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The Standard Model

How do we make sense out of this?
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125.9 GeV

φ0

Two chiralities

• left-handed

Q =

(
u
d

)
L =

(
ν

e

)

• and right-handed
uR ≡ ū†,dR ≡ d̄†, eR ≡ ē†

Natural Units: ~ = c = kB = 1

SU(3)C SU(2)W U(1)Y spin

Q 3 2 1
6

( 12 , 0)
ū 3̄ 1 − 2

3
d̄ 3̄ 1 1

3
L 1 2 − 1

2
ē 1 1 1

Φ 1 2 1
2 (0, 0)

G 8 1 0
( 12 ,

1
2 )W 1 3 0

B 1 1 0

Dµ ≡ ∂µ + igAµ

Electric charge: Q = T3 + Y
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ū 3̄ 1 − 2

3
d̄ 3̄ 1 1

3
L 1 2 − 1

2
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QED - U(1) Gauge Theory

• Interactions in the SM respect the fundamental
symmetries: Poincaré and (internal) gauge symmetries

• The simplest gauge symmetry is a U(1)

LQED = − 1
4
FµνFµν +iē†σ̄µ D−

µ ē+ie†σ̄µ D+
µ e+ meēe+meē†e†

field strength tensor Fµν = ∂µAν − ∂νAµ mass me

covariant derivative D±
µ = ∂µ ± ieAµ

• Electromagnetic interaction

k

γ
e

e

ē

ē

virtual photon
k2 6= 0

γ

e

e

Lint = −e†σ̄µAµe

+ē†σ̄µAµē
3
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3



QED - U(1) Gauge Theory

• Interactions in the SM respect the fundamental
symmetries: Poincaré and (internal) gauge symmetries

• The simplest gauge symmetry is a U(1)

LQED = − 1
4
FµνFµν +iē†σ̄µ D−
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+ē†σ̄µAµē
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QCD - SU(3) Gauge Theory

• Quarks transform under SU(3) as 3
⇒ each quark flavour comes in three colours.

LQCD = − 1
4
∑
A
GAµνGAµν+iq†σ̄µ Dµ q Dµ = ∂µ + igs λ

A

2 G
A
µ

• The Gell-Mann matrices λA define SU(3) generators TA = λA

2

λ1 =

0 1 0
1 0 0
0 0 0

 λ2 =

0 −i 0
i 0 0
0 0 0

 λ3 =

1 0 0
0 −1 0
0 0 0



λ4 =

0 0 1
0 0 0
1 0 0

 λ5 =

0 0 −i
0 0 0
i 0 0



λ6 =

0 0 0
0 0 1
0 1 0

 λ7 =

0 0 0
0 0 −i
0 i 0

 λ8 =
1

√
3

1 0 0
0 1 0
0 0 −2


• Field strength tensor

Gµν =
1
igs

[Dµ,Dν ] ⇒ GAµν = ∂µGAν − ∂νGAµ − gs fABC GBµGCν

with the structure constants [TA, TB] = i fABCTC
4



QCD Gauge Interactions

GAµν = ∂µGAν − ∂νGAµ − gs fABC GBµGCν Dµ = ∂µ + igs
2
λAGAµ

LQCD = − 1
4
∑
A

FAµνFAµν + iq†σ̄µ Dµ q

no analogue in QED analogous to QED

5



Charge renormalization

Resumming all loops of
this type
via solution of β-function µ dα

dµ = b0 α2

2π

α(q2) = α(µ2)

1− α(µ2)
4π b0 ln q2

µ2

In the SM:

b10 =
41
6

b20 = −19
6

b30 = −7

Note the different signs!

QCD: b30 =
2
3Nf −11

6
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Asymptotic Freedom and Landau Pole

• Evolution of gauge coupling

α−1(q2) = α−1(µ2)− b0
4π

ln q
2

µ2

• The sign of the b0 is important !

b10 =
41
6

b20 = −19
6

b30 = −7 10
log Q

1
/α

i

1/α
1

1/α
2

1/α
3

MSSM

10
log Q

1
/α

i

 Unification of the Coupling Constants
 in  the  SM   and   the  minimal MSSM   
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9. Quantum chromodynamics 39

They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M

2
Z), as well as a clear signature and proof of

the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q

2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q
2)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO

pp –> tt(NNLO)

)(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [381],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.

