of the maximum energy mµ/2, N(Ee) is a normalization factor and ✓ the
angle between the positron momentum in the muon rest frame and the muon spin direction. The µ+ decay spectrum is
peaked strongly for small ✓ due to the non-vanishing coefficient of cos ✓

A(Ee)
.= 1 � 2xe

3 � 2xe
, (26)

the asymmetry factor which reflects the parity violation.
The positron is emitted with high probability along the spin axis of the muon as illustrated in Fig. 5. The decay positrons

are detected by 24 calorimeters evenly distributed inside the muon storage ring. These counters measure the positron
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Fig. 3. Spin precession in the g � 2 ring (⇠12�/circle).

for fixed P . This allows us to simplify the calculation by working directly in the limit q ! 0 afterwards. Since aµ does not
depend on the direction of themuonmomentum one can average over the direction of P which is orthogonal to q (P ·q = 0).
As a master formula one finds

aµ = 1
8(d � 2)(d � 1)mµ

Tr
�

(p/ + mµ)[� µ, � ⌫](p/ + mµ)T⌫µ(p)
 

+ 1
4(d � 1)m2

µ

Tr
�⇥

m2
µ�

µ � (d � 1)mµpµ � dp/pµ
⇤

Vµ(p)
 

�

�

p2=m2
µ

, (20)

where d = 4 � " is the space–time dimension. In the case of UV divergences the choice " > 0 provides a dimensional
regularization. The limit " ! 0 is to be performed after renormalization. The amplitudes Vµ(p) and T⌫µ(p) depend on one
on-shell momentum p = P/2, only, and thus the problem reduces to the calculation of on-shell self-energy type diagrams
as the external photon momentum now can be taken as zero.

Note that in higher orders the form factors in general acquire an imaginary part. One may therefore write an effective
dipole moment Lagrangian with complex ‘‘coupling’’

LDM
eff = �1

2

⇢

 ̄ �µ⌫



Dµ

1 + �5

2
+ D⇤

µ

1 � �5

2

�

 

�

Fµ⌫ (21)

with  the muon field and

Re Dµ = aµ

e
2mµ

, Im Dµ = dµ = ⌘µ

2
e

2mµ

. (22)

Thus the imaginary part of FM(0) corresponds to an electric dipole moment. The latter is non-vanishing only if we have T
violation. The existence of a relatively large EDM would also affect the extraction of aµ. This will be discussed towards the
end of the next section.

2. The muon g � 2 experiments

2.1. The Brookhaven muon g � 2 experiment

The measurement of aµ in principle is simple. As illustrated in Fig. 3, when polarized muons travel on a circular orbit
in a constant magnetic field, then aµ is responsible for the Larmor precession of the direction of the spin of the muon,
characterized by the angular frequency E!a. Correspondingly, the principle of the BNL muon g � 2 experiment involves
the study of the orbital and spin motion of highly polarizedmuons in a magnetic storage ring. This method has already been
applied in the last CERN experiment [91]. The key improvements of the BLN experiment include the very high intensity
of the primary proton beam from the proton storage ring AGS (Alternating Gradient Synchrotron), the injection of muons
instead of pions into the storage ring, and a super-ferric storage ring magnet [92] (see also the reviews [23,28,33,34,43]).

The muon g � 2 experiment at Brookhaven works as illustrated in Fig. 4 [93–95]. Protons of energy 24 GeV from the AGS
hit a target and produce pions. The pions are unstable and decay into muons plus a neutrino where the muons carry spin
and thus a magnetic moment which is directed along the direction of the flight axis. The longitudinally polarized muons
from pion decay are then injected into a uniform magnetic field EBwhere they travel in a circle. The ring5 is a toroid-shaped

5 A picture of the BNL muon storage ring may be found on the Muon g � 2 Collaboration Web Page http://www.g-2.bnl.gov/.

!c = � qB

m�

!s = �gqB

2m
� (1� �)

qB

m�

!a = !s � !c = �
✓
g � 2

2

◆
qB

m
= �aµ

qB

m

cyclotron precession

spin precession (Larmor)
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Fig. 5. Decay of µ+ and detection of the emitted e+ (PMT = Photomultiplier).

Fig. 6. Distribution of counts versus time for the 3.6 billion decays in the 2001 negative muon data-taking period [Courtesy of the E821 collaboration.
Reprinted with permission from [92].
© 2007, by the American Physical Society.

energy and allow one to determine the direction of the muon spin. A precession frequency dependent rate is obtained
actually only if positrons above a certain energy are selected (forward decay positrons). The number of decay positrons with
energy greater than E emitted at time t after muons are injected into the storage ring is given by

N(t) = N0(E) exp
✓ �t

� ⌧µ

◆

[1 + A(E) sin(!at + �(E))] , (27)

where N0(E) is a normalization factor, ⌧µ the muon life time (in the muon rest frame), and A(E) is the asymmetry factor for
positrons of energy greater than E. Fig. 6 shows a typical example for the time structure detected in the BNL experiment.
As expected the exponential decay law for the decaying muons is modulated by the g � 2 angular frequency. In this
way the angular frequency !a is neatly determined from the time distribution of the decay positrons observed with the
electromagnetic calorimeters [12–16].

The secondquantitywhich has to bemeasured very precisely in the experiment is themagnetic field. This is accomplished
by Nuclear Magnetic Resonance (NMR) using a standard probe of H2O [97]. This standard can be related to the magnetic
moment of a free proton by

B = !p

2µp
, (28)

where !p is the Larmor spin precession angular velocity of a proton in water. Using !p and the frequency !a together with
µµ = (1 + aµ)e/(2mµ), one obtains

aµ = R
� � R

where R = !a/!p and � = µµ/µp. (29)
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• The E821 experiment at BNL

• Assuming CPT invariance

aexpµ = 11 659 209.1 (5.4)(3.3)| {z }
(6.3)

⇥10�10

The anomalous magnetic moment of the muon

Bennet et al, PRD73,072003 (2006)

Pere Masjuan, CERN, PHOTON 17, May 2017

aexpµ+ = 11 659 204(6)(5)⇥ 10�10

aexpµ� = 11 659 215(8)(3)⇥ 10�10

[2000]

[2001]

Bennet et al, PRD73,072003 (2006)
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Forthcoming exp: FNAL & J-PARC⇠ 1.6⇥ 10�10
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Anomalous magnetic moment aμ (anomaly):

athµ = aQED
µ + aweak

µ + ahadµgµ = 2

✓
1 + aµ =

↵

2⇡
+ · · ·

◆

Schwinger 1948

1

TABLE I. QED contributions to (g � 2)µ.

Contribution Result in power of

↵
⇡

a(2)
µ 0.5

�
↵
⇡

�

a(4)
µ 0.765 857 425(17)

�
↵
⇡

�2

a(6)
µ 24.050 509 96(32)

�
↵
⇡

�3

a(8)
µ 130.879 6(63)

�
↵
⇡

�4

a(10)
µ 753.29(1.04)

�
↵
⇡

�5

aQED
µ 11 658 471.885(4)⇥ 10

�10

Petermann and Sommerfield 1958

Laporta and Remiddi 1996

Kinoshita et al 2012

Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g�µ = g e�h

2mc ⋅ �S
spin 1

2 → Dirac theory: g = 2
QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2
atheoryµ = aQED

µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.809 ± 0.015
weak 15.4 ± 0.2

had 693.0 ± 4.9
BNL−SM 28.7 ± 8.0

hadro

aµ units in 10−10

�

µ+ µ+

�

µ+ µ+

QED weak

Z 0�

[T.Kinoshita et al., PRD73, 013003 (2006)]

[A.Czarnecki et al., PRD67, 073006 (2003)
Erratum-ibid. D73, 119901 (2006)]

[M.Knecht et al., JHEP 0211, 003 (2002)]

Andreas Hafner (JG University Mainz) Precision Hadron Physics CRC 1044: KICK-OFF 3 / 27
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Kurz et al 2014

*

* NLO: Colangelo et al 2014

(2 loop)

Contribution Result in 10�10 units

QED(leptons) 11658471.885± 0.004

HVP(leading order) 690.8± 4.7

HVP(NLO) �9.93± 0.07

HVP(NNLO) 1.22± 0.01

HLBL (+NLO) 11.7± 4.0

EW 15.4± 0.1

Total 11659179.1± 6.2

Contribution Result in 10�10 units

QED(leptons) 11658471.810± 0.015

HVP(leading order) 692.3± 4.2

HVP(higher order) �9.84± 0.07

HLBL 11.6± 4.0

EW 15.4± 0.2

Total 11659181.3± 5.8
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Anomalous magnetic moment aμ (anomaly):

athµ = aQED
µ + aweak

µ + ahadµgµ = 2

✓
1 + aµ =

↵

2⇡
+ · · ·

◆ Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g�µ = g e�h

2mc ⋅ �S
spin 1

2 → Dirac theory: g = 2
QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2
atheoryµ = aQED

µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.895 ± 0.008
weak 15.4 ± 0.2

had 693.0 ± 4.9
BNL−SM 28.7 ± 8.0

hadro

hadronic

Two dominant contributions:

Light-by-Light (LbL)
Vacuum Polarization (VP)

aµ units in 10−10

�

µ+ µ+

�

µ+ µ+

QED weak

Z 0�

[T.Kinoshita et al., PRD73, 013003 (2006)]

[A.Czarnecki et al., PRD67, 073006 (2003)
Erratum-ibid. D73, 119901 (2006)]

[M.Knecht et al., JHEP 0211, 003 (2002)]
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2

doscalar pole, is presented in Sect. III; this includes also
a brief overview of current theoretical approaches and
motivates the reasons for our new study based on Can-
terbury approximants. These are subsequently presented
in Sect. IV. Finally, we give our results in Sect. V and dis-
cuss the role of future data in Sect. VI. Much information
is relegated to the appendices, including, among others,
the impact of P ! ¯̀̀ decays, a discussion concerning the
light-quark TFF, comments concerning the pseudoscalar-
exchange approach, a discussion on dispersion relations,
and our most-updated data input profitting from over 13
di↵erent collaborations.

II. HADRONIC LIGHT-BY-LIGHT
CONTRIBUTION

The HLbL contribution to a

µ

(cf. Refs. [3, 9]) is de-
picted in Fig. 1, where the gray blob represents the HLbL
tensor defined as

⇧
µ⌫�⇢

(q1, q2, q3)=

Z
d

4
x

Z
d

4
y

Z
d

4
ze

i(q1·x+q2·y+q3·z)

⇥ h⌦|T{j
µ

(x)j
⌫

(y)j
�

(z)j
⇢

(0)} |⌦i , (1)

with all the momenta, q
i

, outgoing. The resulting contri-
bution to a

µ

can be expressed in terms of this hadronic
quantity using projection techniques that allow to spe-
cialize to the kinematical limit relevant to a

µ

(k ! 0) in
advance, obtaining [10]:

a

HLbL
µ

=
�ie

6

48m
µ

Z
d

4
q1

(2⇡)4

Z
d

4
q2

(2⇡)4
1

q

2
1q

2
2(q1 + q2)2

1

(p� q1 � q2)2 �m

2
µ

1

(p� q1)2 �m

2
µ

⇥tr
⇣
(
/

p+m

µ

)[�⇢

, �

�]

(
/

p+m

µ

)�µ(
/

p�
/

q

1
+m

µ

)�⌫(
/

p�
/

q

1
�
/

q

2
+m

µ

)��

⌘
@

@k

⇢

⇧
µ⌫��

(q1, q2, k � q1 � q2)

�

k!0

. (2)

Such quantity requires as input the HLbL tensor at all
energy scales, including the (non-perturbative) low ener-
gies, which turn out to play the major role in numerical
calculations as we will illustrate for the particular case of
the ⇡

0-pole contribution. Qualitatively, this can be un-
derstood, after Wick rotation, from the propagators in
Eq. (2).

A full description of the HLbL tensor is far from a
trivial task. As an illustration, while the dominant HVP
requires a scalar function depending on a single energy
scale, the HLbL tensor involves 138 scalar functions2

�, k

�, q3

⌫, q2

µ, q1

p
p0

FIG. 1. HLbL contribution to aµ. The grey blob represents
the HLbL tensor. q1�3 are outgoing momenta, whereas k is
the incoming external photon momentum.

2 That number is however reduced after considering the Ward iden-
tities and the kinematic configuration relevant to aµ [11, 12].

and six scalar variables (the four photon virtualities,
{q2

i

}
i=1�4, and 2 Mandelstam variables). In order to

deal with such object, E. de Rafael proposed more than
twenty years ago [13] (see also Ref. [14]), to work out
this tensor in the context of low-energy QCD, as the
relevant photon energies are of the order of the muon
mass. In this respect, he proposed to split the most rel-
evant contributions to this tensor following the intuition
provided by a combined expansion in terms of the chi-
ral and the large-number-of-colors (N

c

) limits of QCD;
whereas large-N

c

represents the only known perturba-
tive approach to QCD, the chiral expansion, in powers
of momentum (q2

i

), helps to identify those contributions
which play the main role at low energies — the most im-
portant in the calculation. According to this proposal,
the leading contributions to the HLbL tensor are the
pseudoscalar loop contributions, at order O(N0

c

, q

4), and
the pseudoscalar-pole terms, at order O(N

c

, q

6). Follow-
ing these ideas, subleading contributions will account for
heavier resonances and the continuum quark-loop con-
tributions, all of them of order O(N

c

, q

8). It remains
then the task to calculate all the relevant contributions
as accurate and precise as possible.

