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Introduction

We	will	discuss	the	most	important	concepts	and	methods	of	
statistical	data	analysis	used	in	HEP.

• Basic	formalism
• Estimators	and	parameter	

estimation
• Discovery	and	Limits

A	number	of	the	concepts	are	
widely	used	but	less	widely	understood.	
• This	lecture	aims	at	making	things	clearer	and	enable	you	to	

discuss	discovery	and	exclusion	plots	from	HEP	experiments.
2
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Useful	references

• G.	Cowan,	Statistical	Data	Analysis,	Oxford	University	Press,	
1998
– These	slides	are	mostly	stolen	from inspired	by	the	set	of	

Prof.	Cowan’s	academic	training	lectures	
(https://indico.cern.ch/event/77830/)

• F.	James,	Statistical	methods	in	experimental	physics,	2nd ed.,	
World	Scientific,	2006

• L.	Lyons,	Statistics	for	nuclear	and	particle	physicists,	
Cambridge	University	Press,	1986

• Tools	(ROOT	based	packages):	RooStats,	RooFit
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Definitions

x observable
H hypothesis
P(x|H) probability	of	x given	the	hypothesis	H
f(x|H) probability	density	function	/	probability	model
L(x|H) likelihood	of	the	hypothesis
W data	space
w critical	region
α test	size	/	test	significance	level

4



BASIC	FORMALISM

• Frequentist	and	Bayesian	Probability
• Hypothesis	testing
• Type-I,	Type-II	errors	and	statistical	power
• Test	statistics
• p-values

5

“Bayesians	address	the	questions	everyone	is	
interested	in	by	using	assumptions	that	no	

one	believes.	Frequentist	use	impeccable	logic	
to	deal	with	an	issue	that	is	of	no	interest	to	

anyone.”- Louis	Lyons	



Frequentist	statistics

In	frequentist	statistics,	probabilities	are	associated	only	with	
the	data,	i.e.	outcomes	of	repeatable	observations.

Probabilities	such	as	
P	(Higgs	boson	exists)
P	(0.117	<	αs <	0.121)

are	either	0	or	1,	but	we	don’t	know	which.	

The	preferred	theories	(models,	hypotheses,	...)	are	those	for	
which	our	observations	would	be	considered	‘usual’.	

6

P (x) = lim
n!1

number of outcomes of x

n



Bayesian	statistics

In	Bayesian	statistics,	interpretation	of	probability	extended	to	degree	
of	belief	(subjective	probability).

• Bayesian	methods	can	provide	more	natural	treatment	of	non-
repeatable	phenomena:	e.g.	systematic	uncertainties

• No	golden	rule	for	priors

7
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Bayesian Statistics − general philosophy  
In Bayesian statistics, interpretation of probability extended to 
degree of belief (subjective probability).  Use this for hypotheses: 

posterior probability, i.e.,  
after seeing the data 

prior probability, i.e., 
before seeing the data 

probability of the data assuming  
hypothesis H (the likelihood) 

normalization involves sum  
over all possible hypotheses 

Bayesian methods can provide more natural treatment of  non- 
repeatable phenomena:   
     systematic uncertainties, probability that Higgs boson exists,... 

No golden rule for priors (“if-then” character of Bayes’ thm.) 

posterior	
probability

Normalize	over	all	possible	hypotheses

prior	
probability

Likelihood	– probability	of	the	data	
assuming	the	hypothesis	H



Nomenclature

A	hypothesis	H specifies	the	probability	for	the	data	x,	i.e.	the	
outcome	of	the	observation.
f(x|H) is	the	p.d.f.	or	probability	model	(or	just	model)
• f(x|H) could	be	uni-/multivariate,	continuous	or	discrete
• f(x|H) could	be	the	observation	of	a	single	particle,	a	single	

event,	or	an	entire	“experiment”
Possible	values	of	x form	the	data	space	W
• Simple	hypothesis:	f	(x|H)	completely	specified
• Composite	hypothesis:	H	contains	unspecified	parameters	

The	probability	for	x given	H	is	also	called	the	likelihood	of	the	
hypothesis,	written	L(x|H).	

8



Hypothesis	test

Consider	a	simple	hypothesis	H0 and	alternative	H1.	
A	test	of	H0 is	defined	by	specifying	a	critical	region	w	of	the
data	space	such	that	there	is	no	more	than	some	(small)	
probability	α,	assuming	H0 is	correct,	to	observe	the	data	there.	

9G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 1 7 

Definition of a (frequentist) hypothesis test 
Consider e.g. a simple hypothesis H0 and alternative H1. 

A test of H0  is defined by specifying a critical region w of the 
data space such that there is no more than some (small) probability 
α, assuming H0 is correct,  to observe the data there, i.e., 

  P(x ∈ w | H0 ) ≤ α 

Need inequality if data are 
discrete. 