January 6, 2017 18:42

PDG

• QCD coupling asymptotically
approaches zero [asymptotic
freedom]

• If the denominator vanishes,
the coupling diverges.
[Landau pole]

Λ2LP ≡ µ2e−
4π

α(µ2)b0 7

http://www.arxiv.org/abs/hep-ph/0012288
http://pdg.lbl.gov


QCD Scale and Confinement

• For QCD Λc ≈ 300MeV is called QCD scale.
• It is believed that non-perturbative physics at this
scale leads to confinement of quarks into
colour-singlet hadrons

http://www.mrwaynesclass.com

http://webific.ific.uv.es

Wikipedia
Wikipedia
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Why SU(3)?

• 3 quarks in baryons explained in SU(3) 3× 3× 3 = 1+ . . .

• Decays of W,Z and π0 → γγ with Γ(π0) ∼ N2c
• e+e− → hadrons: R ≡ σ(e+e−→hadrons)

σ(e+e−→µ+µ−) = Nc
∑

q Q2q

Halzen and Martin: Quarks and Leptons
9



Electroweak Theory: SU(2)W × U(1)Y

Lagrangian for leptons and electroweak interactions

LEW = − 1
4
∑

AWA
µνWAµν − 1

4
BµνBµν + iL†σ̄µDLµL+ iē†σ̄µDeµē

SU(2)W gauge bosons U(1)Y gauge boson Lepton doublet L ≡
(
νe

e

)
Covariant derivatives

DLµ = ∂µ + ig
∑
A

WA
µ

σA

2 + ig′YL Bµ Deµ = ∂µ + ig′Ye Bµ

Pauli matrices: σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

• Note, only left-handed particles L couple to Wµ

• All fermions massless: Not possible to write Dirac mass
term like Lē nor Majorana mass term like LL.

• Similarly W and Z bosons are massless
• Mass generation⇐ spontaneous symmetry breaking 10



Spontaneous Symmetry Breaking: Abelian Higgs model

Potential of complex scalar field

V(|φ(x)|2) = −µ2|φ(x)|2 + λ|φ(x)|4

has U(1) symmetry φ(x) → eiα(x)φ(x)

• φ obtains vacuum expectation value (vev) 〈0|φ|0〉 = v
⇒ Vacuum state breaks U(1) symmetry of potential
• Expanding around vacuum state φ(x) = v + ϕ(x)+ig(x)√

2 with

v2 = µ2

2λ leads to quadratic order in fields

V(ϕ,g) = −λv4 + 2λv2ϕ(x)2 + . . .

⇒ Spontaneous symmetry breaking
• g is massless and a Goldstone boson
• Spontaneously broken generator⇒ Goldstone boson 11
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Higgs Mechanism for U(1) Gauge Symmetry

Kinetic term with Dµ = ∂µ + igAµ and φ = v + ϕ+ig√
2

Lkin = |Dµφ|2 =
1
2
(∂µϕ)

2+
1
2
(∂µg)2+

√
2gvAµ∂µg + g2v2AµAµ +. . .

• Gauge boson becomes massive: m2
A = 2g2v2

• Mixing term can be removed by gauge transformation g
undergoes inhomogeneous transformation φ→ eiαφ

ϕ→ ϕ− αg
g→ g+ αϕ+

√
2αv

• It can be completely removed using unitary gauge

Lkin = |Dµφ|2 =
1
2
(∂µϕ)

2 + g2v2AµAµ + . . .

12
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Spontaneous Symmetry Breaking in SM

• Same mechanism is at work for Higgs in SM

LHiggs = (DµΦ)
†DµΦ+ µ2Φ†Φ− λ(Φ†Φ)2

where Dµ = ∂µ + ig
∑

A
σA

2 W
A
µ + ig′YBµ

• vev 〈Φ〉 ≡ 〈0|Φ|0〉 = 1√
2

(
0
v

)
with v = (

√
2GF)−1/2 ' 246 GeV

• Mass term for gauge boson

L =

W±
µ =

1√
2

(
W1

µ ∓ iW2
µ

)
with mass mW = gv2

Zµ =
1√

g2 + g′2
(
gW3

µ − g′Bµ

)
with mass mZ =

√
g2 + g′2 v2

Aµ =
1√

g2 + g′2
(
g′W3

µ + gBµ

)
with mass mA = 0

Weak mixing (Weinberg) angle θW : g sin θw = g′ cos θw = e 13
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)
with mass mW = gv2

Zµ =
1√

g2 + g′2
(
gW3

µ − g′Bµ

)
with mass mZ =

√
g2 + g′2 v2

Aµ =
1√

g2 + g′2
(
g′W3

µ + gBµ

)
with mass mA = 0

Weak mixing (Weinberg) angle θW : g sin θw = g′ cos θw = e
13



Fermion Masses

• Yukawa interaction [Φ̃ ≡ iσ2Φ∗]

LY = Y ijuQiūjΦ + Y ijdQid̄jΦ̃ + Y ijeLiējΦ̃

⇒ Mass term for fermions e.g. Mu =
Yuv√
2

LY = Y iju(v+φ
0)√

2 uiūj +
Y ijd(v + φ0)

√
2

did̄j + . . .