Actually, most of the results in the literature follow
de Rafael’s proposal (see Refs. [3, 9, 15–29], including
full and partial contributions to a

HLbL
µ

) finding values

for aHLbL
µ

between basically 6⇥ 10�10 and up to almost
14 ⇥ 10�10. Among them, the Jegerlehner and Ny↵eler
review [3], quoting (11.4± 4.0)⇥ 10�10, and the Glasgow

consensus [9], written by Prades, de Rafael, and Vain-

Kinoshita et al 2012, Remiddi

Davier et al 2011

Hagiwara et al 2009

Jegerlehner, Nyffeler 2009

Czarnecki 2003, Gnendinger 2013

Kurz et al 2014

*

* NLO: Colangelo et al 2014

Contribution Result in 10�10 units

QED(leptons) 11658471.885± 0.004

HVP(leading order) 690.8± 4.7

HVP(NLO) �9.93± 0.07

HVP(NNLO) 1.22± 0.01

HLBL (+NLO) 11.7± 4.0

EW 15.4± 0.1

Total 11659179.1± 6.2

Contribution Result in 10�10 units

QED(leptons) 11658471.810± 0.015

HVP(leading order) 692.3± 4.2

HVP(higher order) �9.84± 0.07

HLBL 11.6± 4.0

EW 15.4± 0.2

Total 11659181.3± 5.8
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Very different contributions to a

generally: C m N P
m a N P C m

M
2

classify new physics: C very model-dependent
Very useful constraints on new physics

1 radiative muon mass generation . . .
[Czarnecki,Marciano ’01]

[Crivellin, Girrbach, Nierste ’11][Dobrescu, Fox ’10]

supersymmetry (tan ), unparticles
[Cheung, Keung, Yuan ’07]

4 extra dim. (ADD/RS) (nc). . .
[Davioudasl, Hewett, Rizzo ’00]
[Graesser,’00][Park et al ’01][Kim et al ’01]

4 Z ,W , UED, Littlest Higgs (LHT). . .

Magnetic moment g 2 in and beyond the Standard Model Impact on New Physics in general

Hints to NP

Pere Masjuan, CERN, PHOTON 17, May 2017

(talk from Stöckinger)

M [GeV]
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Hadronic Vacuum Polarization
Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g�µ = g e�h

2mc ⋅ �S
spin 1

2 → Dirac theory: g = 2
QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2
atheoryµ = aQED

µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.895 ± 0.008
weak 15.4 ± 0.2

had 693.0 ± 4.9
BNL−SM 28.7 ± 8.0

hadro

optical theorem

↵QCD ≈O(1)

↵QCDq

q̄

had. Vacuum Polarization

had. cross section

e−

e+
hadrons

had. VP: aVP,LOµ = 692.3 ± 4.2

q

q̄

[M. Davier et al., EPJ C71, 1515 (2011)]aµ units in 10−10

�

µ+ µ+

�

µ+ µ+

QED weak

Z 0�

[T.Kinoshita et al., PRD73, 013003 (2006)]

[A.Czarnecki et al., PRD67, 073006 (2003)
Erratum-ibid. D73, 119901 (2006)]

[M.Knecht et al., JHEP 0211, 003 (2002)]

Andreas Hafner (JG University Mainz) Precision Hadron Physics CRC 1044: KICK-OFF 3 / 27

Motivation: Muon-Anomaly (g − 2)µ Theoretical Prediction of ahadµ

Dispersion relation for ahadµ

Optical Theorem Dispersion integral

ahadµ,LO = 1

4⇡3 � ∞
m2

⇡0

ds K(s) �had(s)

�had(s) ∼ 1�s & K(s) ∼ 1�s⇓
Low energy region important! ∼ 1�s2
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• ρ peak
• ρ-ω interference
• Contribution to aμ(VP): 75% 
• Largest error from 1-2GeV

Hadronic Vacuum Polarization

Pere Masjuan, CERN, PHOTON 17, May 2017

Figure 3. A compilation of the modulus square of the pion form factor in the ⇢ meson region, which yields
about 75% of ahad

µ . The corresponding R(s) is R(s) = 1
4 �

3
⇡ |F(0)

⇡ (s)|2 , �⇡ =
p

1 = 4m2
⇡/s is the pion velocity.

0.0 GeV, 1

⇢,!

1.0 GeV

�, . . . 2.0 GeV
3.1 GeV

 9.5 GeV⌥
0.0 GeV, 1

⇢,!

1.0 GeV

�, . . .
2.0 GeV

3.1 GeV

�aµ (��aµ)
2

contribution error2

Figure 4. Distribution of contributions and error squares from di↵erent energy regions.

Figure 4 shows the distribution of contributions and errors between di↵erent energy ranges. One of
the main issues is R�(s) in the region from 1.2 GeV to 2.0 GeV, where more than 30 exclusive channels
must be measured and although it contributes about 20% only of the total it contributes about 50% of
the uncertainty. In the low energy region, which is particularly important for the dispersive evaluation
of the hadronic contribution to the muon g�2, data have improved dramatically in the past decade for
the dominant e+e� ! ⇡+⇡� channel (CMD-2 [12], SND/Novosibirsk [13], KLOE/Frascati [14–16],
BaBar/SLAC [17], BES-III/Beijing [18]) and the statistical errors are a minor problem now. Similarly,
the important region between 1.2 GeV to 2.4 GeV has been improved a lot by the BaBar exclusive
channel measurements in the ISR mode [19–22]. Recent data sets collected are: e+e� ! 3(⇡+⇡�),
e+e� ! p̄p and e+e� ! K0

S K0
L,K

+K� from CMD-3 [23, 24], and e+e� ! n̄n, e+e� ! ⌘⇡+⇡�,
e+e� ! ⇡0�, e+e� ! !⌘⇡0, e+e� ! !⌘, e+e� ! K+K� and e+e� ! !⇡0 ! ⇡0⇡0� from SND [25–
27].

Above 2 GeV fairly accurate BES-II data [28] are available. Recently, a new inclusive determi-
nation of R�(s) in the range 1.84 to 3.72 GeV has been obtained with the KEDR detector at Novosi-
birsk [29] (see figure 5). A big step in improving low energy cross section measurements has been

Status of Hadronic Cross Section Measurements
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The anomalous magnetic moment of 
the muon

Anomalous magnetic moment aμ (anomaly):

Pere Masjuan, CERN, PHOTON 17, May 2017

Contribution Result in 10�10 units

QED(leptons) 11658471.885± 0.004

HVP(leading order) 690.8± 4.7

HVP(NLO) �9.93± 0.07

HVP(NNLO) 1.22± 0.01

HLBL (+NLO) 11.7± 4.0

EW 15.4± 0.1

Total 11659179.1± 6.2

Contribution Result in 10�10 units

QED(leptons) 11658471.810± 0.015

HVP(leading order) 692.3± 4.2

HVP(higher order) �9.84± 0.07

HLBL 11.6± 4.0

EW 15.4± 0.2

Total 11659181.3± 5.8

20

aexpµ � aSMµ = 28.0(8.8)⇥ 10�10 ) 3.2�



The anomalous magnetic moment of the muon

NO HLBL

21

(2σ effect)

Pere Masjuan, CERN, PHOTON 17, May 2017

• BNL E821: 

• Theory:

Bennet et al, PRD73,072003 (2006)aexpµ = 11 659 209.1(6.3)⇥ 10�10

Contribution Result in 10�10 units

QED(leptons) 11658471.885± 0.004

HVP(leading order) 690.8± 4.7

HVP(NLO) �9.93± 0.07

HVP(NNLO) 1.22± 0.01

HLBL (+NLO) 11.7± 4.0

EW 15.4± 0.1

Total 11659179.1± 6.2

Contribution Result in 10�10 units

QED(leptons) 11658471.810± 0.015

HVP(leading order) 692.3± 4.2

HVP(higher order) �9.84± 0.07

HLBL 11.6± 4.0

EW 15.4± 0.2

Total 11659181.3± 5.8
11659167.4± 4.7

aexpµ � aSMµ = 41.7(7.9)⇥ 10�10 ) 5.3�



The anomalous magnetic moment of the muon

NO HLBL

22

Forthcoming FNAL ⇠ 1.6⇥ 10�10 ⇒ from 5σ to 8σ,  w/o HLBL: 5σ effect

We need to understand such numbers and errors
Pere Masjuan, CERN, PHOTON 17, May 2017
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Hadronic light-by-light (LbyL) scattering in the muon g � 2

Need to calculate higher order O(↵3) hadronic contribution to the muon g � 2:
k

µ−(p)µ−(p’)

k = p’ − p

Four-point function hVVVV i projected onto the aµ (soft external photon k ! 0).

Look at “underlying” hadronic Green’s function hVVVV i in QCD (all photon legs
o↵-shell). Can evaluate it in quark-gluon or hadronic picture (global duality), e.g. for
u, d quark sector:

+ + + + · · ·

! + + · · · + + · · ·

| {z }
L.D.

| {z }
S.D.

⇡0

⇡±

u, d

u, d

g

Usually, one uses some hadronic model at low energies (L.D. = long-distances) with
exchanges of resonances and loops of resonances and some form of (dressed) “quark
loop” at high energies (S.D. = short-distances).
Since the four-point function hVVVV i depends on several invariant momenta, the
distinction between low and high energies is not as easy as for two-point function
hVV i (hadronic vacuum polarization).

Hadronic light-by-light scattering in the muon g-2 

order O(α3) hadronic contribution

Model at low energies
(with exchange of resonances)

Model at high energies
(quark-loop)

Pere Masjuan, CERN, PHOTON 17, May 2017

2

doscalar pole, is presented in Sect. III; this includes also
a brief overview of current theoretical approaches and
motivates the reasons for our new study based on Can-
terbury approximants. These are subsequently presented
in Sect. IV. Finally, we give our results in Sect. V and dis-
cuss the role of future data in Sect. VI. Much information
is relegated to the appendices, including, among others,
the impact of P ! ¯̀̀ decays, a discussion concerning the
light-quark TFF, comments concerning the pseudoscalar-
exchange approach, a discussion on dispersion relations,
and our most-updated data input profitting from over 13
di↵erent collaborations.

II. HADRONIC LIGHT-BY-LIGHT
CONTRIBUTION

The HLbL contribution to a

µ

(cf. Refs. [3, 9]) is de-
picted in Fig. 1, where the gray blob represents the HLbL
tensor defined as

⇧
µ⌫�⇢

(q1, q2, q3)=

Z
d

4
x

Z
d

4
y

Z
d

4
ze

i(q1·x+q2·y+q3·z)

⇥ h⌦|T{j
µ

(x)j
⌫

(y)j
�

(z)j
⇢

(0)} |⌦i , (1)

with all the momenta, q
i

, outgoing. The resulting contri-
bution to a

µ

can be expressed in terms of this hadronic
quantity using projection techniques that allow to spe-
cialize to the kinematical limit relevant to a

µ

(k ! 0) in
advance, obtaining [10]:
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⇢
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(q1, q2, k � q1 � q2)

�

k!0

. (2)

Such quantity requires as input the HLbL tensor at all
energy scales, including the (non-perturbative) low ener-
gies, which turn out to play the major role in numerical
calculations as we will illustrate for the particular case of
the ⇡

0-pole contribution. Qualitatively, this can be un-
derstood, after Wick rotation, from the propagators in
Eq. (2).

A full description of the HLbL tensor is far from a
trivial task. As an illustration, while the dominant HVP
requires a scalar function depending on a single energy
scale, the HLbL tensor involves 138 scalar functions2

�, k

�, q3

⌫, q2

µ, q1

p
p0

FIG. 1. HLbL contribution to aµ. The grey blob represents
the HLbL tensor. q1�3 are outgoing momenta, whereas k is
the incoming external photon momentum.

2 That number is however reduced after considering the Ward iden-
tities and the kinematic configuration relevant to aµ [11, 12].

and six scalar variables (the four photon virtualities,
{q2

i

}
i=1�4, and 2 Mandelstam variables). In order to

deal with such object, E. de Rafael proposed more than
twenty years ago [13] (see also Ref. [14]), to work out
this tensor in the context of low-energy QCD, as the
relevant photon energies are of the order of the muon
mass. In this respect, he proposed to split the most rel-
evant contributions to this tensor following the intuition
provided by a combined expansion in terms of the chi-
ral and the large-number-of-colors (N

c

) limits of QCD;
whereas large-N

c

represents the only known perturba-
tive approach to QCD, the chiral expansion, in powers
of momentum (q2

i

), helps to identify those contributions
which play the main role at low energies — the most im-
portant in the calculation. According to this proposal,
the leading contributions to the HLbL tensor are the
pseudoscalar loop contributions, at order O(N0

c

, q

4), and
the pseudoscalar-pole terms, at order O(N

c

, q

6). Follow-
ing these ideas, subleading contributions will account for
heavier resonances and the continuum quark-loop con-
tributions, all of them of order O(N

c

, q

8). It remains
then the task to calculate all the relevant contributions
as accurate and precise as possible.

Actually, most of the results in the literature follow
de Rafael’s proposal (see Refs. [3, 9, 15–29], including
full and partial contributions to a

HLbL
µ

) finding values

for aHLbL
µ

between basically 6⇥ 10�10 and up to almost
14 ⇥ 10�10. Among them, the Jegerlehner and Ny↵eler
review [3], quoting (11.4± 4.0)⇥ 10�10, and the Glasgow

consensus [9], written by Prades, de Rafael, and Vain-
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The anomalous magnetic moment of the muon
Ballpark prediction: Order of magnitude?
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aHV P
µ ⇠ 690⇥ 10�10

Hadronic Vacuum Polarization                 vs                   Hadronic Light-by-Light

4.1 Fixing mq from the LO hadronic contribution

A fermion with mass mq without QCD group factors (as a lepton) gives the LO contribution

to MAMM of the form

aferm
µ (LO) = I(mq)

(α

π

)2

(31)

with

I(mq) =
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∞

4m2
q

ρq(s)K(s)

s
ds (32)

and

ρq(s) =
1

3

√

1 −
4m2

q

s

(

1 +
2m2

q

s

)

. (33)

Explicit integration over s with the kernel K(s) from eq. (12) gives

I(mq) =
∫ 1

0
dx(1 − x)[−π(x, mq)] (34)

where

π(x, mq) =
(

1

3z
− 1

)

ϕ(z) −
1

9
(35)

and

ϕ(z) =
1√
z
ArcTanh(

√
z) − 1, z =

m2
µx2

4m2
q(1 − x) + m2

µx
2

. (36)

An analytical expression for the function I(mq) is known, however, the integral representation

given in eq. (34) is sufficient for practical applications.