α is called the size or  
significance level of the test. 

If x is observed in the  
critical region, reject H0. 

data space Ω 

critical region w 

P(x∈w|H0)	≤	α
(just	< if	data	are	discrete)

α	is	called	the	size	or	
significance	level	of	the	test.
• If	x is	observed	in	the	critical	

region,	reject	H0.



Type-I,	type-II	errors	and	
power	of	the	test

Type-I	error:	reject	the	hypothesis	H0 when	it	is	true.
• The	maximum	probability	for	

this	is	the	size	of	the	test
P(x∈w|H0)	≤	α

Type-II	error:	accept	H0 when	it	is	
false,	and	an	alternative	H1 is	true.
• This	occurs	with	probability	

P(x	∈W - w	|	H1 )	=	β
• One	minus	this	is	called	the	power	of	the	test	with	respect	to	

the	alternative	H1:	Power	=	1	- β	
10



Test	definition

In	general	there	are	an	infinite	number	of	possible	critical	
regions	that	give	the	same	significance	level	α.	
• Maximize	power	with	respect	to	H1 àmaximize	probability	to	

reject	H0 if	H1 is	true.	

11

f(x|H1)

f(x|H0)

Critical	region

x
α



Example

Measuring	x	~	Gauss	(μ,	σ)	we	may	test	H0:	μ =	μ0 vs	H1 :	μ >	μ0
• The	highest	power	with	respect	to	any	μ >	μ0 is	obtained	by	

taking	the	critical	region	x	≥	xcut-off where	xcut-off is	determined	
by	the	significance	level	such	that	α	=	P(x	≥	xcut-off|μ0).

12
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Τest of µ = µ0 vs. µ > µ0  with  x ~ Gauss(µ,σ) 

Standard Gaussian quantile 

Standard Gaussian 
cumulative distribution 

Where:
F Standard	Gaussian	cumulative	
distribution
F-1 Standard	Gaussian	quantile	

G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 1 11 

Τest of µ = µ0 vs. µ > µ0  with  x ~ Gauss(µ,σ) 

Standard Gaussian quantile 

Standard Gaussian 
cumulative distribution 



Model	independence

In	HEP	we	often	construct	a	test	of	H0 :	Standard	Model	(or	
“background	only”)	such	that	we	have	a	well	specified	“false	
discovery	rate” (α)	and	high	power	with	respect	to	some	
interesting	alternative	H1 :	SUSY,	Zʹ,	etc.	

But	there	is	no	such	thing	as	a	“model	independent”	test.
• No	“Uniformly	Most	Powerful”	test: any	statistical	test	will	

have	high	power	with	respect	to	some	alternatives	and	less	
power	with	respect	to	others.	

13



Rejecting	a	hypothesis

Note	that	rejecting	H0 is	not	necessarily	equivalent	to	the	statement	
that	we	believe	it	is	false	and	H1 true.
• In	frequentist	statistics	only	associate	probability	with	outcomes	of	

repeatable	observations.	
• In	Bayesian	statistics,	probability	of	the	hypothesis	(degree	of	

belief)	would	be	found	using	Bayes’	theorem:	

which	depends	on	the	prior	probability	π(H).	

What	makes	a	frequentist	test	useful	is	that	we	can	compute	the	
probability	to	accept/reject	a	hypothesis	assuming	that	it	is	true,	or	
assuming	some	alternative	is	true.	

14
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Rejecting a hypothesis 
Note that rejecting H0 is not necessarily equivalent to the 
statement that we believe it is false and H1 true.  In frequentist 
statistics only associate probability with outcomes of repeatable 
observations (the data). 

In Bayesian statistics, probability of the hypothesis (degree 
of belief) would be found using Bayes’ theorem: 

which depends on the prior probability π(H).  

What makes a frequentist test useful is that we can compute 
the probability to accept/reject a hypothesis assuming that it 
is true, or assuming some alternative is true. 



Test	statistics

The	boundary	of	the	critical	region	for	an	n-dimensional	data	
space	x	=	(x1,	...,	xn)	can	be	defined	by	an	equation	of	the	form

where	t(x1,	...,	xn)	is	a	scalar	test	statistic.	

15
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Test statistics 
The boundary of the critical region for an n-dimensional data 
space x = (x1,..., xn) can be defined by an equation of the form 

We can work out the pdfs 

Decision boundary is now a 
single ‘cut’ on t, defining 
the critical region. 

So for an n-dimensional 
problem we have a 
corresponding 1-d problem. 

where t(x1,…, xn) is a scalar test statistic. 