• Diagonalising mass matrices

q′ = UqLq q̄′ = UqRq̄ ⇒ UTuLMuUuR = diag

q′ are mass eigenstates

f

φ0

f̄

Higgs φ0 coupling to fermions simultaneously diagonalised 14
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2 uiūj +
Y ijd(v + φ0)

√
2

did̄j + . . .

• Diagonalising mass matrices

q′ = UqLq q̄′ = UqRq̄ ⇒ UTuLMuUuR = diag

q′ are mass eigenstates

f

φ0

f̄

Higgs φ0 coupling to fermions simultaneously diagonalised 14



Fermion Masses

• Yukawa interaction [Φ̃ ≡ iσ2Φ∗]
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⇒ Mass term for fermions e.g. Mu =
Yuv√
2

LY = Y iju(v+φ
0)√

2 uiūj +
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Higgs Couplings

• to same-flavour fermions

• to two gauge bosons

• Two Higgs coupling to …

• Loop induced couplings to
vector bosons

fφ0

γ, Z,W−

γ, Z,W+

fφ0

g

g

∼
αm2

f
4πv

f

φ0

f̄

∼
mf
v

W+, Z

φ0

W−, Z

∼
m2
W,Z
v

φ0

φ0

W+, Z

W−, Z ∼
m2
W,Z
v2

15
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Higgs production

1309.0721

16

http://www.arxiv.org/abs/1309.0721


Weak Interactions and CKM Matrix

Interactions of fermions with gauge bosons [e = g sin θw]

−LW,Z,γ = g
(
W+
µ J
µ+
W +W−

µ J
µ−
W + Z0µJ

µ
Z
)
+ eAµJµem

Fermionic kinetic terms iψ†σ̄µDµψ yield electroweak currents

Jµ+W =
1√
2

(
ν†σ̄µe+ Viju′†i σ̄

µd′j
)

Q = T3 + Y

JµZ =
1

cos θw

∑
ψ

ψ†σ̄µ
(
T3 − Q sin2 θw

)
ψ

Jµem =
∑
ψ

Qψ†σ̄µψ T3 =
{
σ3

2 for u,d, e, ν
0 for ū, d̄, ē

f̄

f ′
W+

f̄

f

Z, γ

• Rotation of LH fields f ′ = UfLf yields flavour-changing charged
currents: Cabibbo-Kobayashi-Maskawa (CKM) matrix V = U†

uLUdL
• No couplings of Z boson to different quark flavours

• There are no tree-level flavour-changing neutral currents (FCNC)

• There is no flavour violation in the lepton sector
17
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Examples of Weak Interactions

• Muon decay
• Drell-Yan process
• Beta decay
• Fermi theory of beta decay recovered
for p2 � m2

W with

GF =
√
2
8

g2

m2
W

• FCNC are induced at loop level

ν̄e

e−

p

W−n

p
u

d

n GF

p

ν̄e

e−

W−

µ−

νµ

νe

e−

γ, Z
q

q̄

`+

`−

W−

q

W+

νµ

d µ−

s µ+
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Open questions

• Why are the fermion masses so vastly different, mt � me?

• Why hierarchy between electroweak scale and Planck
scale?

• Is there a unification of forces?

• Why are there three generations?

• Neutrinos oscillate and thus have mass mν . 0.1eV.

• What is dark matter?

• …

19
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Weinberg Operator and Neutrino Mass

• Neutrinos are neutral and can be their own antiparticle

⇒ i.e. Majorana fermions with mass term 1
2mννν + h.c.

• ν in lepton doublet→ Higgs mechanism

Lν =
1
2
κ

Λ
LΦLΦ+ h.c. Φ→〈Φ〉−→ 1

2
κv2

2Λ
νν + h.c.

L L

ΦΦ

−→ ν ν

〈Φ〉〈Φ〉

• Effective operator LΦLΦ suppressed by mass scale Λ

• indicates underlying UV theory

• SM can be considered as effective field theory (EFT)
It gives a good description at low energy

20
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