Contributions of the heavy c and b quarks can directly be computed in QCD perturbation

theory independently of the model. In the present calculation I use only free quark approxima-

tion for simplicity. For the c quark with the mass mc = 1.6 GeV [10] and the charge ec = 2/3

one finds from eq. (31) multiplied by the group factor 3e2
c = 4/3

amod
µ (LO; c) = 69.3 × 10−11 . (37)

The b-quark contribution for mb = 4.8 GeV [11] and eb = −1/3 is small and reads

amod
µ (LO; b) = 1.9 × 10−11 . (38)

Thus the contribution of light hadronic modes that is represented in our model by light fermions

with the mass mq amounts to

amod
µ (LO; uds) = (6974.3 − 69.3 − 1.9) × 10−11 = 6903(89)× 10−11 . (39)

I assume that this result directly corresponds to the contribution of the two-point correlator

at the leading order as given in eq. (11). It means that a real data set is properly corrected to
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(Identify the constituent quark mass from HVP)

(see Pivovarov ’03)
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The anomalous magnetic moment of the muon
Quark models for a Ballpark prediction
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Laporta and Remiddi 1996

Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g�µ = g e�h

2mc ⋅ �S
spin 1

2 → Dirac theory: g = 2
QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2
atheoryµ = aQED

µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.895 ± 0.008
weak 15.4 ± 0.2

had 693.0 ± 4.9
BNL−SM 28.7 ± 8.0

hadro

optical theorem

↵QCD ≈O(1)

↵QCDq
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had. Vacuum Polarization

had. cross section
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had. VP: aVP,LOµ = 692.3 ± 4.2
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mq ⇠ 0.160� 0.180 GeV

aHLBL
µ ⇠ 14⇥ 10�10

aHLBL
µ < 15.9⇥ 10�10

aHLBL
µ = 11.8� 14.8⇥ 10�10

Hadronic Vacuum Polarization                 vs                   Hadronic Light-by-Light
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Pivovarov ’03

Erler and Toledo Sanchez ’06

Boughezal and Melnikov, ’11
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aHLBL
µ = [10.5(2.0)÷ 15.0(2.5)]⇥ 10�10 P.M, Vanderhaeghen 2012
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Classification proposal by Eduardo de Rafael ’94

Chiral Perturbation Theory counting (p2)+large-Nc counting

Current approach to had. LbyL scattering
Classification of de Rafael ’94

Use chiral counting p2, derived from Chiral Perturbation Theory, and large-NC

counting as guideline to classify contributions (in general, all higher orders in p2 and
NC will contribute):

k

µ−(p)µ−(p’)

k = p’ − p

=
ρ

π
+

+

π , η, η0 ,

+

Exchange of
other reso-
nances
(f0, a1, . . .)

+
ρ

Q

Chiral counting: p4 p6 p8 p8

NC -counting: 1 NC NC NC

Relevant scales in hVVVV i (o↵-shell !): 0� 2 GeV, i.e. much larger than mµ ! No
direct relation to exp. data, in contrast to hadronic vacuum polarization in g � 2
! need hadronic (resonance) model (or lattice QCD)

Reduce model dependence by imposing experimental and theoretical constraints on
form factors and hVVVV i, e.g. from QCD short-distances (operator product expansion
(OPE)) to get better matching with perturbative QCD for high momenta

de Rafael ’94: last diagram can be interpreted as irreducible contribution to 4-point
function hVVVV i. Appears as short-distance complement of low-energy had. models

Pseudoscalars: numerically dominant contribution (according to most models !)

Exchange of lightest state ⇡0 yields largest contribution ! warrants special attention

Pesudoscalars: numerically dominant contribution (according to most models)

µ−(p) µ−(p′)

↓ k = p′ − p

=

π+

+ . . .+

π0, η, η′

+ . . .+
Exchanges of

other resonances

(a1, f0, . . .)

+

Q

+ . . .

Contribution: pion-loop pseudoscalar quark-loop
(dressed) exchanges (dressed)

Chiral counting: p4 p6 p8 p8

Nc counting: 1 Nc Nc Nc

Figure 1: The different contributions to HLbL scattering and their chiral and large-Nc

counting.

been employed to estimate HLbL. One uses some hadronic model with exchanges and
loops of resonances at low energies and some form of (dressed, constituent) quark-loop
at high energies as short-distance complement of the low-energy hadronic models. The
dependence on several momenta leads, however, to a mixing of long and short distances
and makes it difficult to avoid a double counting of quark-gluon and hadronic contribu-
tions. In Ref. [13] a classification of the different contributions to HLbL based on the
chiral and large-Nc counting was proposed, see Figure 1. In general, all the interactions
of the hadrons or the quarks with the photons are dressed by some form factors, e.g. via
ρ − γ mixing. Note that in the Feynman diagrams in Fig. 1 form factors with off-shell
photons and off-shell hadrons enter [14]. Constraints on the models can be obtained from
experimental data, e.g. on the various form factors, and from theory, e.g. chiral pertur-
bation theory at low energies and short-distance constraints from perturbative QCD and
the Operator Product Expansion (OPE) at high momenta.

2 Current status of HLbL and recent developments

A selection of estimates for HLbL is presented in Table 2. Note that the Refs. [15, 16] are
the only full calculations of HLbL to date, using, as much as possible, one model for all
the contributions (HLS model in Ref. [15], Extended Nambu-Jona-Lasinio (ENJL) model
in Ref. [16]). Both calculations showed that the exchanges of the lightest pseudoscalar
states, π0, η, η′, dominate numerically, which can be understood from the large-Nc count-
ing. The contributions from the (dressed) pion-loop and the (dressed) quark-loop are
subdominant, but not negligible, and they happen to largely cancel each other numeri-
cally. The final results for the total HLbL contribution were rather close in both models.
In Ref. [27] an ansatz for the pion-photon transition form factor with a minimal number
of narrow vector resonances in large-Nc QCD (lowest meson dominance (LMD, LMD+V))
was matched to short-distance constraints from the OPE. The reevaluation of the pion-

2
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The anomalous magnetic moment of the muon
Reference numbers

BPP: +83(32) �19(13) +85(13) �4(3) +21(3) ENJL, ’95 ’96 ’02
HKS: +90(15) �5(8) +83(6) +1.7(1.7) +10(11) LHS, ’98 ’02
KN: +80(40) +83(12) Large Nc, ’02
MV: +136(25) 0(10) +114(10) +22(5) 0 Large Nc, ’04
JN: +116(40) �19(13) +99(16) +15(7) +21(3) Large Nc, ’09
PdRV: +105(26) �19(19) +114(13) +8(12) 0 Average, ’09
HK: +107 +107 Holographic QCD, ’09
DRZ: +59(9) +59(9) Non-local q.m., ’11
EMS: +107(20) �19(13) +90(7) +15(7) +21(3) Padé-data,’12 ’12 ’13
GLCR: +118(20) �19(13) +105(5) +15(7) +21(3) R�T, ’14

1
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JN: Jegerlehner and Nyffeler, Phys. Rep. 477 (2009) 1-110
PdRV: Prades, de Rafael, and Vainshtein, arXiv:0901.0306 (Glasgow White Paper)

aµ ⇥ 1011
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1

• use the same model from Knecht and Nyffeler ’01 and inputs for the PS (issue of pion-pole vs 
pion-exchange, i.e., how to correctly implement QCD constraints)

• errors summed linearly in JN and in quadrature in PdRV
• lack of systematic error (large-Nc model, see P.M. and Vanderhaeghen ’12 )
• the model neither reproduce the new experimental data on PSTFF (see P.M in arXiv:1407.4021) 
nor the π0→e+e- (see P. Sanchez-Puertas in arXiv:1407.4021)
• On top, double counting (or correct overlap) + missing pieces (higher states...)

• All in all, need for more calculations, closer to data (if possible)

28

JN: Jegerlehner and Nyffeler, Phys. Rep. 477 (2009) 1-110
PdRV: Prades, de Rafael, and Vainshtein, arXiv:0901.0306 (Glasgow White Paper)
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The anomalous magnetic moment of the muon

2

NON-PERTURBATIVE QED METHOD

We start by observing the di�culty computing
a
µ

(HLbL) using lattice QCD, and then explain our strat-
egy to overcome it. Fig. 2 shows two (of seven) types
of diagrams, classified according to how photons are at-
tached to the quark loop(s). In the lattice calculation, the
computation of the vacuum expectation value of an op-
erator involving quark fields requires the inversion of the
quark Dirac operator D

m

q

⇥
UQCD

⇤
for each gluon field

(QCD configuration), UQCD. The cost of inversion of
this operator for every pair of source and sink points on
the lattice is prohibitive since it requires solving the lin-
ear equation D

m

q

⇥
UQCD

⇤
x
r

= b
r

for Nsites number of
sources, b

r

, where Nsites is the total number of lattice
points. In most problems, such as hadron spectroscopy,
all of these inversions are not necessary. For our problem,
the correlation of four electromagnetic currents must be
computed for all possible values of two independent four-
momenta. This implies (3 ⇥ 4 ⇥ Nsites)2 separate inver-
sions, per QCD configuration, quark species, and four-
momentum of the external photon to calculate the con-
nected diagram in Fig. 2, which is astronomical. There-
fore, a practical method with substantially less compu-
tational cost is indispensable.

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops. We refer to
these as (quark) connected and disconnected diagrams, re-
spectively.

A non-perturbative QCD+QED method which treats
the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [10],

h (t0,p0) j
µ

(t
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,q) (0,p)iHLbL =
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. (1)

FIG. 3. Perturbative expansion of the first term in
Eq. (1) with respect to QED. The symbols h, iQCD+q-QED

and h, iq-QED represent the average over QCD+QED con-

figurations (UQCD, AQED) and that over AQED, respectively.
Terms represented by the ellipsis contain four or more internal
photons and so their orders are higher than ↵3.

where  annihilates the state with muon quantum num-
bers, and j

µ

is the electromagnetic current 1. k is a Eu-
clidean four-momentum, p is a three-momentum, each
quantized in units of 2⇡/L. �

µ⌫

/k̂2 (k̂
µ

⌘ 2 sin(k
µ

/2)) is
the momentum space lattice photon propagator in Feyn-
man gauge. L3T is the space-time size of the lattice, S

q

and G are quark and muon propagators, respectively, and
spin and color indices have been suppressed. One takes
t0 � t

op

� 0 to project onto the muon ground state
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�0
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where the matrix element is parametrized, up to muon
wave function renormalization factors, as
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u(p, s) is a Dirac spinor, and q = p0 � p is the space-like
four-momentum transferred by the photon. The minus
sign in (4) results from the definition F1(0) = 1 and the
fact that the muon has charge �1 in units of e > 0.
To extract the form factors F1 and F2, Eq. (1) is traced
over spins after multiplication by one of the projectors,
(1 + �

t

)/4 or i (1 + �
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)�
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k

/4, where j, k = x, y, z and
k 6= j. The contribution to the anomaly is then found
from a
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⌘ (g
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� 2)/2 = F2(0).
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The point-split, exactly conserved, lattice current is used for the

internal vertices while the local current is inserted at the external

vertex.
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For now quenched QED (q-QED) is used for the QED
average in (1), implying no fermion-antifermion pair cre-
ation/annihilation via the photon. Note that only the
sea quarks need to be charged under U(1); the lepton
vacuum polarization corresponds to higher order contri-
butions which we ignore. This approximation was cho-
sen to make this first calculation computationally easier,
even though it is incomplete. We can remove it to get
the complete physical result, as discussed at the end of
this letter. The first term, expanded in q-QED, can be
reorganized as in Fig. 3, according to the number of pho-
tons exchanged between the quark loop and the open
muon line. If the second term in Eq. (1) is subtracted,
the connected diagram in Fig. 2, times 3 (the multiplic-
ity arises because two of the three internal photon lines
are generated three ways), emerges as the leading-order
contribution in ↵.

The main challenge in the non-perturbative method
is the subtraction of the leading, unwanted components
(↵ for the electric form factor and ↵2 for the magnetic).
Note that the two terms in Eq. (1) di↵er only by way of
averaging. For finite statistics, the delicate cancellation
between them is only realized because they are so highly
correlated with respect to the QCD and QED configura-
tions used in the averaging. Notice that all contributions
from one-photon exchange between the lepton (quark)
loop and muon line are canceled by the subtraction. How-
ever, two photon exchange contributions, which vanish by
Furry’s theorem after averaging over gauge fields, cannot
appear in the subtraction term and are a potential source
of large statistical errors. Fortunately these too can be
completely eliminated on each gauge configuration by
switching the sign of the external momentum. This is be-
cause the projected and traced correlation function in (1)
obeys an exact symmetry under simultaneous p ! �p
and e ! �e, where the latter is done on the muon line
only. If e does not flip sign, then the only change is to
multiply all contributions with an even number of pho-
tons connecting the loop and line by �1.

We first test the non-perturbative subtraction by ask-
ing if the nonperturbative QED method applied to lep-
tons only reproduces the known value of the sixth-order
leptonic light-by-light scattering contribution [11], which
is given exactly by the counterpart of the connected dia-
gram in Fig. 2.

The test calculation was done in quenched 2 non-
compact QED, in the Feynman gauge, using domain wall
fermions (DWF). Non-compact here only refers to the
generation of the photon field configurations; the pho-
tons are coupled to the fermions via the usual exponen-
tiated link variable. The lattice size is 243 ⇥ 64 with

2
In the pure QED case, quenching is not an approximation since

the neglected vacuum polarization contributions give higher or-

der corrections to the light-by-light scattering diagram.

L
s

= 8 sites in the extra 5th dimension and domain wall
height M5 = 0.99. The muon mass and the lepton mass
are the same, 0.1 in lattice units, and to enhance the
signal the electric charge is set to e = 1.0, which corre-
sponds to ↵ = 1/(4⇡) instead of 1/137. For simplicity,
we always use kinematics where the incoming muon is
at rest. The form factor F2 was computed only at the
lowest non-trivial momenta, 2⇡/24, and was not extrap-
olated to zero. The renormalization factor of the local
vector current inserted at the external vertex is not in-
cluded as its e↵ect is O(↵) and should be small compared
to other uncertainties.

The results for several values of the time separation
between the muon source and sink, tsep, are shown in
Figure 4 (squares). The results were computed from an
ensemble of 100 uncorrelated configurations and 63 = 216
point source locations for the external photon vertex
which was inserted on time slice top = 5. The form
factor shows a large excited state contamination, pre-
sumably arising from the contribution of muon-photon
states. The value for the largest separation (tsep = 32)
is still somewhat below the continuum result, F2(0) =
0.371(↵/⇡)3 [12]. There may be residual excited state
contamination, or finite volume and lattice spacing ef-
fects. A smaller 163 lattice size result (triangle) is con-
sistent, within errors, with the 243 result, and the lattice
result also must be extrapolated to Q2 = 0 before the
final comparison with continuum perturbation theory.