The	decision	boundary	is	now	a	
single	‘cut’	on	t,	defining	the	
critical	region.	
• For	an	n-dimensional	problem	

we	have	a	corresponding	
1-dimensional	problem.	
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Test statistics 
The boundary of the critical region for an n-dimensional data 
space x = (x1,..., xn) can be defined by an equation of the form 

We can work out the pdfs 

Decision boundary is now a 
single ‘cut’ on t, defining 
the critical region. 

So for an n-dimensional 
problem we have a 
corresponding 1-d problem. 

where t(x1,…, xn) is a scalar test statistic. 



The	optimal	critical	region

The	Neyman-Pearson	lemma	states:	
• For	a	test	of	size	α	of	the	simple	hypothesis	H0,	to	obtain

the	highest	power	with	respect	to	the	simple	alternative	H1,	
choose	the	critical	region	w	such	that	the	likelihood	ratio	
satisfies	

everywhere	in	w	and	is	less	than	k	elsewhere,	where	k	is	a	
constant	chosen	such	that	the	test	has	size	α.	

• The	optimal	scalar	test	statistic	is	then

N.B.	any	monotonic	function	of	this	is	leads	to	the	same	test.	
16G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 1 16 

Constructing a test statistic 
How can we choose a test’s critical region in an ‘optimal way’? 

 Neyman-Pearson lemma states: 

For a test of size α of the simple hypothesis H0, to obtain 
the highest power with respect to the simple alternative H1, 
choose the critical region w such that the likelihood ratio satisfies 

everywhere in w and is less than k elsewhere, where k is a constant 
chosen such that the test has size α. 

Equivalently, optimal scalar test statistic is 

N.B. any monotonic function of this is leads to the same test. 
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Constructing a test statistic 
How can we choose a test’s critical region in an ‘optimal way’? 
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the highest power with respect to the simple alternative H1, 
choose the critical region w such that the likelihood ratio satisfies 

everywhere in w and is less than k elsewhere, where k is a constant 
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Equivalently, optimal scalar test statistic is 

N.B. any monotonic function of this is leads to the same test. 



p-values

We	can	express	level	of	agreement	between	data	and	a	
hypothesis	H	with	a	p-value:
• p	=	probability,	under	assumption	of	H,	to	observe	data	with	

equal	or	lesser	compatibility	with	H

This	is	not	the	probability	that	H	is	true!	

In	frequentist	statistics	we	don’t	talk	about	P(H)	(unless	H	
represents	a	repeatable	observation).

17



Significance	from	p-value

We	can	define	the	significance	Z	as	the	number	of	standard	
deviations	that	a	Gaussian	variable	would	fluctuate	in	one	
direction	to	give	the	same	p-value.	

18
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Often the p-value is translated into an equivalent quantity called the significance,
Z, defined by

Z =Φ−1(1− p) . (9)

Here Φ is the cumulative standard Gaussian distribution (zero mean, unit variance)
and Φ−1 is its inverse function, also called the quantile of the standard Gaussian.
The definition of significance is illustrated in Fig. 2(a) and the significance versus
p-value is shown in Fig. 2(b). Often a significance of Z = 5 is used as the threshold
for claiming discovery of a new signal process. This corresponds to a very low p-
value of 2.9×10−7 for the no-signal hypothesis. The rationale for using such a low
threshold is discussed further in Sec. 14.
Although we can simply take Eq. (9) as our defining relation for Z, it is useful to

compare to the case of measuring a quantity x that follows a Gaussian distribution
with unknown mean µ . Suppose we want to test the hypothesis µ = 0 against the
alternative µ > 0. In this case we would take the critical region of the test to contain
values of x greater than a certain threshold, or equivalently, we would define the
p-value to be the probability to find x as large as we found or larger. In this case the
significance Z is simply the value of x observed, measured in units of its standard
deviation σ . For this reason one often refers to finding a significance Z of, say, 2.0
as a two-sigma effect.
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Fig. 2 (a) Illustration of the definition of significance Z and (b) the significance as function of the
p-value.

4 Choice of critical region, test statistics

We now examine more closely the question of how best to define the critical region
of a test and for this suppose we want to select a sample of events of a desired type
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Significance	of	an	observation

Suppose	we	observe	n	events;	these	can	consist	of:	
• nb events	from	known	processes	(background)	
• ns events	from	a	new	process	(signal)
If	ns,	nb are	distributed	like	a	Poisson with	means	s,	b,	then	n	=	ns +	nb is	
also	Poisson,	mean	=	s	+	b:

Suppose	b	=	0.5,	and	we	observe	nobs =	5.
Should	we	claim	evidence	for	a	new	discovery?	
Give	p-value	for	hypothesis	s	=	0:	

19
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The significance of an observed signal 
Suppose we observe n events; these can consist of: 

nb events from known processes (background) 
ns events from a new process (signal) 

If ns, nb are Poisson r.v.s with means s, b, then n = ns + nb 
is also Poisson, mean = s + b: 

Suppose b = 0.5, and we observe nobs = 5.  Should we claim 
evidence for a new discovery?   

