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I. Introduction: concepts of unitarisation and unquenching

• Most mesons are more or less broad resonances, originally gener-
ated in elastic scattering off baryons, but nowadays usually created
in production processes.

• Modern quark models include these features, by accounting for
strong decay and the dynamical effects thereof, via full-fledged
unitarisation or calculating mass shifts from coupled channels.

• Strong mesonic decay is dominated by the creation of one or more
new light qq̄ pairs respecting the OZI (alias Zweig) rule.

• Often such models are sloppily called “unquenched”.

• The term “unquenching” stems from the lattice, which implies
accounting for virtual quark loops.

• In recent years, also the lattice has started to describe mesonic res-
onances, employing Lüscher’s finite-volume method in the elastic
case or generalisations thereof for inelastic resonances.

• In the following some old and new model predictions will be briefly
reviewed, and compared to very recent lattice results.





II. Unitarised and coupled-channel quark models

• The pioneering coupled-channel/unitarised models were devel-
oped about four decades ago by the following groups:

Cornell, Phys. Rev. Lett. 36 (1976) 500 (charmonium);
Helsinki, Ann. Phys. 123 (1979) 1 (pseudoscalar, vector states);
Nijmegen, Phys. Rev. D 21 (1980) 772 (vector cc̄ , bb̄ states).

• Only the Nijmegen model amounted to a full S-matrix unitarisa-
tion of a complete bare confinement spectrum, with several open
and closed two-meson channels.

• A very significant further advance was the chiral quark model by
Bicudo & Ribeiro, Phys. Rev. D 42 (1990) 1611; 1625; 1635
(π, ρ, φ). This model was the first to combine dynamical chiral
symmetry breaking, the full Dirac spin structure in a relativistic
wave equation, and coupled-channel mass shifts via the RGM.

• More recent unitarised/coupled-channel models were due to e.g.
Simonov, Kalashnikova (Moscow), Barnes (Tennessee), Swanson
(Pittsburgh), Santopinto (Genova).

• Next some selected results will be shown.
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of several X structures as bona-fide resonances is any-
thing but undisputed. In a recent lattice calcula-
tion [9], with many two-meson interpolating fields in-
cluded, no evidence was found of isovector hidden-charm
tetraquark states up to 4.2 GeV. Moreover, several au-
thors [10–14] interpret charged hidden-charm or hidden-
bottom signals rather as non-resonant cusp-like struc-
tures, resulting from kinematical triangle singularities in
intermediate-state diagrams. On the other hand, even
when four-quark states are predicted in model calcula-
tions, these are often described as (quasi-)bound states
of two mesons [15, 16], with binding due to t-channel me-
son exchange instead of colour forces among two quarks
and two antiquarks. Finally, there are also models sug-
gesting that the observed charged hidden-charm and/or
hidden-bottom peaks may be highly excited Ds (cs̄)
states [17, 18] or light-quark axial-vectors [19].

Now, if tetraquarks nonetheless exist in nature as
genuine q2q̄2 bound states or resonances, the question
remains how to describe them in a realistic way, besides
resorting to the lattice. This brings us inexorably to the
issue of mass shifts from unitarisation, sometimes called
“unquenching” [20], which we shall discuss in the next
section. But let us first quote the warning of Jaffe him-
self [1] about describing the light scalar mesons as stable
tetraquarks:

“First, we are confronted with mesons whose
width is a substantial fraction of their mass.
A calculation of their masses which ignores
decay processes (as does ours) must not be
taken too literally. We should not expect the
accuracy we demanded in our treatment of
QQ̄ mesons and Q3 baryons.”

2 Unquenching the quark model

A fundamental difference between strong interactions
and e.g. electromagnetism is that in the former case mass
splittings and decay widths can be of similar magnitude.
Picking just one typical example from the PDG [3] Meson
Summary Table, we see that the mass difference between
the tensor meson f ′2(1525) and its first radial excitation
f2(1950) is about 420 MeV, while the full width of the
latter resonance is (472±18) MeV. This has tremendous
implications for spectroscopy, as was recognised almost
four decades ago by the Cornell [21], Helsinki [22], and
Nijmegen [23] hadronic-physics groups. Namely, most
mesons/baryons are not merely bound qq̄/qqq states,
but rather resonances in meson-meson or meson-baryon
scattering, respectively. Now, arguments based on S-
matrix analyticity imply that imaginary parts of reso-
nance poles are in principle of the same order as the cor-
responding real shifts with respect to the corresponding
bound states from quark confinement only. This may

give rise to huge distortions of hadron spectra as pre-
dicted by the SQM. To make life worse, relatively stable
hadrons, with widths of roughly 1 MeV or even less, can
still be subject to real mass shifts at least two orders
of magnitude larger, due to virtual decay. A famous
example is the enigmatic scalar charmed-strange meson
D⋆

s0(2317) [3], predicted to be 170–180 MeV heavier by
the SQM, but ending up at a much lower mass owing
to the closed yet strongly coupling S-wave DK decay
channel [24]. The latter model result was recently con-
firmed on the lattice [25], thus enfeebling claims [26] of
a tetraquark interpretation of this meson.