5 10 15 20 25 30
tsep

-0.1

0

0.1

0.2

0.3

0.4

F 2((
2π

/L
)2 )

QED (mloop=m
µ
=0.1, 243)

QED, (mloop=m
µ
=0.1, 163)

QED pert. theory, F2(0)
QCD+QED (m

π
=330 MeV)

hadronic models, F2(0)

FIG. 4. The muon’s magnetic form factor in units of (↵/⇡)3

from light-by-light scattering, evaluated at the lowest non-
trivial lattice momentum, 2⇡/L. Results for several symmet-
ric source-sink separations are shown; the quark loop is the
same for each and corresponds to m⇡ = 329 MeV (circles).
Also shown is the pure QED result (squares, triangle) where
the mass of the lepton in the loop is equal to the muon mass,
mµ = 0.1. Horizontal lines correspond to continuum QED
perturbation theory (upper) and hadronic models [8] (lower).
A large excited state contamination is evident for both cases.
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2

NON-PERTURBATIVE QED METHOD

We start by observing the di�culty computing
a
µ

(HLbL) using lattice QCD, and then explain our strat-
egy to overcome it. Fig. 2 shows two (of seven) types
of diagrams, classified according to how photons are at-
tached to the quark loop(s). In the lattice calculation, the
computation of the vacuum expectation value of an op-
erator involving quark fields requires the inversion of the
quark Dirac operator D

m

q

⇥
UQCD

⇤
for each gluon field

(QCD configuration), UQCD. The cost of inversion of
this operator for every pair of source and sink points on
the lattice is prohibitive since it requires solving the lin-
ear equation D

m

q

⇥
UQCD

⇤
x
r

= b
r

for Nsites number of
sources, b

r

, where Nsites is the total number of lattice
points. In most problems, such as hadron spectroscopy,
all of these inversions are not necessary. For our problem,
the correlation of four electromagnetic currents must be
computed for all possible values of two independent four-
momenta. This implies (3 ⇥ 4 ⇥ Nsites)2 separate inver-
sions, per QCD configuration, quark species, and four-
momentum of the external photon to calculate the con-
nected diagram in Fig. 2, which is astronomical. There-
fore, a practical method with substantially less compu-
tational cost is indispensable.

FIG. 2. Two classes of diagrams contributing to aµ(HLbL).
On the left, all QED vertices lie on a single quark loop, The
right diagram is one of six diagrams where QED vertices are
distributed over two (or three) quark loops. We refer to
these as (quark) connected and disconnected diagrams, re-
spectively.

A non-perturbative QCD+QED method which treats
the photons and muon on the lattice along with the
quarks and gluons has been proposed as such a candi-
date by us. To obtain the result for the diagram in Fig. 2
the following quantity is computed [10],
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. (1)

FIG. 3. Perturbative expansion of the first term in
Eq. (1) with respect to QED. The symbols h, iQCD+q-QED

and h, iq-QED represent the average over QCD+QED con-

figurations (UQCD, AQED) and that over AQED, respectively.
Terms represented by the ellipsis contain four or more internal
photons and so their orders are higher than ↵3.

where  annihilates the state with muon quantum num-
bers, and j

µ

is the electromagnetic current 1. k is a Eu-
clidean four-momentum, p is a three-momentum, each
quantized in units of 2⇡/L. �

µ⌫

/k̂2 (k̂
µ

⌘ 2 sin(k
µ

/2)) is
the momentum space lattice photon propagator in Feyn-
man gauge. L3T is the space-time size of the lattice, S

q

and G are quark and muon propagators, respectively, and
spin and color indices have been suppressed. One takes
t0 � t
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� 0 to project onto the muon ground state
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where the matrix element is parametrized, up to muon
wave function renormalization factors, as
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u(p, s) is a Dirac spinor, and q = p0 � p is the space-like
four-momentum transferred by the photon. The minus
sign in (4) results from the definition F1(0) = 1 and the
fact that the muon has charge �1 in units of e > 0.
To extract the form factors F1 and F2, Eq. (1) is traced
over spins after multiplication by one of the projectors,
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F V
π

(

q21
)

F V
π

(

q22
)

F V
π

(

q23
)

×













































Figure 1: Scalar QED diagrams with photon–pion vertices dressed by the (appropriate power of)
pion vector form factors, in the following referred to as FsQED. Solid lines denote pions, wiggly lines
photons, and the dashed lines indicate the cutting of the pion propagators.

with the projector [22]

Λρ
(

p′, p
)

=
m2

k2
(

4m2 − k2
)

{

γρ +
k2 + 2m2

m
(

k2 − 4m2
)

(

p+ p′
)ρ

}

. (2.7)

m denotes the mass of the muon, p and p′ = p− k the momenta of the incoming and outgoing muon,
respectively, and we have assumed that Πµνλσ is already manifestly gauge invariant and crossing
symmetric. The general relation (2.6) can be further simplified using the identity

(

/p+m
)

γρ
(

/p
′ +m

)

=
(

/p+m
)

[

1

2m

(

p+ p′
)ρ

+
i

2m
σρτkτ

]

(

/p
′ +m

)

. (2.8)

Explicit expressions will be given in (2.12) and (E.1).

2.2 Layout of the dispersive approach

In a dispersive approach one exploits the analytic properties of the matrix element of interest and
reconstructs it completely from information on its analytic singularities: residues of poles, values along
cuts, and subtraction constants (representing singularities at infinity). Depending on the complexity
of the singularity structure of a given amplitude such a program can be carried out until the very end
(as in the case of form factors), or lead to integral equations amenable to numerical treatment. In the
worst case the singularity structure may be too complex to allow for an exact treatment. The HLbL
amplitude clearly belongs to the latter class, unfortunately: it has single poles, cuts in all channels
(and simultaneously in different channels), and in all photon momenta squared, as well as anomalous
thresholds [23–25].

On the basis of model calculations (see, e.g. [6]) of the HLbL contributions to aµ, it is clear that
singularities having higher thresholds (like the cut due to K̄K intermediate states) are less important.
It appears therefore reasonable to reduce the complexity of the problem by limiting ourselves to the
lowest-lying intermediate states, pions,1 and to allow for at most two pions in intermediate states. In
this approximation the HLbL tensor can be broken down into the following contributions

Πµνλσ = Ππ0-pole
µνλσ +ΠFsQED

µνλσ + Π̄µνλσ + · · · , (2.9)

1We are well aware of the fact that the single poles due to η, η′, and other higher-mass states are not negligible.
They are, however, easily taken into account and can be just added to the contributions considered here. For the sake
of clarity, we limit the discussion to pions only.

3

model-independent way, this is not the case for the latter. The main novelty of this paper is a master
formula that explicitly relates the contribution of two-pion intermediate states to aµ to the partial
waves for γ∗γ∗ → ππ. In particular, within our framework the issues raised in [18–20] concerning the
dressing of the pion loop can be settled with input from experiment.

The outline of the paper is as follows: in Sect. 2 we introduce our dispersive approach, we illustrate
it using the example of the pion pole, commenting on its definition within this picture, and then collect
the necessary notation concerning γ∗γ∗ → ππ partial waves which will later be needed for the analysis
of ππ intermediate states. In Sect. 3, we derive a set of dispersion relations for HLbL scattering,
leading to an expression for the ππ contribution to aµ in terms of γ∗γ∗ → ππ partial waves. Finally,
we offer our conclusions and an outlook in Sect. 4. Various details of the calculation are discussed in
the appendices.

2 Dispersive framework for hadronic light-by-light

2.1 Notation

We define the HLbL tensor Πµνλσ as

Πµνλσ
(

q1, q2, q3
)

= i3
∫

d4x

∫

d4y

∫

d4z e−i(x·q1+y·q2+z·q3)〈0|T
{

jµ(x)jν(y)jλ(z)jσ(0)
}

|0〉, (2.1)

where jµ(x) =
∑

iQiq̄i(x)γµqi(x), i = u, d, s, is the electromagnetic current (Qi being the charge of
the quark in proton charge units) and the matrix element is to be evaluated in pure QCD (i.e. for
α = e2/(4π) = 0). In the calculation of aµ we take the external photon to couple with the fourth
current, and denote its momentum by k = q1 + q2 + q3. In addition, we need the above tensor in the
kinematic configuration k2 = 0. Contracted with the appropriate polarization vectors this gives the
matrix element of the leading-order (in α) hadronic contribution to the reaction

Hλ1λ2,λ3λ4
(s, t, u) ≡ M(γ∗(q1,λ1)γ

∗(q2,λ2) → γ∗(−q3,λ3)γ(k,λ4))

= εµ(λ1, q1)εν(λ2, q2)ε
∗
λ(λ3,−q3)ε

∗
σ(λ4, k)Π

µνλσ(q1, q2, q3), (2.2)

with Mandelstam variables

s = (q1 + q2)
2 = (k − q3)

2, t = (q1 + q3)
2 = (k − q2)

2, u = (q2 + q3)
2 = (k − q1)

2, (2.3)

and s-channel scattering angle

zs = cos θs =
s

(

s− q23
)√

λ12

(

t− u+

(

q21 − q22
)

q23
s

)

, λ12 = λ
(

s, q21, q
2
2

)

, (2.4)

with λ(x, y, z) = x2 + y2 + z2 − 2(xy + xz + yz) the Källén function. For the contribution to aµ we
only need the derivative with respect to the external photon momentum kσ, since by virtue of gauge
invariance [21]

Πµνλσ

(

q1, q2, k − q1 − q2
)

= −kρ
∂

∂kσ
Πµνλρ

(

q1, q2, k − q1 − q2
)

. (2.5)

The contribution to aµ follows from

aµ = lim
k→0

Tr
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)

Λρ
(

p′, p
)(
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)
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}

,
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= e6
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q21q
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)
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(

/p− /q2 +m)γν
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(p′ + q1)2 −m2
)(

(p− q2)2 −m2
)kσ

∂

∂kρ
Πµνλσ, (2.6)

2

Colangelo et al, 1402.7081
Vanderhaeghen et al, 1403.7503
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Figure 1. ⇡0 (left upper panel), ⌘ (right upper panel), and ⌘0 (lower panel) TFFs. Green-dot-dashed lines show
our best PL

1 (Q2) fit, and black-solid lines show our best PN
N(Q2) fit. Black-dashed lines display the extrapolation of

the PN
N(Q2) at Q2 = 0 and Q2 ! 1. Experimental data are from CELLO (red circles), CLEO (purple triangles),

and BABAR (orange squares) Colls. [8]. The ⇡0 figure contains also data from BELLE (blue diamonds) [9]; and
the ⌘0 figure data from L3 (blue diamonds) [10].

Table 1. ⇡0, ⌘, and ⌘0 slope bP, curvature cP, asymptotic limit, and contribution to HLBL.

bP cP limQ2!1 Q2FP�⇤�(Q2) aHLBL;P
µ

⇡0 0.0324(22) 1.06(27) · 10�3 2 f⇡ 6.49(56) · 10�10

⌘ 0.60(7) 0.37(12) 0.160(24)GeV 1.25(15) · 10�10

⌘0 1.30(17) 1.72(58) 0.255(4)GeV 1.27(19) · 10�10

and obtain, in such a way, the derivatives of the FP�⇤�(Q2) at the origin of energies in a simple,
systematic and model-independent way [5, 6].

Since the analytic properties of TFFs are not known, the kind of PA sequence to be used is not
determine in advance. We consider two di↵erent sequences and the comparison among them should
reassess our results. The first one is a PL

1 (Q2) sequence inspired by the success of the simple vector
meson dominance ansatz [5], and the second one is a PN

N(Q2) sequence which satisfy the pQCD
constrains Q2FP��⇤ (Q2) ⇠ constant. After combining both sequence’s results, slope and curvature
results are shown in Table 1, where limQ2!1 Q2FP�⇤�(Q2) from the PN

N(Q2) is also shown.
The low-energy parameters obtain with this method can be used to constrain hadronic models with

resonances used to account for the hadronic light-by-light scattering contribution part (HLBL) of the

π-TFF

P.M. 2012

• no intermediate states
• all FF are on-shell, off-shell effects 
are included in subtraction constants
• need for input: π-TFF and �� ! ⇡+⇡�

(helicity amplitude decomposition)
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Figure 1: The different contributions to HLbL scattering and their chiral and large-Nc

counting.

been employed to estimate HLbL. One uses some hadronic model with exchanges and
loops of resonances at low energies and some form of (dressed, constituent) quark-loop
at high energies as short-distance complement of the low-energy hadronic models. The
dependence on several momenta leads, however, to a mixing of long and short distances
and makes it difficult to avoid a double counting of quark-gluon and hadronic contribu-
tions. In Ref. [13] a classification of the different contributions to HLbL based on the
chiral and large-Nc counting was proposed, see Figure 1. In general, all the interactions
of the hadrons or the quarks with the photons are dressed by some form factors, e.g. via
ρ − γ mixing. Note that in the Feynman diagrams in Fig. 1 form factors with off-shell
photons and off-shell hadrons enter [14]. Constraints on the models can be obtained from
experimental data, e.g. on the various form factors, and from theory, e.g. chiral pertur-
bation theory at low energies and short-distance constraints from perturbative QCD and
the Operator Product Expansion (OPE) at high momenta.

2 Current status of HLbL and recent developments

A selection of estimates for HLbL is presented in Table 2. Note that the Refs. [15, 16] are
the only full calculations of HLbL to date, using, as much as possible, one model for all
the contributions (HLS model in Ref. [15], Extended Nambu-Jona-Lasinio (ENJL) model
in Ref. [16]). Both calculations showed that the exchanges of the lightest pseudoscalar
states, π0, η, η′, dominate numerically, which can be understood from the large-Nc count-
ing. The contributions from the (dressed) pion-loop and the (dressed) quark-loop are
subdominant, but not negligible, and they happen to largely cancel each other numeri-
cally. The final results for the total HLbL contribution were rather close in both models.
In Ref. [27] an ansatz for the pion-photon transition form factor with a minimal number
of narrow vector resonances in large-Nc QCD (lowest meson dominance (LMD, LMD+V))
was matched to short-distance constraints from the OPE. The reevaluation of the pion-

2
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loops of resonances at low energies and some form of (dressed, constituent) quark-loop
at high energies as short-distance complement of the low-energy hadronic models. The
dependence on several momenta leads, however, to a mixing of long and short distances
and makes it difficult to avoid a double counting of quark-gluon and hadronic contribu-
tions. In Ref. [13] a classification of the different contributions to HLbL based on the
chiral and large-Nc counting was proposed, see Figure 1. In general, all the interactions
of the hadrons or the quarks with the photons are dressed by some form factors, e.g. via
ρ − γ mixing. Note that in the Feynman diagrams in Fig. 1 form factors with off-shell
photons and off-shell hadrons enter [14]. Constraints on the models can be obtained from
experimental data, e.g. on the various form factors, and from theory, e.g. chiral pertur-
bation theory at low energies and short-distance constraints from perturbative QCD and
the Operator Product Expansion (OPE) at high momenta.