    Give p-value for hypothesis s = 0: 
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The significance of an observed signal 
Suppose we observe n events; these can consist of: 

nb events from known processes (background) 
ns events from a new process (signal) 

If ns, nb are Poisson r.v.s with means s, b, then n = ns + nb 
is also Poisson, mean = s + b: 

Suppose b = 0.5, and we observe nobs = 5.  Should we claim 
evidence for a new discovery?   

    Give p-value for hypothesis s = 0: 



Test	of	H0 using	a	p-value

We	started	by	defining	critical	region	in	the	original	data	space	
W,	then	reformulated	this	in	terms	of	a	scalar	test	statistic	t(x).	

• We	can	now	define	the	critical	region	of	a	test	of	H0 with	size	
α	as	the	set	of	data	space	where	p0	(p-value	of	H0)	≤	α.

• Formally	the	p-value	relates	only	to	H0,	but	the	resulting	test	
will	have	a	given	power	with	respect	to	a	given	alternative	H1.	

20



PARAMETER	ESTIMATION

• Parameter	fitting
• Properties	of	estimators
• Likelihood	and	maximum	likelihood	estimators

21



Estimators	and	parameter	estimation

The	central	problem	of	statistics	is	to	infer	the	properties	of	f(x)	based	
on	a	sample	of	observations	x =	(x1	,	… ,	xn).
• Specifically,	one	would	like	to	construct	functions	of	the	xi to	

estimate	the	various	properties	of	the	p.d.f.	f(x).	
The	parameters	of	a	pdf	are	constants	that	characterize	its	shape,	e.g.	

random	variable	 parameter	
←	estimators	are	written	with	a	hat	

• Estimator is	typically	the	function	of	x1,	...,	xn
• Estimate	the	value	of	the	estimator	with	a	particular	data	set.	

22
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Quick review of parameter estimation 
The parameters of a pdf are constants that characterize 
 its shape, e.g. 

random variable 

Suppose we have a sample of observed values: 

parameter 

We want to find some function of the data to estimate the  
parameter(s): 

←  estimator written with a hat 

Sometimes we say ‘estimator’ for the function of x1, ..., xn; 
‘estimate’ for the value of the estimator with a particular data set. 
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Estimator	properties

The	estimates	from	each	experiment	repetition	follow	a	pdf:

We	want	small	(or	zero)	bias	(systematic	error):	
• average	of	repeated	measurements	should	tend	to	true	value.	
And	we	want	a	small	variance	(statistical	error):	
• small	bias	&	variance	are	in	general	conflicting	criteria	

23
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Properties of estimators 
If we were to repeat the entire measurement, the estimates 
from each would follow a pdf: 

biased large 
variance 

best 

We want small (or zero) bias (systematic error): 
→  average of repeated measurements should tend to true value. 

And we want a small variance (statistical error): 
→  small bias & variance are in general conflicting criteria 
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Properties of estimators 
If we were to repeat the entire measurement, the estimates 
from each would follow a pdf: 

biased large 
variance 

best 

We want small (or zero) bias (systematic error): 
→  average of repeated measurements should tend to true value. 

And we want a small variance (statistical error): 
→  small bias & variance are in general conflicting criteria 



The	likelihood	function
Suppose	the	entire	result	of	an	experiment	(set	of	measurements)	is	a	
collection	of	numbers	x,	and	suppose	the	pdf	for	is	a	function	that	
depends	on	a	set	of	parameters	θ:
• Now	evaluate	this	function	with	the	data	obtained	and	regard	it	as	

a	function	of	the	parameters.	This	is	the	likelihood	function:	

Consider	n	independent	observations	of	x:	x1,	...,	xn,	where	x	follows	
f(x;	θ).	The	joint	pdf	for	the	whole	data	sample	is:	

In	this	case	the	likelihood	function	is	

24
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The likelihood function 
Suppose the entire result of an experiment (set of measurements) 
is a collection of numbers x, and suppose the joint pdf for 
the data x is a function that depends on a set of parameters θ: 

Now evaluate this function with the data obtained and 
regard it as a function of the parameter(s).  This is the 
likelihood function: 

(x constant) 
G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 1 25 

The likelihood function 
Suppose the entire result of an experiment (set of measurements) 
is a collection of numbers x, and suppose the joint pdf for 
the data x is a function that depends on a set of parameters θ: 