In order to illustrate the possible effects of unquench-
ing on meson spectra in general, we collect in Table 1
several model calculations of mass shifts owing to strong
decay. Note that not all of these approaches amount
to full-fledged S-matrix unitarisations of the SQM, in
fact only those in Refs. [21, 23, 28, 29, 34, 35] (for fur-
ther details, see Ref. [20]). But even among the latter
there can be sizable differences, as we can see in Ta-
ble 1 by comparing the predictions of Refs. [21] and [23]
for charmonium. These disagreements not only origi-
nate in different confinement forces, but also in the em-
ployed decay mechanisms, which are in their turn influ-
enced by the nodal structure of the qq̄ wave functions.
Nevertheless, Table 1 shows potentially huge mass shifts,
some of which are even larger than typical radial spacings
in meson spectra. Also note that S-matrix calculations
generally produce complex shifts, whenever at least one
decay channel is open. Particularly interesting in this
respect is the case of the charmed-light axial-vector me-
son D1(2430), whose imaginary mass shift in Ref. [35]
came out an order of magnitude larger than its real shift,
with the corresponding resonance pole position being in
good agreement with experiment [3]. Note that this is a
highly non-perturbative effect and not a consequence of
the usual perturbative calculation of the width.

Table 1. Negative real mass shifts from unquench-
ing. Abbreviations: P,V,S=pseudoscalar, vector,
scalar mesons, respectively; q=light quark. See
text and Ref. [20] for further details.

Refs. mesons −∆M/MeV

[21] charmonium 48–180

[22, 27] light P , V 530–780, 320–500

[23, 28] qq̄, cq̄, cs̄, cc̄, bb̄; P,V ≈ 30–350

[29] σ, κ, f0(980), a0(980) 510–830

[29] standard S (1.3–1.5 GeV) ∼ 0

[30] ρ(770), φ(1020) 328, 94

[24] D⋆
s0(2317), D

⋆
0(2400) 260, 410

[31] D⋆
s0(2317), D

⋆
s(2632) 173, 51

[32] charmonium 165–228

[33] charmonium 416–521

[34] X(3872) ≈100

[35] cq̄, cs̄; JP =1+ 4–13, 5–93
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3 Results

Let us first discuss S-wave ππ scattering. The lowest bound state of our confining potential for

JPC = 0++ qq̄ pairs has a mass of about 1.3 GeV, which is at precisely the same place as the

ground state of other bound-state meson models. If we turn on the overall coupling constant

of the transition potential, bound states show up as resonances in ππ scattering. At the model

value of the overall coupling constant, which was obtained from the analysis of pseudoscalar and

vector mesons [23], a pole shows up with a real part of about 1.3 GeV, which accidentally equals

the above-mentioned bound-state mass. Naively we might expect that one would only find a

resonating structure in ππ scattering in that energy domain. However, Fig. (1) shows that the

calculated phase shifts have structures at much lower energies, which indicates that low-lying

resonance poles have been generated.
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Figure 1: Elastic S-wave ππ phase shifts. The various sets of data are taken from (⊙, [9]), (⋆,
×, ⋄, ⊳, ⊲, for analyses A, B, C, D, and E, respectively, of [10]), (◦, [11]), (∗, [12]), and (•, [13]).
The solid line is our model result.

We can scan the complex energy plane for these poles in the scattering matrix, finding one

pole at about 450 MeV with a roughly 250 MeV imaginary part, and another pole at the S(980)

position. The imaginary part of the first pole is so large that a simple Breit-Wigner parametriza-

tion is impossible, and large differences between the “mass” of the resonance and the real part

of the pole position will occur. How these poles are connected to the harmonic-oscillator bound

states is a very technical story, which is beyond the scope of this paper; suffice it to state that

such a connection exists. As we have discussed in [27], these poles are special features of S-wave

scattering and do not show up in P - and higher-wave scattering, which explains quite naturally

why they are not found there.

5

Poles predicted at (470 − i208) MeV and (990 − i20) MeV.



P. Bicudo and J. E.
Ribeiro, Phys. Rev. D 42
(1990) 1635





III. Lattice and model results from unquenching/unitarisation

• In recent years, two major lattice collaborations have been very
successful in obtaining exciting results for mesonic resonances:

(i) The Graz–Ljubljana–Vancouver–Fermilab–Mainz collabora-
tion: e.g. D?

s0(2317), Ds1(2460), X (3872), K ?(892), K ?(1410).

This group has so far limited its resonance descriptions to single-
channel meson-meson scattering, using Lüscher’s original finite-
volume method.

(ii) The JLab, Hadron Spectrum Collaboration: e.g. ρ(770),
K ?(892), K ?

0 (800), a0(980), f0(500).

This collaboration has already studied inelastic resonances with
two coupled meson-meson channels.