2 Current status of HLbL and recent developments

A selection of estimates for HLbL is presented in Table 2. Note that the Refs. [15, 16] are
the only full calculations of HLbL to date, using, as much as possible, one model for all
the contributions (HLS model in Ref. [15], Extended Nambu-Jona-Lasinio (ENJL) model
in Ref. [16]). Both calculations showed that the exchanges of the lightest pseudoscalar
states, π0, η, η′, dominate numerically, which can be understood from the large-Nc count-
ing. The contributions from the (dressed) pion-loop and the (dressed) quark-loop are
subdominant, but not negligible, and they happen to largely cancel each other numeri-
cally. The final results for the total HLbL contribution were rather close in both models.
In Ref. [27] an ansatz for the pion-photon transition form factor with a minimal number
of narrow vector resonances in large-Nc QCD (lowest meson dominance (LMD, LMD+V))
was matched to short-distance constraints from the OPE. The reevaluation of the pion-
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From Knecht and Nyffeler, ’01:
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µ = �e6
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q21q
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I. INTRODUCTION

The hadronic contributions to the anomalous magnetic mo-
ment of the muon aµ consists on three categories: vacuum po-
larization, higher-order electroweak contributions and Light-
by-Light (LbyL) scattering. The latter can not be extracted
experimentally and one should rely on theoretical estimations
using well-motivated hadronic models [? ? ? ? ]. In-
deed, the theoretical value of aµ is currently limited by un-
certainties from the LbyL scattering contribution and leads to
an uncertainty in aµ of (26� 40)⇥ 10�11 [? ] which is al-
most as large as the one from hadronic vacuum polarization
(42�47)⇥10�11 [? ], 49⇥10�11 [? ].

For comparison, the precision of the Brookhaven g�2 ex-
periment is (54)

stat

(33)
sys

⇥10�11 [? ]. Recent proposals for
new g� 2 experiments at Fermilab [? ] and at J-PARC [? ]
plan to improve on the precision up to a level of 10⇥ 10�11.
In view of these proposals, it is important to have better con-
trol on the hadronic LbyL contribution which as we will see
demands also better control on the TFF studied so far.

A compleat discussion of hadronic light-by-light contribu-
tions involves the full rank-four hadronic vacuum polarization
Pµnlr(q1,q2,q3). However, it is believed [? ] that the domi-
nant part of this contribution comes from the one-particle re-
ducible pion-exchange piece, a

LbyL;p0
µ ⇠ 70⇥10�11, followed

by the h and h 0 contributions (aLbyL;h ,h 0
µ ⇠ 30⇥ 10�11). The

main ingredient on the determination of the pion-exchange
process a

LbyL,p0
µ is the double off-shell pion-photon-photon

transition form factor Fp0⇤g⇤g⇤((q1 +q2)2,q2
1,q

2
2) with a domi-

nant piece when the pion is on-shell[? ] (off-shellness effects
seems to be mild [? ]).

Different parameterizations have been used in the past to
evaluate the pion-exchange piece contribution, mainly based
on the 1/N

c

framework [? ? ? ] which turns out to be a
suitable tool to address the problem due to the observation
that single-resonance exchange is the dominant effect on the
LbyL contribution.

On the Large-N
c

limit, QCD Green’s functions consist of
infinitely many non-interacting sharp mesons states whose
masses and decay constants are in principle unknown. VMD
(and extensions) considers instead of an infinite number of
resonances just a finite set inspired by resonance saturation
and the effect of the spectrum truncation should be taken into

⇤Electronic address: masjuan@ugr.es

account on the final systematic error [? ? ].
Another important source of uncertainty for these models

depends on the experimental input used. It is, in fact, more
important to have a good description at small and intermediate
energies, e.g., by reproducing the slope and curvature of the
TFF at q

2 ! 0 than a detailed short-distance analysis since
the angular integrals used to compute a

LbyL;p0
µ do not seem to

be very sensitive to the correct asymptotic behavior for large
momenta [? ]. With our model-independent results for the
low-energy constants on the TFF we expect to have a good
control of the impact of this uncertainty on the a

LbyL;p0
µ .

We want to evaluate the impact of our results on the
a

LbyL;p0
µ . For doing that we will follow the pioneer work of

Ref. [? ] where a detailed study of different parameteriza-
tions were considered for the off-shell photons FF. We analyse
here three of them, the VMD form factor, the Lowest-Meson-
Dominance (LMD) form factor and the LMD+V form factor,
defined as:

F

V MD
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with c

v

= N

c

4p2
M

4
v

f

2
p

. The constants h1,h2,h5 and h7 should be
determined by experimental input or matching conditions.

With the VMD, LMD and LMD+V parameterizations the
authors of [? ] obtained a

LbyL;p0
µ = 5.6⇥ 10�10,7.3⇥ 10�10

and 5.8(1.0)⇥10�10 respectively. A way to ascribe a system-
atic error for the model-dependency of these ansätze would
account for the difference between the results of one approxi-
mant and the following one on the same sequence (see Refs.[?
? ? ] for a discussion on how to obtain this systematic error).

F

V MD

p0g⇤g(q
2,0) is indeed a T

0
1 (M

V

⌘ Mr ) with only one free
parameter that matches the anomaly a0 = 1/4p2

fp . Instead
of fixing the pole at Mr we could match the M

V

to reproduce
our ap . In that case the VMD parametrization would be a P

0
1 ,

we would obtain M

V

= 0.768(16)GeV, very similar to Mr but

slightly smaller, and a

LbyL;p0
µ = 5.65(10)⇥10�10.

F

LMD

p0g⇤g(q
2,0) is also a PTA, the T

1
1 (again M

V

⌘ Mr ) with
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ment of the muon aµ consists on three categories: vacuum po-
larization, higher-order electroweak contributions and Light-
by-Light (LbyL) scattering. The latter can not be extracted
experimentally and one should rely on theoretical estimations
using well-motivated hadronic models [? ? ? ? ]. In-
deed, the theoretical value of aµ is currently limited by un-
certainties from the LbyL scattering contribution and leads to
an uncertainty in aµ of (26� 40)⇥ 10�11 [? ] which is al-
most as large as the one from hadronic vacuum polarization
(42�47)⇥10�11 [? ], 49⇥10�11 [? ].

For comparison, the precision of the Brookhaven g�2 ex-
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Another important source of uncertainty for these models

depends on the experimental input used. It is, in fact, more
important to have a good description at small and intermediate
energies, e.g., by reproducing the slope and curvature of the
TFF at q

2 ! 0 than a detailed short-distance analysis since
the angular integrals used to compute a
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µ do not seem to
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I. INTRODUCTION

The hadronic contributions to the anomalous magnetic mo-
ment of the muon aµ consists on three categories: vacuum po-
larization, higher-order electroweak contributions and Light-
by-Light (LbyL) scattering. The latter can not be extracted
experimentally and one should rely on theoretical estimations
using well-motivated hadronic models [? ? ? ? ]. In-
deed, the theoretical value of aµ is currently limited by un-
certainties from the LbyL scattering contribution and leads to
an uncertainty in aµ of (26� 40)⇥ 10�11 [? ] which is al-
most as large as the one from hadronic vacuum polarization
(42�47)⇥10�11 [? ], 49⇥10�11 [? ].

For comparison, the precision of the Brookhaven g�2 ex-
periment is (54)

stat

(33)
sys

⇥10�11 [? ]. Recent proposals for
new g� 2 experiments at Fermilab [? ] and at J-PARC [? ]
plan to improve on the precision up to a level of 10⇥ 10�11.
In view of these proposals, it is important to have better con-
trol on the hadronic LbyL contribution which as we will see
demands also better control on the TFF studied so far.

A compleat discussion of hadronic light-by-light contribu-
tions involves the full rank-four hadronic vacuum polarization
Pµnlr(q1,q2,q3). However, it is believed [? ] that the domi-
nant part of this contribution comes from the one-particle re-
ducible pion-exchange piece, a

LbyL;p0
µ ⇠ 70⇥10�11, followed

by the h and h 0 contributions (aLbyL;h ,h 0
µ ⇠ 30⇥ 10�11). The

main ingredient on the determination of the pion-exchange
process a

LbyL,p0
µ is the double off-shell pion-photon-photon

transition form factor Fp0⇤g⇤g⇤((q1 +q2)2,q2
1,q

2
2) with a domi-

nant piece when the pion is on-shell[? ] (off-shellness effects
seems to be mild [? ]).

Different parameterizations have been used in the past to
evaluate the pion-exchange piece contribution, mainly based
on the 1/N

c

framework [? ? ? ] which turns out to be a
suitable tool to address the problem due to the observation
that single-resonance exchange is the dominant effect on the
LbyL contribution.

On the Large-N
c

limit, QCD Green’s functions consist of
infinitely many non-interacting sharp mesons states whose
masses and decay constants are in principle unknown. VMD
(and extensions) considers instead of an infinite number of
resonances just a finite set inspired by resonance saturation
and the effect of the spectrum truncation should be taken into

⇤Electronic address: masjuan@ugr.es

account on the final systematic error [? ? ].
Another important source of uncertainty for these models

depends on the experimental input used. It is, in fact, more
important to have a good description at small and intermediate
energies, e.g., by reproducing the slope and curvature of the
TFF at q

2 ! 0 than a detailed short-distance analysis since
the angular integrals used to compute a

LbyL;p0
µ do not seem to

be very sensitive to the correct asymptotic behavior for large
momenta [? ]. With our model-independent results for the
low-energy constants on the TFF we expect to have a good
control of the impact of this uncertainty on the a

LbyL;p0
µ .

We want to evaluate the impact of our results on the
a

LbyL;p0
µ . For doing that we will follow the pioneer work of

Ref. [? ] where a detailed study of different parameteriza-
tions were considered for the off-shell photons FF. We analyse
here three of them, the VMD form factor, the Lowest-Meson-
Dominance (LMD) form factor and the LMD+V form factor,
defined as:
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with c
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. The constants h1,h2,h5 and h7 should be
determined by experimental input or matching conditions.

With the VMD, LMD and LMD+V parameterizations the
authors of [? ] obtained a

LbyL;p0
µ = 5.6⇥ 10�10,7.3⇥ 10�10

and 5.8(1.0)⇥10�10 respectively. A way to ascribe a system-
atic error for the model-dependency of these ansätze would
account for the difference between the results of one approxi-
mant and the following one on the same sequence (see Refs.[?
? ? ] for a discussion on how to obtain this systematic error).

F

V MD

p0g⇤g(q
2,0) is indeed a T

0
1 (M

V

⌘ Mr ) with only one free
parameter that matches the anomaly a0 = 1/4p2

fp . Instead
of fixing the pole at Mr we could match the M

V

to reproduce
our ap . In that case the VMD parametrization would be a P

0
1 ,

we would obtain M

V

= 0.768(16)GeV, very similar to Mr but

slightly smaller, and a

LbyL;p0
µ = 5.65(10)⇥10�10.

F

LMD

p0g⇤g(q
2,0) is also a PTA, the T
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1 (again M
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µ = 7.5⇥ 10�10
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Preliminary, using new exp data:
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Regge Model Log Model

C

0
1 C

1
2 C

2
3 C

3
4 C

0
1 C

1
2 C

2
3 C

3
4

LE 55.2 59.7 60.4 60.6 56.7 64.4 66.1 66.8

OPE0 65.7 60.8 60.7 60.7 65.7 67.3 67.5 67.6

OPE1 � 60.6 60.7 60.7 65.7 67.3 67.5 67.6

OPE2 � 60.8 60.7 60.7 65.7 67.3 67.5 67.6

Fact 54.6 57.3 57.4 57.5 54.6 60.3 61.3 61.6

FitOPE 66.3 62.7 61.1 60.8 79.6 71.9 69.3 68.4

Exact 60.7 67.6

TABLE I. The results for a

HLbL;⇡0

µ ⇥ 1011 using the Regge
and logarithmic models (last row) are compared to their
C

N
N+1(Q

2
1, Q

2
2) sequence of approximants’ results. The LE

row uses a pure low-energy reconstruction, whereas the
OPEn rows incorporate high-energy constraints. The Fact
row serves as an illustration of what a factorization ap-
proach would have yield. Finally, FitOPE row shows what a
C

N
N+1(Q

2
1, Q

2
2)-like fitting function with the appropriate OPE

behavior would lead. More details in the main text.

• Besides the particular systematic error for each
model, we observe an expected more general fea-
ture: the systematic error of a given element N

can be inferred from its di↵erence with respect
to the N � 1 element. This provides a model-
independent estimation for the systematic uncer-
tainty and, thereby, the sought model-independent
result.

In addition, it is worth to comment on factorization
approaches for which C

N

N+1(Q
2
1, Q

2
2) ⇠ C

N

N+1(Q
2
1, 0) ⇥

C

N

N+1(Q
2
2, 0). These are very popular and seem to repre-

sent a good approximation at low energies [66, 75, 82, 83]
(note that non-factorizable e↵ects are formally of order
(Q2)2 in the low-energy expansion in any case). The re-
sults are shown in the sixth row of Table I (Fact row)
and show a potential large systematic error. The latter
is however not only due to the wrong behavior at high-
energies — our low-energy reconstruction in the second
row of Table I (LE row) does not fulfill it either — but
to the fact that not even the series expansion factorizes.

Finally, in our discussion above, it cannot be overem-
phasized the relevance of having employed the low-energy
expansion Eq. (12) when reconstructing the approxi-
mants — as the framework requires — rather than fit-
ting the rational functions to data themselves. To illus-
trate this statement, we show in the last row of Table I
(FitOPE) what would have been obtained if fitting the
C

N

N+1(Q
2
1, Q

2
2) rational functions, with the OPE behavior

implemented, to a double-virtual data grid ranging from
0  Q

2
1,2  35 GeV2 with a 2.3 GeV2 spacing. The ob-

tained convergence is slower and illustrates the di↵erence
and the power of CAs with respect to standard fitting
approaches — whereas the latter ones represent a bet-
ter compromise for the whole fitted region, this is at the
expense of a low-energy description which is inferior to
that provided by CAs and which results in the observed

convergence pattern.

Summarizing the previous results: we find that the
C

N

N+1(Q
2
1, Q

2
2) sequence of approximants provides an ex-

cellent convergence when calculating a

HLbL;⇡0

µ

for the
chosen TFF models — which is further accelerated if the
high-energy behavior is accounted for. More important,
we find that the systematic uncertainty can be estimated
from the di↵erence among the elements within the se-
quence, which represents the main advantage from our
approach and provides for the model independency. Hav-
ing introduced CAs, motivated a sequence and illustrated
its performance, we proceed to apply this approach for
the real QCD case.