Now evaluate this function with the data obtained and 
regard it as a function of the parameter(s).  This is the 
likelihood function: 

(x constant) 
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The likelihood function for i.i.d.*. data 

Consider n independent observations of x:  x1, ..., xn,  where  
x follows f (x; θ).  The joint pdf for the whole data sample is: 

In this case the likelihood function is 

(xi constant) 

* i.i.d. = independent and identically distributed 
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The likelihood function for i.i.d.*. data 

Consider n independent observations of x:  x1, ..., xn,  where  
x follows f (x; θ).  The joint pdf for the whole data sample is: 

In this case the likelihood function is 

(xi constant) 

* i.i.d. = independent and identically distributed 

for	fixed	data	x



Maximum	likelihood	estimators
The	maximum	likelihood	(ML)	estimators	for	the	parameters	
are		those	which	maximize	the	likelihood	function.
• If	the	hypothesized	θ is	close	to	the	true	value,	then	we	expect	a	

high	probability	to	get	data	like	that	which	we	actually	found.	
• ML	estimators	are	not	guaranteed	to	have	any	‘optimal’	properties,	

(but	in	practice	they’re	very	good).	

25
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Maximum likelihood estimators 
If the hypothesized θ is close to the true value, then we expect  
a high probability to get data like that which we actually found. 

So we define the maximum likelihood (ML) estimator(s) to be  
the parameter value(s) for which the likelihood is maximum. 

 ML estimators not guaranteed to have any ‘optimal’ 
 properties, (but in practice they’re very good). 

Results	with	
non-ML	estimators
(params further	away	
from	real	values)



Example

Assume	our	data	is	
distributed	according	to	a	
Gaussian(µ,s).
• Let’s	compute	the	MLE	

for	µ
• Find	the	minimum	of	

the	–ln	L(x|µ,s)

• The	MLE	estimator	for	
µ is	the	sample	mean
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DISCOVERY	AND	LIMITS	IN	HEP

• The	likelihood	ratio
• Discovery
• Exclusion

27
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Event selection using the LR 
Using Monte Carlo, we can find the distribution of the likelihood 
ratio or equivalently of 

signal (H1) 

background 
 (H0) 

From the Neyman-Pearson lemma 
we know that by cutting on this 
variable we would select a signal 
sample with the highest signal 
efficiency (test power) for a given 
background efficiency. 

The	likelihood	ratio

In	a	real-world	problem	we	usually	wouldn’t	have	the	pdfs	f(x|H0)	and	
f(x|H1),	so	we	wouldn’t	be	able	to	evaluate	the	likelihood	ratio

28
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Likelihood ratio as test statistic 
In a real-world problem we usually wouldn’t have the pdfs  
f(x|H0) and f(x|H1), so we wouldn’t be able to evaluate the 
likelihood ratio  

for a given observed x, hence 
the need for multivariate  
methods to approximate this  
with some other function. 

But in this example we can  
find contours of constant  
likelihood ratio such as: 

For	a	given	observed	x,	we	need	
methods	to	approximate	this	with	
some	other	function.	

• Using	Monte	Carlo,	we	can	find	the	
distribution	of	the	likelihood	ratio



Claiming	a	discovery

If	the	signal	process	is	not	known	to	exist	and	we	want	to	search	for	it,	the	
relevant	hypotheses	are	therefore:
• H0:	all	events	are	of	the	background	type
• H1:	the	events	are	a	mixture	of	signal	and	background	
Rejecting	H0 with	Z	>	5	constitutes	“discovering”	new	physics.

Suppose	that	for	a	given	integrated	luminosity,	the	expected	number	of	signal	
events	is	s,	and	for	background	b.
The	observed	number	of	events	n	will	follow	a	Poisson	distribution:	
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Search for the signal process 
But what if the signal process is not known to exist and we want 
to search for it.   The relevant hypotheses are therefore 

 H0:  all events are of the background type 
 H1:  the events are a mixture of signal and background 

Rejecting H0 with Z > 5 constitutes “discovering” new physics. 

Suppose that for a given integrated luminosity, the expected number 
of signal events is s, and for background b. 

The observed number of events n will follow a Poisson distribution: 



Claiming	a	discovery

We	observe	n	events,	and	thus	measure	n	instances	of	x	=	(x1,	x2).	The	
likelihood	function	for	the	entire	experiment	assuming	the	
background-only	hypothesis	(H0)	is

and	for	the	“signal	plus	background”	hypothesis	(H1)	it	is	

where	πs and	πb are	the	(prior)	probabilities	for	an	event	to	be	signal	or	
background,	respectively.	
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Likelihoods for full experiment 
We observe n events, and thus measure n instances of x = (x1, x2).  