V. RESULTS

For the physical TFF, we define the formal series ex-
pansion, Eq. (12), in terms of the low-energy parameters
(LEPs) b
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It turns out that, under certain approximations, the
authors of Ref. [84] proved the isovector contribution to
the TFF to be a Stieltjes function (cf. Appendix F), for
which convergence of Padé approximants is guaranteed
in advance.

Actually, Padé theory not only provides a convergence
theorem for a sequence of PAs to Stieltjes functions, i.e.,
lim

N,M!1 P

N

M

(s)� f(s) = 0, but also its rate of conver-
gence [67, 74, 85], which is given by the di↵erence of two
consecutive elements in the PA sequence [25, 27, 63, 86].

Furthermore, in the large-N
c

limit of QCD, the TFF
becomes a meromorphic function, for which convergence
is guaranteed as well [31, 32]. The sum rule approach em-
ployed in Ref. [87] for describing the TFF is again of the
Stieltjes kind. Moreover, our experience from analyses
of the TFF from the SL data [25, 27] and the excellent
predictions achieved in the low-energy TL region [63, 69]
suggests that convergence to the TFF is at work and that
its relevant analytical properties are retained. We under-
stand that all these features hold for the double-virtual
case too.

The available analytical information on the TFF is
scarce though; at low energies F

P��

(0, 0) is theoretically
related in the chiral (and large-N

c

for the ⌘ and ⌘

0) limit
to the Adler [88]-Bell-Jackiw [89] anomaly, and can be
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which convergence of Padé approximants is guaranteed
in advance.

Actually, Padé theory not only provides a convergence
theorem for a sequence of PAs to Stieltjes functions, i.e.,
lim

N,M!1 P

N

M

(s)� f(s) = 0, but also its rate of conver-
gence [67, 74, 85], which is given by the di↵erence of two
consecutive elements in the PA sequence [25, 27, 63, 86].

Furthermore, in the large-N
c

limit of QCD, the TFF
becomes a meromorphic function, for which convergence
is guaranteed as well [31, 32]. The sum rule approach em-
ployed in Ref. [87] for describing the TFF is again of the
Stieltjes kind. Moreover, our experience from analyses
of the TFF from the SL data [25, 27] and the excellent
predictions achieved in the low-energy TL region [63, 69]
suggests that convergence to the TFF is at work and that
its relevant analytical properties are retained. We under-
stand that all these features hold for the double-virtual
case too.

The available analytical information on the TFF is
scarce though; at low energies F

P��

(0, 0) is theoretically
related in the chiral (and large-N

c

for the ⌘ and ⌘

0) limit
to the Adler [88]-Bell-Jackiw [89] anomaly, and can be
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expressed as15
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4⇡2
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tr(Q2
�

P

). (17)

This expression is, strictly speaking, valid only at the
LO in both the chiral and the large-N

c

limits of QCD.
Corrections to it which involve, among others, the ⌘� ⌘

0

mixing at the given order [90] are calculated in terms of
unknown low-energy constants [91]. For this reason, we
use instead the experimental results for P ! �� decays
in order to avoid model dependencies, which relation to

F

P��

(0, 0) follows from |F
P��

(0, 0)| =
q

64⇡
(4⇡↵)2

�(P!��)
m

3
P

.

At small but finite virtualities, there are no further
available theoretical predictions, and higher LEPs in
Eq. (16) are theoretically unknown. Still, some of these
LEPs were extracted for the single-virtual case in a data-
driven approach using PAs [25, 27, 63, 69] which, as said,
have proven extremely accurate when confronting them
against the low-energy TL data. A similar procedure for
the most general double-virtual case would be possible
once double-virtual experimental data becomes available.
At high energies, the TFF behavior can be theoretically

described within pQCD. For the case of a single-virtual
photon the TFF is known to behave according to the
Brodsky-Lepage (BL) [92] asymptotic behavior

lim
Q

2!1
F

P�

⇤
�

(Q2
, 0) = P1Q

�2 +O(Q�4), (18)

where ⇡1 depends on the pion decay constant, whereas
⌘1 and ⌘

0
1 depend on the mixing parameters and the

singlet-axial current running e↵ects [63, 69]. For the
double-virtual case, the TFF behavior at high ener-
gies is obtained from the operator product expansion
(OPE) [3, 93]
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(19)
where the numerical values for the parameters intro-
duced in Eqs. (16, 18, 19) can be found in Table VI.
Remarkably, Eqs. (18) and (19) ensure the convergence
of the integrands in Eq. (5) and suggest the use of the
C

N

N+1(Q
2
1, Q

2
2) sequence explored in the previous section.

Given the current available information on the double-
virtual TFF, only the first two elements can be recon-
structed. They are expressed as
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The connection to the LEPs from Eq. (16) is already
visible in Eq. (20); the relation of the ↵

i,j

and �

k,l

pa-
rameters in Eq. (21) to the LEPs is involved enough as
not to fit in a single line. First, the single-virtual pa-
rameters F

P��

(0, 0),↵1,�1 and �2 must be reconstructed.
F

P��

(0, 0) is related, as mentioned, to the P ! �� decays
and can be extracted from the experimental values in
Ref. [2]; ↵1,�1 and �2 are related to the linear, quadratic
and cubic terms in the single-virtual low-energy expan-
sion, Eq. (16). These three parameters have been ex-
tracted from a data-driven approach in Refs. [27, 63, 69]
for the ⌘ and ⌘

0, where they have been referred to as
b

P

m

�2
P

, c

P

m

�4
P

and d

P

m

�6
P

, respectively. Alternatively,
the cubic term can be traded for the BL asymptotic be-
havior, which is extremely convenient for the ⇡0 given the
precise theoretical prediction (which contrasts with the
⌘ and ⌘

0 cases, see Table VI). Consequently, for the ⇡

0,

15 Q stands for the charge matrix, F is the pion decay constant in
the chiral limit, and �⇡,⌘,⌘0 = �

3,8,0 in the chiral limit with �

a

the Gell-Mann matrices and �

0 =
p

2/3 13⇥3.

we employ the linear and quadratic terms determined in
Ref. [25]16 together with the BL prediction, which im-
plies lim

Q

2!1 Q

2
C

1
2 (Q

2
, 0) = 2F

⇡

= 0.1884(3) GeV.
It remains to determine the double-virtual parameters
↵1,1,�1,1 and �1,2. For the ⇡

0 case, it is possible to re-
late two of them to the high-energy expansion P1 and �

P

parameters in Eq. (19). For the ⌘ and ⌘

0, �
P

is unknown;
we take �

⌘,⌘

0 = �

⇡

and ascribe an extra 30% systematic
error from SU(3)

F

-breaking (and large-N
c

) e↵ects17. Fi-
nally, one parameter remains to be determined. This
can and should be related to the low-energy parameter
a

P ;1,1 in Eq. (16), which could be determined if double-
virtual data becomes available. Hopefully, this may be

16 In the near future, the data which are being analyzed at BES
III [94] Collaboration in the low-energy SL region will allow for
an accurate extraction of d⇡ .

17 We note that such error covers for the observed ⇡

0
, ⌘ and ⌘

0

di↵erences for all the parameters which have been determined
so far: FP��(0, 0), bPm

�2
P , P1, ... . Besides, we find that, in

practice, the a

HLbL;P
µ dependence on this parameter is certainly

mild.
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This expression is, strictly speaking, valid only at the
LO in both the chiral and the large-N

c

limits of QCD.
Corrections to it which involve, among others, the ⌘� ⌘

0

mixing at the given order [90] are calculated in terms of
unknown low-energy constants [91]. For this reason, we
use instead the experimental results for P ! �� decays
in order to avoid model dependencies, which relation to
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(0, 0) follows from |F
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(0, 0)| =
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64⇡
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At small but finite virtualities, there are no further
available theoretical predictions, and higher LEPs in
Eq. (16) are theoretically unknown. Still, some of these
LEPs were extracted for the single-virtual case in a data-
driven approach using PAs [25, 27, 63, 69] which, as said,
have proven extremely accurate when confronting them
against the low-energy TL data. A similar procedure for
the most general double-virtual case would be possible
once double-virtual experimental data becomes available.
At high energies, the TFF behavior can be theoretically

described within pQCD. For the case of a single-virtual
photon the TFF is known to behave according to the
Brodsky-Lepage (BL) [92] asymptotic behavior

lim
Q

2!1
F
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⇤
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(Q2
, 0) = P1Q

�2 +O(Q�4), (18)

where ⇡1 depends on the pion decay constant, whereas
⌘1 and ⌘

0
1 depend on the mixing parameters and the

singlet-axial current running e↵ects [63, 69]. For the
double-virtual case, the TFF behavior at high ener-
gies is obtained from the operator product expansion
(OPE) [3, 93]
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where the numerical values for the parameters intro-
duced in Eqs. (16, 18, 19) can be found in Table VI.
Remarkably, Eqs. (18) and (19) ensure the convergence
of the integrands in Eq. (5) and suggest the use of the
C

N

N+1(Q
2
1, Q

2
2) sequence explored in the previous section.

Given the current available information on the double-
virtual TFF, only the first two elements can be recon-
structed. They are expressed as
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The connection to the LEPs from Eq. (16) is already
visible in Eq. (20); the relation of the ↵

i,j

and �

k,l

pa-
rameters in Eq. (21) to the LEPs is involved enough as
not to fit in a single line. First, the single-virtual pa-
rameters F

P��

(0, 0),↵1,�1 and �2 must be reconstructed.
F

P��

(0, 0) is related, as mentioned, to the P ! �� decays
and can be extracted from the experimental values in
Ref. [2]; ↵1,�1 and �2 are related to the linear, quadratic
and cubic terms in the single-virtual low-energy expan-
sion, Eq. (16). These three parameters have been ex-
tracted from a data-driven approach in Refs. [27, 63, 69]
for the ⌘ and ⌘

0, where they have been referred to as
b

P

m

�2
P

, c

P

m

�4
P

and d
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�6
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, respectively. Alternatively,
the cubic term can be traded for the BL asymptotic be-
havior, which is extremely convenient for the ⇡0 given the
precise theoretical prediction (which contrasts with the
⌘ and ⌘

0 cases, see Table VI). Consequently, for the ⇡

0,

15 Q stands for the charge matrix, F is the pion decay constant in
the chiral limit, and �⇡,⌘,⌘0 = �

3,8,0 in the chiral limit with �

a

the Gell-Mann matrices and �

0 =
p

2/3 13⇥3.

we employ the linear and quadratic terms determined in
Ref. [25]16 together with the BL prediction, which im-
plies lim

Q

2!1 Q

2
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1
2 (Q

2
, 0) = 2F

⇡

= 0.1884(3) GeV.
It remains to determine the double-virtual parameters
↵1,1,�1,1 and �1,2. For the ⇡

0 case, it is possible to re-
late two of them to the high-energy expansion P1 and �

P

parameters in Eq. (19). For the ⌘ and ⌘
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is unknown;
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⌘,⌘

0 = �
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and ascribe an extra 30% systematic
error from SU(3)

F

-breaking (and large-N
c

) e↵ects17. Fi-
nally, one parameter remains to be determined. This
can and should be related to the low-energy parameter
a

P ;1,1 in Eq. (16), which could be determined if double-
virtual data becomes available. Hopefully, this may be

16 In the near future, the data which are being analyzed at BES
III [94] Collaboration in the low-energy SL region will allow for
an accurate extraction of d⇡ .

17 We note that such error covers for the observed ⇡
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This expression is, strictly speaking, valid only at the
LO in both the chiral and the large-N

c

limits of QCD.
Corrections to it which involve, among others, the ⌘� ⌘

0

mixing at the given order [90] are calculated in terms of
unknown low-energy constants [91]. For this reason, we
use instead the experimental results for P ! �� decays
in order to avoid model dependencies, which relation to
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At small but finite virtualities, there are no further
available theoretical predictions, and higher LEPs in
Eq. (16) are theoretically unknown. Still, some of these
LEPs were extracted for the single-virtual case in a data-
driven approach using PAs [25, 27, 63, 69] which, as said,
have proven extremely accurate when confronting them
against the low-energy TL data. A similar procedure for
the most general double-virtual case would be possible
once double-virtual experimental data becomes available.
At high energies, the TFF behavior can be theoretically

described within pQCD. For the case of a single-virtual
photon the TFF is known to behave according to the
Brodsky-Lepage (BL) [92] asymptotic behavior

lim
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⇤
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where ⇡1 depends on the pion decay constant, whereas
⌘1 and ⌘

0
1 depend on the mixing parameters and the

singlet-axial current running e↵ects [63, 69]. For the
double-virtual case, the TFF behavior at high ener-
gies is obtained from the operator product expansion
(OPE) [3, 93]
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where the numerical values for the parameters intro-
duced in Eqs. (16, 18, 19) can be found in Table VI.
Remarkably, Eqs. (18) and (19) ensure the convergence
of the integrands in Eq. (5) and suggest the use of the
C

N

N+1(Q
2
1, Q

2
2) sequence explored in the previous section.

Given the current available information on the double-
virtual TFF, only the first two elements can be recon-
structed. They are expressed as
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The connection to the LEPs from Eq. (16) is already
visible in Eq. (20); the relation of the ↵

i,j

and �

k,l

pa-
rameters in Eq. (21) to the LEPs is involved enough as
not to fit in a single line. First, the single-virtual pa-
rameters F

P��

(0, 0),↵1,�1 and �2 must be reconstructed.
F

P��

(0, 0) is related, as mentioned, to the P ! �� decays
and can be extracted from the experimental values in
Ref. [2]; ↵1,�1 and �2 are related to the linear, quadratic
and cubic terms in the single-virtual low-energy expan-
sion, Eq. (16). These three parameters have been ex-
tracted from a data-driven approach in Refs. [27, 63, 69]
for the ⌘ and ⌘

0, where they have been referred to as
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the cubic term can be traded for the BL asymptotic be-
havior, which is extremely convenient for the ⇡0 given the
precise theoretical prediction (which contrasts with the
⌘ and ⌘

0 cases, see Table VI). Consequently, for the ⇡

0,

15 Q stands for the charge matrix, F is the pion decay constant in
the chiral limit, and �⇡,⌘,⌘0 = �

3,8,0 in the chiral limit with �
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2/3 13⇥3.

we employ the linear and quadratic terms determined in
Ref. [25]16 together with the BL prediction, which im-
plies lim
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, 0) = 2F
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= 0.1884(3) GeV.
It remains to determine the double-virtual parameters
↵1,1,�1,1 and �1,2. For the ⇡

0 case, it is possible to re-
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and ascribe an extra 30% systematic
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-breaking (and large-N
c

) e↵ects17. Fi-
nally, one parameter remains to be determined. This
can and should be related to the low-energy parameter
a

P ;1,1 in Eq. (16), which could be determined if double-
virtual data becomes available. Hopefully, this may be

16 In the near future, the data which are being analyzed at BES
III [94] Collaboration in the low-energy SL region will allow for
an accurate extraction of d⇡ .

17 We note that such error covers for the observed ⇡
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5

FIG. 3. The w1,2(Q1, Q2, t) integrands in Eq. (5) for t = 0 and a constant TFF. The first two stand for w1(Q1, Q2, t) and
w2(Q1, Q2, t) functions for the ⇡

0 case; the third one stands for w1(Q1, Q2, t) for the ⌘

0 case. Note the di↵erence in scales.

70% of the total result, with relative contributions above
95% not reached up to Q1 = Q2 = 1.8, 2.5, and 3 GeV,
respectively. The discussion above implies the following
requirements for a precise calculation (e.g. below 10%)
when describing the TFFs:

• An accurate, precise and ideally model-
independent method which can be improved
upon via including new theoretical constraints and
new experimental data.

• The method should implement a full-energy TFF
description for the whole SL region (the time-like
(TL) region is not involved in Eq. (5)), including
well-known low- and high-energy constraints, the
former due to integral weights at low-energies, the
latter to render the loop integrals finite.

• The method should provide a very precise descrip-
tion at energies as low as 1 GeV and, at least, a
precise description for higher energies up to around
2� 3 GeV.

We believe that none of the current approaches for de-
scribing the TFFs fulfill all the criteria enumerated above
and an alternative approach is desirable if our goal is a
10% error. The pioneering works in Refs. [11, 16, 54],
which were based on large-N

c

or vector meson domi-
nance (VMD) approaches [11, 16, 54], consisted on a
model of the large-N

c

limit of QCD. As such, a typi-
cal large-N

c

error estimate was given to be 30%, which
represented an adequate error, but it is not enough at
the present requested precision. Their systematic uncer-
tainties and achieved accuracy with respect to the real
TFFs are di�cult to ascribe or systematically improve.
A possible venue to refine these approaches is to use them
as fitting functions using the current large amount of ex-
isting SL data for the single-virtual TFFs (see for in-
stance Refs. [10, 24, 28] where such approach was pur-
sued), which could endow them with certain model in-
dependency, or at least, an accuracy beyond the conven-
tional 30% estimate — a proof of concept is given in
Appendix B. It is uncertain however up to which accu-
racy could these approaches describe the real TFFs since
the models used to fit are valid only in the large-N

c

limit

of QCD and, if precision requires, how to systematically
improve them. Besides, and unfortunately, there is at
present a lack of SL data below 0.8 GeV 7, see Fig. 4 and
Fig. 5. As a result, their low-energy description does not
rely on data fitting, but on a fit extrapolation. The preci-
sion that such extrapolation provides on the relevant low
energies — even if they may provide an excellent descrip-
tion for the available SL data — is di�cult to quantify.
A possible estimate of the eventual precision reached can
be obtained by comparing with the available low-energy
TL data for the ⌘ meson [58–62]; the accuracy achieved
there should provide a reasonable estimate for their SL
counterpart. The study performed in Ref. [63] suggests
the presence of a non-negligible error for such extrapola-
tions. The lack of ability of these approaches to precisely
reproduce the single-virtual low-energy TL data could in
addition suggest a similar or even larger uncertainty in
the double-virtual region, where no data is available so
far to constrain their reconstruction.
Summarizing, the present data suggest that the stan-

dard procedures and the reference studies are not optimal
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FIG. 4. The available low-energy SL data [2, 55–57] for the
⇡

0 (blue squares), ⌘ (orange circles) and ⌘

0 (red triangles)
TFFs together with our description from Section V as blue,
dashed-orange, and dot-dashed-red lines, respectively.

7 The exception is the L3 data for the ⌘

0 [55] which, to our best
knowledge, has never been used so far in a

HLbL
µ calculations.

At low energies:

At high energies:

Proposal
- build a sequence of interpolators based 
on analyticity and unitary of amplitude: 
CANTERBURY approximants
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+

` = e, µ
P = ⇡0, ⌘, ⌘0

Using largest set ever:
- Space-like region

[L3,CLEO,CELLO,BABAR,BELLE]
- Time-like region

[NA48,A2,NA62+PDG]

P ! `+`�

P ! `+`��

e+e� ! e+e�P

[P.M., Sanchez-Puertas ’17]

15

a

HLbL;l.q.
µ C

0
1 C

1
2 [a

min
P ;1,1] C

1
2 [a

max
P ;1,1]

l.q. 60.4(1.5)(0.5)[1.6] 57.2(1.8)[1.8] 57.3(1.4)(1.0)[1.8]

l.q. norm 67.4(1.7)(0.5)[1.8] 63.8(2.0)[2.0] 63.9(1.6)(1.1)[1.9]

TABLE IV. The analog results to those for a

HLbL;⇡0

µ (10�11

units) in Table II, but employing the light-quark TFF. See
details in the text.

Appendix E: Beyond pole contribution

There is at present a debate on how to deal with the
HLbL tensor high-energy behavior dictated by the OPE
(cf. discussion in [3] with respect to [19] and the sum-
mary talk by Vainshtein in [6]). Whereas we do not want
to enter this debate, in this appendix we discuss how our
approach could be used by both approaches [3, 19]. The
first approach [19] proposes to modify the ⇡

0-pole con-
tribution to a

µ

as such that certain OPE constraint to
the hV V V V i Green’s function is satisfied. Its modifica-
tion results on setting the external TFF (the gray blob
connected to the external photon in Fig. 2) to a constant
one. Following such prescription and using our descrip-
tion for the pseudoscalar TFFs, we obtain the results for
a

HLbL;P
µ

shown in Table V. The larger errors obtained

a

HLbL;P
µ C

0
1 C

1
2 [a

min
P ;1,1] C

1
2 [a

max
P ;1,1]

⇡

0 84.9(1.8)(2.6)[3.2] 82.8(1.7)[1.7] 80.9(1.3)(0.5)[1.4]

⌘ 29.1(1.0)(0.3)[1.0] 27.3(1.4)[1.4] 26.9(1.5)(1.0)[1.8]

⌘

0 30.4(1.0)(0.5)[1.1] 26.8(1.1)[1.1] 25.8(0.7)(0.9)[1.1]

Total 144.4[3.5] 136.9[2.5] 133.6[2.5]

TABLE V. The results for aHLbL;P
µ in units of 10�11 according

to the procedure in Ref. [19]. The errors and labeling are
identical to those in Table II.

now are proportional to the larger central values with,
essentially, the same proportionality than our main re-
sult. Accounting for the systematic error as we did in
Section V, we would obtain

a

HLbL;P
µ

= 135(11)⇥ 10�11
, (E1)

to be compared with the result from Ref. [19] aHLbL
µ

=
(76.5+18+18)⇥10�11 ! 114⇥10�11. This comparison
illustrates again the potential large systematic errors —
beyond 10% — typical of resonance models. Actually,
the result from [19] was used in the Glasgow consensus to
obtain the reference value 10.5(2.6). If we would replace
their pseudoscalar-pole contribution by our Eq. E1, the
final result would be

a

HLbL
µ

= 126(25)⇥ 10�11
, (E2)

one sigma larger, and in better agreement with ballpark
estimates.

The second approach [3] provides instead a model for
the pseudoscalar contribution (not only the lightest pseu-
doscalar poles), related to the hV V P i Green’s function.

It would be possible within our approach to reconstruct
an analogous Green’s function. In this scenario to sat-
isfy all the constraints imposed by the OPE, one should
start directly with the C

1
2 (Q

2
1, Q

2
2, (Q1 +Q2)2) since the

N = 0 is too limited. Then, we cannot provide a sys-
tematic error and check on convergence. Besides, further
constraints on this hV V P i Green function would be de-
sired. For these reasons, we decide not to give a value for
such scenario. In any case, we remind that this approach,
as well as the previous one, were inspired in the ⇡

0 TFF
model in Ref. [10] which, as said, entails non-accounted
systematic errors.

Appendix F: Stieltjes functions

A function is said to be of the Stieltjes kind if it admits
an integral representation [74]

f(q2) =

Z 1/R

0

d�(u)

1� uq

2
, (F1)

where �(u) is any bounded and nondecreasing func-
tion [74]. To see that such is the case for the isovec-
tor contribution to the TFF in Refs. [65, 84, 115], let

R = 4m2
⇡

, and define d�(u) = const.⇥ q

2

⇡

ImF (1/u)
u

; mak-
ing the change of variables u = 1/s, Eq. (F1) returns the
once-substracted dispersive representation of the isovec-
tor contribution discussed in Ref. [84], and also exploited
in Refs. [65, 115], once ImF (s) = �

3(s)P (s)|F
V

(s)|2 is
identified. Since �(s) =

p
1� 4m2

⇡

/s, P (s) is a linear
polynomial with positive slope and F

V

(s) the ⇡

± vector
FF, then ImF (s) is a positive function, the requirement
of �(u) to be nondecreasing is fulfilled and the conver-
gence of PAs to the TFF is guaranteed.22

Appendix G: Dispersion Relations

In this appendix we develop our statements concerning
potential drawbacks of dispersive approaches for extend-
ing the TFF representation into the SL region beyond
energies of the order of 1 GeV. For this purpose, we em-
ploy a simplified approach inspired from Ref. [65]. Specif-
ically, we take the definition in Eq. (17) of that reference
for the once-subtracted dispersion relation for the ⌘ TFF,
while we adopt a simpler but reasonable description for
the ⇡

± vector form factor based on Refs. [116, 117].
The result obtained for the TL region (from q

2 = 0 up
to q

2 = m

2
⌘

), accessible in the ⌘ ! �

¯̀̀ Dalitz decays,
is illustrated in the upper panel of Fig. 7, and shows a
nice agreement with existing data even though the ap-
proximations performed; this nice overlap contrasts with

22 If the function f(z) is a Stieltjes function, its n

th-subtracted
version is a Stieltjes function as well [74].
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a

HLbL;l.q.
µ C

0
1 C

1
2 [a

min
P ;1,1] C

1
2 [a

max
P ;1,1]

l.q. 60.4(1.5)(0.5)[1.6] 57.2(1.8)[1.8] 57.3(1.4)(1.0)[1.8]

l.q. norm 67.4(1.7)(0.5)[1.8] 63.8(2.0)[2.0] 63.9(1.6)(1.1)[1.9]

TABLE IV. The analog results to those for a

HLbL;⇡0

µ (10�11

units) in Table II, but employing the light-quark TFF. See
details in the text.
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ing the TFF representation into the SL region beyond
energies of the order of 1 GeV. For this purpose, we em-
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for the once-subtracted dispersion relation for the ⌘ TFF,
while we adopt a simpler but reasonable description for
the ⇡

± vector form factor based on Refs. [116, 117].
The result obtained for the TL region (from q
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nice agreement with existing data even though the ap-
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adding the rest from Glasgow Consensus

vs

aHLBL,⇡0

µ = 81.8(1.7)[4.0] · 10�11

aHLBL,⌘
µ = 27.1(1.8)[2.2] · 10�11

aHLBL,⌘0

µ = 26.3(1.1)[4.6] · 10�11

aHLBL,GC
µ = 105(26) · 10�11[13 different coll.]



The anomalous magnetic moment of 
the muon

Anomalous magnetic moment aμ (anomaly):

Pere Masjuan, CERN, PHOTON 17, May 2017

Contribution Result in 10�10 units

QED(leptons) 11658471.885± 0.004

HVP(leading order) 690.8± 4.7

HVP(NLO) �9.93± 0.07

HVP(NNLO) 1.22± 0.01

HLBL (+NLO) 12.6± 2.9

EW 15.4± 0.1

Total 11659182.0± 5.5

Contribution Result in 10�10 units

QED(leptons) 11658471.810± 0.015

HVP(leading order) 692.3± 4.2

HVP(higher order) �9.84± 0.07

HLBL 11.6± 4.0

EW 15.4± 0.2

Total 11659181.3± 5.8

aexpµ � aSMµ = 27.1(8.4)⇥ 10�10 ) 3.2�



Outlook
• The reference numbers seem robust but...

• Still we need to understand the role of new and 

forthcoming data

• decay constants, masses, form factors, rescattering

• together with systematics (chiral and large-Nc)

•  Ballparks show large numbers 

• Lattice QCD is promising, still long way

• Still missing contributions: need more data on 

γγ→hadrons (t-channel), and @mid-large energies
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Thank you!



Status of Hadronic Cross Section Measurements

⇡+⇡− Cross Section
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KLOE and BABAR dominate the world average

Uncertainty of both measurements smaller than 1%

Systematic di↵erence, especially above ⇢ peak

Di↵erence → relatively large uncertainty for ahadµ

Andreas Hafner (JG University Mainz) Precision Hadron Physics CRC 1044: KICK-OFF 10 / 27

• KLOE and BABAR dominates the world average
• Uncertainty of both measurements smaller than 1%
• Systematic difference

• Difference → large uncertainty in aμ(VP)

• New measurement at BES-III lies in the middle, but 
shorter energy range (and lack of very-low energy region)

Hadronic Vacuum Polarization

Pere Masjuan, CERN, PHOTON 17, May 2017
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The anomalous magnetic moment of the muon
The role of experimental data

Pere Masjuan, CERN, PHOTON 17, May 2017

8

Regge Model Log Model

C

0
1 C

1
2 C

2
3 C

3
4 C

0
1 C

1
2 C

2
3 C

3
4

LE 55.2 59.7 60.4 60.6 56.7 64.4 66.1 66.8

OPE0 65.7 60.8 60.7 60.7 65.7 67.3 67.5 67.6

OPE1 � 60.6 60.7 60.7 65.7 67.3 67.5 67.6

OPE2 � 60.8 60.7 60.7 65.7 67.3 67.5 67.6

Fact 54.6 57.3 57.4 57.5 54.6 60.3 61.3 61.6

FitOPE 66.3 62.7 61.1 60.8 79.6 71.9 69.3 68.4

Exact 60.7 67.6

TABLE I. The results for a

HLbL;⇡0

µ ⇥ 1011 using the Regge
and logarithmic models (last row) are compared to their
C

N
N+1(Q

2
1, Q

2
2) sequence of approximants’ results. The LE

row uses a pure low-energy reconstruction, whereas the
OPEn rows incorporate high-energy constraints. The Fact
row serves as an illustration of what a factorization ap-
proach would have yield. Finally, FitOPE row shows what a
C

N
N+1(Q

2
1, Q

2
2)-like fitting function with the appropriate OPE

behavior would lead. More details in the main text.