The likelihood function for the entire experiment assuming 
the background-only hypothesis (H0) is 

and for the “signal plus background” hypothesis (H1) it is 

where πs and πb are the (prior) probabilities for an event to 
be signal or background, respectively. 
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Likelihoods for full experiment 
We observe n events, and thus measure n instances of x = (x1, x2).  

The likelihood function for the entire experiment assuming 
the background-only hypothesis (H0) is 

and for the “signal plus background” hypothesis (H1) it is 

where πs and πb are the (prior) probabilities for an event to 
be signal or background, respectively. 



Claiming	a	discovery

We	can	define	a	test	statistic	Q	monotonic	in	the	likelihood	ratio	
as	

To	compute	p-values	for	the	b	and	s+b hypotheses	given	an	
observed	value	of	Q	we	need	the	distributions	f(Q|b)	and	
f(Q|s+b).	
• the	term	-s	in	front	is	a	constant	and	can	be	dropped.	
• the	rest	is	a	sum	of	contributions	for	each	event,	and	each	

term	in	the	sum	has	the	same	distribution.	

31
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Likelihood ratio for full experiment 
We can define a test statistic Q monotonic in the likelihood ratio as 

To compute p-values for the b and s+b hypotheses given an  
observed value of Q we need  the distributions f(Q|b) and f(Q|s+b). 

     Note that the term –s in front is a constant and can be dropped. 

The rest is a sum of contributions for each event, and each term 
in the sum has the same distribution. 

Can exploit this to relate distribution of Q to that of single 
event terms using (Fast) Fourier Transforms (Hu and Nielsen,  
physics/9906010). 



Q

If	ps+b <	α,	reject	signal	model	s	at	confidence	level	1	– α.	
If	pb <	2.9	× 10-7,	reject	background-only	model	(significance	Z	=	5).

32G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 2 14 

Distribution of Q 
Take e.g. b = 100, s = 20. 

f (Q|b) 
f (Q|s+b) 

p-value of 
 b only 

p-value of s+b 

Suppose in real experiment 
Q is observed here. 

If ps+b < α, reject signal model s at confidence level 1 – α. 

If pb  < 2.9 × 10�7, reject background-only model (signif. Z = 5). 



The	profile	likelihood	ratio

Assume	a	counting	experiment	to	search	for	signal	in	a	region	of	phase	
space
• result	is	ni Poisson	distributed	with	expectation	values	

Often	also	have	a	subsidiary	measurement	that	constrains	some	of	the	
background	and/or	shape	parameters	mi

• Also	Poisson	distributed

Likelihood	function	is	

33
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Large-sample approximations for prototype  
analysis using profile likelihood ratio 

Search for signal in a region of phase space; result is histogram 
of some variable x giving numbers: 

G. Cowan  CERN Academic Training 2012 / Statistics for HEP / Lecture 2 

signal 

where 

background 

strength parameter 

Assume the ni are Poisson distributed with expectation values 

Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554 
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Prototype analysis (II) 
Often also have a subsidiary measurement that constrains some 
of the background and/or shape parameters: 
 
 
 
Assume the mi are Poisson distributed with expectation values 
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nuisance parameters (θs, θb,btot) 
Likelihood function is 

16 

Prototype analysis (II) 
Often also have a subsidiary measurement that constrains some 
of the background and/or shape parameters: 
 
 
 
Assume the mi are Poisson distributed with expectation values 
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nuisance parameters (θs, θb,btot) 
Likelihood function is 



The	profile	likelihood	ratio

Base	significance	test	on	the	profile	likelihood	ratio:	

The	likelihood	ratio	of	point	hypotheses	gives	optimum	
test	(Neyman-Pearson	lemma).	
• The	profile	LR	in	the	present	analysis	with	variable	μ
and	nuisance	parameters	θ is	expected	to	be	near	
optimal.	

34
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The profile likelihood ratio 
Base significance test on the profile likelihood ratio: 
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maximizes L for 
Specified µ#

maximize L#

The likelihood ratio of point hypotheses gives optimum test   
(Neyman-Pearson lemma). 

 The profile LR in the present analysis with variable µ  
 and nuisance parameters θ is expected to be near optimal. 



Choice	of	a	test	for	discovery

If	μ represents	the	signal	rate,	then	discovering	the	signal	
process	requires	rejecting	H0 :	μ =	0.	
• Often	our	evidence	for	the	signal	process	comes	in	the	form	

of	an	excess	of	events	above	the	level	predicted	from	
background	alone,	i.e.	μ >	0	for	physical	signal	models.	

So	the	relevant	alternative	hypothesis	is	H1 :	μ >	0.
• In	other	cases	the	relevant	alternative	may	also	include	μ <	0	

(e.g.,	neutrino	oscillations).	