• Besides the particular systematic error for each
model, we observe an expected more general fea-
ture: the systematic error of a given element N

can be inferred from its di↵erence with respect
to the N � 1 element. This provides a model-
independent estimation for the systematic uncer-
tainty and, thereby, the sought model-independent
result.

In addition, it is worth to comment on factorization
approaches for which C

N

N+1(Q
2
1, Q

2
2) ⇠ C

N

N+1(Q
2
1, 0) ⇥

C

N

N+1(Q
2
2, 0). These are very popular and seem to repre-

sent a good approximation at low energies [66, 75, 82, 83]
(note that non-factorizable e↵ects are formally of order
(Q2)2 in the low-energy expansion in any case). The re-
sults are shown in the sixth row of Table I (Fact row)
and show a potential large systematic error. The latter
is however not only due to the wrong behavior at high-
energies — our low-energy reconstruction in the second
row of Table I (LE row) does not fulfill it either — but
to the fact that not even the series expansion factorizes.

Finally, in our discussion above, it cannot be overem-
phasized the relevance of having employed the low-energy
expansion Eq. (12) when reconstructing the approxi-
mants — as the framework requires — rather than fit-
ting the rational functions to data themselves. To illus-
trate this statement, we show in the last row of Table I
(FitOPE) what would have been obtained if fitting the
C

N

N+1(Q
2
1, Q

2
2) rational functions, with the OPE behavior

implemented, to a double-virtual data grid ranging from
0  Q

2
1,2  35 GeV2 with a 2.3 GeV2 spacing. The ob-

tained convergence is slower and illustrates the di↵erence
and the power of CAs with respect to standard fitting
approaches — whereas the latter ones represent a bet-
ter compromise for the whole fitted region, this is at the
expense of a low-energy description which is inferior to
that provided by CAs and which results in the observed

convergence pattern.

Summarizing the previous results: we find that the
C

N

N+1(Q
2
1, Q

2
2) sequence of approximants provides an ex-

cellent convergence when calculating a

HLbL;⇡0

µ

for the
chosen TFF models — which is further accelerated if the
high-energy behavior is accounted for. More important,
we find that the systematic uncertainty can be estimated
from the di↵erence among the elements within the se-
quence, which represents the main advantage from our
approach and provides for the model independency. Hav-
ing introduced CAs, motivated a sequence and illustrated
its performance, we proceed to apply this approach for
the real QCD case.

V. RESULTS

For the physical TFF, we define the formal series ex-
pansion, Eq. (12), in terms of the low-energy parameters
(LEPs) b

P

, c

P

, a

P ;1,1, ... as

F

P�

⇤
�

⇤(Q2
1, Q

2
2) = F

P��

(0, 0)

✓
1� b

P

m

2
P

(Q2
1 +Q

2
2)

+
c

P

m

4
P

(Q4
1 +Q

4
2) +

a

P ;1,1

m

4
P

Q

2
1Q

2
2 + ...

◆
. (16)

It turns out that, under certain approximations, the
authors of Ref. [84] proved the isovector contribution to
the TFF to be a Stieltjes function (cf. Appendix F), for
which convergence of Padé approximants is guaranteed
in advance.

Actually, Padé theory not only provides a convergence
theorem for a sequence of PAs to Stieltjes functions, i.e.,
lim

N,M!1 P

N

M

(s)� f(s) = 0, but also its rate of conver-
gence [67, 74, 85], which is given by the di↵erence of two
consecutive elements in the PA sequence [25, 27, 63, 86].

Furthermore, in the large-N
c

limit of QCD, the TFF
becomes a meromorphic function, for which convergence
is guaranteed as well [31, 32]. The sum rule approach em-
ployed in Ref. [87] for describing the TFF is again of the
Stieltjes kind. Moreover, our experience from analyses
of the TFF from the SL data [25, 27] and the excellent
predictions achieved in the low-energy TL region [63, 69]
suggests that convergence to the TFF is at work and that
its relevant analytical properties are retained. We under-
stand that all these features hold for the double-virtual
case too.

The available analytical information on the TFF is
scarce though; at low energies F

P��

(0, 0) is theoretically
related in the chiral (and large-N

c

for the ⌘ and ⌘

0) limit
to the Adler [88]-Bell-Jackiw [89] anomaly, and can be

[P.M., Sanchez-Puertas ’17]
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The Regge model can be expressed as well as as an infi-

nite sum over the resonances within the Regge trajectory
weighted by their correspondent residues,

F

Regge
⇡

0
�

⇤
�

⇤(Q
2
1, Q

2
2) =

F

⇡

0
�

⇤
�

⇤

 

(1)(M2
/a)

⇥
1X

m=0

a

2

(Q2
1 + (M2 +ma))(Q2

2 + (M2 +ma))
. (B2)

A resonance approach to this model will consist in re-
taining a finite number of resonances, achieving an in-
creased precision as soon as more terms in the sum are
included, assuming of course that the model parameters
(masses and residues) are known. Such an approximation
has, however, a slow rate of convergence, which is well
understood from Padé theory [31]. To illustrate this, we
perform a numerical test and show in the first row in Ta-
ble III (called Res) what would be obtained for aHLbL;⇡0

µ

if truncating the sum in Eq. (B2) for a finite number of
resonances n (e.g., up tom = n�1 in Eq. (B2)). The slow

n 1 2 3 4

Res 38.1 47.1 50.8 52.8

Norm 50.8 57.0 58.4 59.1

Der 50.8 57.8 59.4 59.9

Fit 55.9 67.2 58.3 65.4

FitOPE � 63.3 58.0 61.5

Exact 60.7

TABLE III. The a

HLbL;⇡0

µ result (10�11 units) from di↵er-
ent resonance-like approaches employed to approximate the
Regge model which include up to n resonances in Eq. (B2).
The exact result to compare with is represented in the last
row. Find details in the text.

asymptotic convergence is attributed to the fact that not
even the TFF at the origin, Q2

1 = Q

2
2 = 0, is precisely re-

produced. Therefore, to improve on that, we do not use
the residue of the heavier resonance in the truncation;
instead, we choose to fix such parameter to reproduce
the TFF at the origin. As shown in the third row of Ta-
ble III (called Norm) this strategy improves considerably
on convergence. Finally, we choose to match not one,
but all the residues in the summation, to fulfill the low-
energy expansion. The results are shown in the fourth
row of Table III (called Der) and yield the expected im-
provement on convergence.

Besides, as customary in resonance approaches, one
can fit the residues to a set of pseudodata instead of
matching them to the low-energy expansion of the model.
Performing such fit using the same points as for that in
Table I FitOPE row, we obtain the results of fifth row
in Table III (called Fit), which show an irregular con-
vergence, if it converges at all. At this point, one could
blame the incorrect behavior of the resulting approxi-
mant when both Q

2
1 = Q

2
2 ⌘ Q

2 ! 1, that behaves as
Q

�4 instead of Q�2. Including additional terms to fulfill

this behavior, we obtain the results in the sixth row in
Table III (called FitOPE), which show an improved con-
vergence, but still not such a good convergence as CAs
to the same model with the same pseudodata fit (cf. Ta-
ble I). This appendix illustrates the potential systematic
errors when the poles in rational approximants are fixed
in advance.

2. Logarithmic model

Besides the Regge model, we introduce the logarithmic
one employed as well in Section IV. The latter is inspired
in flat distribution amplitudes models as introduced in
Ref. [81], and is extended to the double-virtual case as
follows

F

log
⇡

0
�

⇤
�

⇤(Q
2
1, Q

2
2) =

F
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2

Z 1

0
dx
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xQ
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2 +M

2

=
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2
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2
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2
2
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✓
1 +Q

2
1/M

2

1 +Q

2
2/M

2

◆
, (B3)

where M = 0.530 GeV is chosen again to reproduce
b

⇡

[105]. Again, it is straightforward to see its large
Q

2-behavior Q

�2 lnQ2 for a single-virtual photon; for
equal virtualities, F

log
P�

⇤
�

⇤(Q2
, Q

2) = F

P��

M

2(M2 +

Q

2)�1 and, as a consequence lim
Q

2!1 F

log
P�

⇤
�

⇤(Q2
, Q

2) =

F

P��

M

2
Q

�2.

Appendix C: P ! ¯̀̀ decays impact

A further possibility to test the TFF double-virtual
behavior is given by the P ! ¯̀̀ decays. Whereas these
decays could never be directly employed to extract the
TFF q

2-dependence, as it happens with P ! ¯̀̀ ¯̀0
`

0 de-
cays, they o↵er an indirect probe in terms of a loop in-
tegral over the double-virtual TFF [75]. The proposal
to use these decays as a constraint for aHLbL;P

µ

was con-
sidered for the first time in Ref. [15], but, to our best
knowledge, it has not been seriously considered so far.
In Refs. [70, 75], we performed a detailed and careful

study of these decays employing our method of CAs. So
far, only the ⇡0 ! e

+
e

� [106] and ⌘ ! µ

+
µ

� [107] have
been measured. For the ⇡0, we found its experimental
value 2� away from our CAs prediction [75]. Particu-
larly, we found that in order to reproduce the experimen-
tal result would require �2

⇡

& 10 GeV2 in Eq. (19) and
a

⇡;1,1 < �4b2
⇡

in Eq. (16). This would imply large correc-
tions to the leading OPE behavior, a result far from the-
oretical expectations. In any case, taking these values for
reconstructing the TFF20, we would obtain that aHLbL;⇡

µ

would shift down to around 36(7)⇥10�11 [75]. Of course,

20 Here we assume the absence of new-physics e↵ects.
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The Regge model can be expressed as well as as an infi-

nite sum over the resonances within the Regge trajectory
weighted by their correspondent residues,
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A resonance approach to this model will consist in re-
taining a finite number of resonances, achieving an in-
creased precision as soon as more terms in the sum are
included, assuming of course that the model parameters
(masses and residues) are known. Such an approximation
has, however, a slow rate of convergence, which is well
understood from Padé theory [31]. To illustrate this, we
perform a numerical test and show in the first row in Ta-
ble III (called Res) what would be obtained for aHLbL;⇡0

µ

if truncating the sum in Eq. (B2) for a finite number of
resonances n (e.g., up tom = n�1 in Eq. (B2)). The slow

n 1 2 3 4

Res 38.1 47.1 50.8 52.8

Norm 50.8 57.0 58.4 59.1

Der 50.8 57.8 59.4 59.9

Fit 55.9 67.2 58.3 65.4

FitOPE � 63.3 58.0 61.5

Exact 60.7

TABLE III. The a

HLbL;⇡0

µ result (10�11 units) from di↵er-
ent resonance-like approaches employed to approximate the
Regge model which include up to n resonances in Eq. (B2).
The exact result to compare with is represented in the last
row. Find details in the text.

asymptotic convergence is attributed to the fact that not
even the TFF at the origin, Q2

1 = Q

2
2 = 0, is precisely re-

produced. Therefore, to improve on that, we do not use
the residue of the heavier resonance in the truncation;
instead, we choose to fix such parameter to reproduce
the TFF at the origin. As shown in the third row of Ta-
ble III (called Norm) this strategy improves considerably
on convergence. Finally, we choose to match not one,
but all the residues in the summation, to fulfill the low-
energy expansion. The results are shown in the fourth
row of Table III (called Der) and yield the expected im-
provement on convergence.

Besides, as customary in resonance approaches, one
can fit the residues to a set of pseudodata instead of
matching them to the low-energy expansion of the model.
Performing such fit using the same points as for that in
Table I FitOPE row, we obtain the results of fifth row
in Table III (called Fit), which show an irregular con-
vergence, if it converges at all. At this point, one could
blame the incorrect behavior of the resulting approxi-
mant when both Q

2
1 = Q

2
2 ⌘ Q

2 ! 1, that behaves as
Q

�4 instead of Q�2. Including additional terms to fulfill

this behavior, we obtain the results in the sixth row in
Table III (called FitOPE), which show an improved con-
vergence, but still not such a good convergence as CAs
to the same model with the same pseudodata fit (cf. Ta-
ble I). This appendix illustrates the potential systematic
errors when the poles in rational approximants are fixed
in advance.

2. Logarithmic model

Besides the Regge model, we introduce the logarithmic
one employed as well in Section IV. The latter is inspired
in flat distribution amplitudes models as introduced in
Ref. [81], and is extended to the double-virtual case as
follows
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where M = 0.530 GeV is chosen again to reproduce
b

⇡

[105]. Again, it is straightforward to see its large
Q

2-behavior Q

�2 lnQ2 for a single-virtual photon; for
equal virtualities, F

log
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A further possibility to test the TFF double-virtual
behavior is given by the P ! ¯̀̀ decays. Whereas these
decays could never be directly employed to extract the
TFF q

2-dependence, as it happens with P ! ¯̀̀ ¯̀0
`

0 de-
cays, they o↵er an indirect probe in terms of a loop in-
tegral over the double-virtual TFF [75]. The proposal
to use these decays as a constraint for aHLbL;P

µ

was con-
sidered for the first time in Ref. [15], but, to our best
knowledge, it has not been seriously considered so far.
In Refs. [70, 75], we performed a detailed and careful

study of these decays employing our method of CAs. So
far, only the ⇡0 ! e

+
e

� [106] and ⌘ ! µ

+
µ

� [107] have
been measured. For the ⇡0, we found its experimental
value 2� away from our CAs prediction [75]. Particu-
larly, we found that in order to reproduce the experimen-
tal result would require �2

⇡

& 10 GeV2 in Eq. (19) and
a

⇡;1,1 < �4b2
⇡

in Eq. (16). This would imply large correc-
tions to the leading OPE behavior, a result far from the-
oretical expectations. In any case, taking these values for
reconstructing the TFF20, we would obtain that aHLbL;⇡

µ

would shift down to around 36(7)⇥10�11 [75]. Of course,

20 Here we assume the absence of new-physics e↵ects.

Observations:
- pattern of convergence
- better than factorization
- better than imposing high-energy alone