The	critical	region	giving	the	highest	power	for	the	test	of	μ =	0	
relative	to	the	alternative	of	μ >	0	thus	contains	high	values	of	
the	estimated	signal	rate.	
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Test	statistic	for	discovery

Try	to	reject	background-only	(μ =	0)	hypothesis	using	

• only	regard	upward	fluctuation	of	data	as	evidence	against	
the	background-only	hypothesis.	

Note	that	even	though	here	physically	μ ≥	0,	we	allow	μ
to	be	negative.
• In	large	sample	limit	its	distribution	becomes	Gaussian,	and	

this	will	allow	us	to	write	down	simple	expressions	for	
distributions	of	our	test	statistics.	

36
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Test statistic for discovery 
Try to reject background-only (µ = 0) hypothesis using 
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i.e. here only regard upward fluctuation of data as evidence  
against the background-only hypothesis. 

Note that even though here physically µ ≥ 0, we allow  
to be negative.  In large sample limit its distribution becomes 
Gaussian, and this will allow us to write down simple  
expressions for distributions of our test statistics. 

µ̂



p-value	for	a	discovery

Large	q0 means	increasing	incompatibility	between	the	data	and	
hypothesis,	therefore	p-value	for	an	observed	q0,obs is

37
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p-value for discovery 
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Large q0 means increasing incompatibility between the data 
and hypothesis, therefore p-value for an observed q0,obs is 

will get formula for this later 

From p-value get  
equivalent significance, 



The	look	elsewhere	effect

In	the	frequentist	approach,	the	correct	p-value	of	the	no-peak	
hypothesis	is	the	probability,	assuming	background	only,	to	find	
a	peak	as	significant	as	the	one	found	more	so	anywhere	in	the	
search	region.
• This	can	be	substantially	higher	than	the	probability	to	find	a	

peak	of	equal	or	greater	significance	in	the	particular	place	
where	it	appeared.	

• There	is	no	look-elsewhere	effect	when	considering	exclusion	limits.	
• With	exclusion,	when	testing	many	signal	models	(or	parameter	

values)	we	might	exclude	some	even	in	the	absence	of	signal	
(“spurious	exclusion”)	

• https://xkcd.com/882/
38



How	to	read	the	p0 plot
The	“local”	p0 means	the	p-value	of	
the	background-only	hypothesis	
obtained	from	the	test	of	μ =	0	at	
each	individual	mH,	without	any	
correct	for	the	Look-Elsewhere	Effect.
The	“Sig.	Expected”	(dashed)	curve	
gives	the	median	p0 under	assumption	
of	the	SM	Higgs	(μ =	1)	at	each	mH.	
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Choice	of	a	test	for	exclusion

Suppose	the	existence	of	the	signal	process	(μ >	0)	is	not	yet	
established.	
• The	interesting	alternative	in	this	context	is	μ =	0.	
We	want	to	know	what	values	of	μ can	be	excluded	on	the	grounds	
that	the	implied	rate	is	too	high	wrt to	what	is	observed	in	the	data.	
• The	critical	region	giving	the	highest	power	for	the	test	of	μ relative	

to	the	alternative	of	μ =	0	contains	low	values	of	the	estimated	rate.	
Test	based	on	one-sided	alternative	→	upper	limit.	

• In	other	cases	(not	treated	here)	we	want	to	exclude	μ on	the	
grounds	that	some	other	measure	of	incompatibility	between	it	and	
the	data	exceeds	some	threshold.	E.g.	the	process	may	be	known	to	
exist,	and	thus	μ =	0	is	no	longer	an	interesting	alternative.
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Test	statistic	for	exclusion

For	purposes	of	setting	an	upper	limit	on	μ one	may	use

When	setting	an	upper	limit,	one	does	not	regard	an	upwards	
fluctuation	of	the	data	as	representing	incompatibility	with	the	
hypothesized	μ.
From	observed	qμ find	p-value:

• The	95%	CL	upper	limit	on	μ is	highest	value	for	which	p-value	
is	not	less	than	0.05.	

41

23 

Test statistic for upper limits 

For purposes of setting an upper limit on µ one may use 
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Note for purposes of setting an upper limit, one does not regard 
an upwards fluctuation of the data as representing incompatibility 
with the hypothesized µ. 

From observed qµ find p-value: 

95% CL upper limit on µ is highest value for which p-value is  
not less than 0.05. 

where 

23 

Test statistic for upper limits 

For purposes of setting an upper limit on µ one may use 
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Note for purposes of setting an upper limit, one does not regard 
an upwards fluctuation of the data as representing incompatibility 
with the hypothesized µ. 

From observed qµ find p-value: 

95% CL upper limit on µ is highest value for which p-value is  
not less than 0.05. 

where 



Spurious	Exclusion
Use	the	power	(P	to	reject	μ if	μ =	0)	as	measure	of	sensitivity
• Having	sensitivity	to	μmeans	that	the	distributions	f(qμ|μ)	and	

f(qμ|0)	are	well	separated.	The	power	is	substantially	higher	than	α.	
In	the	case	of	low	sensitivity,	the	power	is	only	slightly	greater	than	α.	
• “Spurious	exclusion”:	with	probability	of	around	α	=	5%	(slightly	

higher),	one	excludes	hypotheses	to	which	one	has	essentially	no	
sensitivity

42
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Spurious exclusion 
Consider again the case of low sensitivity.  By construction the 
probability to reject µ if µ is true is α (e.g., 5%). 

And the probability to reject µ if µ = 0 (the power) is only slightly 
greater than α. 

This means that with 
probability of around α = 5% 
(slightly higher), one excludes 
hypotheses to which one has 
essentially no sensitivity (e.g., 
mH = 1000 TeV). 

“Spurious exclusion” 
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Having sufficient sensitivity 
In contrast, having sensitivity to µ means that the distributions 
f(qµ|µ) and f(qµ|0)  are more separated:  

That is, the power (probability to reject µ if µ = 0) is substantially  
higher than α.  Use this power as a measure of the sensitivity. 



The	CLs	procedure

The	CLs	solution	(A.	Read	et	al.)	is	to	base	the	test	not	on	the	usual	p-
value	(CLs+b),	but	rather	to	divide	this	by	CLb (one	minus	the	p-value	of	
the	b-only	hypothesis)

• Reject	the	s+b
hypothesis	if
CLs =	(CLs+b/CLb)	<	α	

Increases	the	“effective”	p-value	when	the	two	distributions	become	
close (prevents	exclusion	if	sensitivity	is	low).	

43
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The CLs solution (A. Read et al.) is to base the test not on 
the usual p-value (CLs+b), but rather to divide this by CLb  
(~ one minus the p-value of the b-only hypothesis), i.e., 

Define: 

Reject s+b  
hypothesis if: Reduces “effective” p-value  when the two 

distributions become close (prevents  
exclusion if sensitivity is low). 

f (Q|b)     f (Q|s+b)     

CLs+b  
= ps+b 

1�CLb 
 = pb 

The CLs procedure (3) 



The	CLs	procedure

Like	we	saw	before,	having	low	sensitivity	means	that	the	distributions	
of	Q	under	b	and	s+b are	very	close.

44
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The CLs procedure (2) 
As before, “low sensitivity” means the distributions of Q under  
b and s+b are very close: 

f (Q|b)     

f (Q|s+b)     

ps+b pb 



Setting	upper	limits

Carrying	out	the	CLs procedure	for	the	parameter	μ =	σ/σth results	in	an	
upper	limit	μup.
E.g.	in	the	Higgs	search,	this	was	done	for	each	value	of	mH.	
At	a	given	value	of	mH,	we	have	an	observed	value	of	μup,	and	we	can	
also	find	the	distribution	f(μup|0).
• ±1σ	(green)	and	±2σ	(yellow)	bands
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How	to	read	exclusion	plots

For	every	value	of	mH,	find:
• The	CLs	upper	limit	on	μ and	the	distribution	of	upper	limits	μup for	μ =	0.
• The	dashed	curve	is	the	median	μup,	and	the	green	(yellow)	bands	give	the	

± 1σ	(2σ)	regions	of	this	distribution.	
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How	to	read	exclusion	plots
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How	to	read	exclusion	plots
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How	to	read	2D	exclusion	plots

A	typical	SUSY	exclusion	plot.
• More	complex	signals	with	

dependencies	from	multiple	
unknown	parameters.

• Often	the	two	axes	represent	two	
sparticle masses.

Here,	for	every	choice	of	(mt1,	mN1)	
find	the	CLs	upper	limit	on	μ.
• The	lines	and	bands	show	the	

contours	of	μ =	1	(or	CLs	=	0.05)
• The	dashed	curve	is	the	median	

μup=1,	with	the	yellow	bands	giving	
the	± 1σ	regions	(for	the	expected	
SM	uncertainties)

• Dashed	red	lines	are	the	± 1σ	
regions	(for	the	signal	theory	
uncertainties)
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Done!

This	was	a	brief	(and	hopefully	not	EXCEEDINGLY	boring)	tour	of	
the	basic	statistics	concepts	used	in	HEP.

Thanks	a	lot	for	your	attention!
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EXTRAS
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Mean,	variance,	mode	and	
median

Let	x1,	…,	xn be	n independent	
measurements	with	unknown	
mean	μ and	variance	σ2.
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