• In the following slides several recent results and remarks by these
two groups will be shown, also in comparison with some model
results by e.g. E. van Beveren, S. Coito, G. Rupp.
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• However, K ?′ resonance at (1.33 ± 0.02) GeV (Exp. 1.41):

S. Prelovsek, L. Leskovec, C. Lang, D. Mohler, Phys. Rev. D 88
(2013) 054508
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determine the binding momentum, which translates to our

estimate of the bound state energy ML!1 ¼ EDðpbÞ þ

EKðpbÞ using the dispersion relations EKðpÞ ¼ ðM2
K þ

p2Þ1=2 and EDðpÞ given by Eq. (3) of Ref. [30] with

W4 ¼ 0. It is this bound state energy and its value with

respect to the DK threshold that should be compared to

experiment. Analogous extraction of the deuteron binding

energy from the two lowest levels on a single volume was

proposed for future simulations in Ref. [43].

The systematic uncertainties come from fitting the

dispersion relation for the D meson [30] and from deter-

mining the kaon mass. For both, the scattering length and

the binding energy, we estimate those to be 30% of the

statistical errors.

Our final result is given alongside the experimental

D�
s0ð2317Þ mass in Table III and Fig. 3, together with the

DK thresholds on the lattice and in experiment. Notice that

with a pion mass of 156 MeV and at finite lattice spacing

we neither expect the thresholds to agree perfectly, nor do

we expect the position of the subthreshold state to agree

exactly with D�
s0ð2317Þ. In particular heavy quark discre-

tization effects of an order of a few percent of the mass

splittings are expected and their influence should be

addressed in future simulations.

In summary, we have performed a simulation of the Ds

ðJP ¼ 0þÞ spectrum with the novel feature of a combined

basis of quark-antiquark and DK operators. The combina-

tion of both types of lattice interpolating fields was crucial

to obtain energy levels with small statistical uncertainties

and the variational analysis shows that both types of op-

erators have nonvanishing overlap with the physical state.

Further notable features of the simulation are the use of an

improved heavy-quark action, distillation methods to deal

with operator contractions, and almost physical pions,

kaons, and D mesons. Unlike previous lattice simulations,

we observe a state below the DK threshold whose mass is

compatible with the experimental D�
s0ð2317Þ within the

remaining uncertainties. To obtain precision results, simu-

lations at multiple lattice spacings and with multiple lattice

volumes will be needed.
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We perform a lattice study of charmonium-like mesons with JPC ¼ 1þþ and three quark contents

c̄cd̄u, c̄cðūuþ d̄dÞ and c̄cs̄s, where the later two can mix with c̄c. This simulation with Nf ¼ 2 and

mπ ≃ 266 MeV aims at the possible signatures of four-quark exotic states. We utilize a large basis of c̄c,

two-meson and diquark-antidiquark interpolating fields, with diquarks in both antitriplet and sextet color

representations. A lattice candidate for Xð3872Þ with I ¼ 0 is observed very close to the experimental state

only if both c̄c and DD̄� interpolators are included; the candidate is not found if diquark-antidiquark and

DD̄� are used in the absence of c̄c. No candidate for neutral or charged Xð3872Þ, or any other exotic

candidates are found in the I ¼ 1 channel. We also do not find signatures of exotic c̄cs̄s candidates below

4.2 GeV, such as Yð4140Þ. Possible physics and methodology related reasons for that are discussed. Along

the way, we present the diquark-antidiquark operators as linear combinations of the two-meson operators

via the Fierz transformations.

DOI: 10.1103/PhysRevD.92.034501 PACS numbers: 12.38.Gc, 14.40.Pq, 14.40.Rt

I. INTRODUCTION

The experimental discovery of charged resonances

Zcð3900Þ
þ [1] and Zð4430Þ� [2,3] gives signatures for

hadrons with minimal quark content c̄cd̄u. The neutral

Xð3872Þ and yet-unconfirmed Yð4140Þ with charge parity

C ¼ þ1 also appear to have significant four-quark Fock

components. Most of the observed exotic states have

JP ¼ 1þ. The JP for some has not been settled exper-

imentally and JP ¼ 1þ presents one possible option.

In this paper, we perform a lattice investigation of the

charmonium spectrum, looking for charmonium-like states

with quantumnumbers JPC ¼ 1þþ and three quark contents:

c̄cd̄u, c̄cðūuþ d̄dÞ and c̄cs̄s, where the later two channels

have I ¼ 0 and can mix with c̄c (C indicates C-parity of

neutral isospin partners for charged states).Ourmain interest

in these channels is aimed at a first-principle study of

Xð3872Þ and Yð4140Þ, which were observed in Xð3872Þ →
J=ψρ; J=ψω; DD̄� and Yð4140Þ → J=ψϕ, for example.

From the experimental side, the long known exotic

candidate Xð3872Þ [4] is confirmed to have JPC ¼ 1þþ

[5]. However, questions about its isospin remain unsettled.

If it has isospin I ¼ 1, one expects charged partners.

Observation of a nearly equal branching fraction for

Xð3872Þ→ J=ψω and Xð3872Þ → J=ψρ decays [6] and

searches for charged partner Xð3872Þ states decaying to

J=ψρ� [7] speak against a pure I ¼ 1 state. There are a few

other candidates with C ¼ þ1 that could possibly have

JPC ¼ 1þþ like Xð3940Þ [8], Zð4050Þ� [3] and Zð4250Þ�

[3]. A detailed review on these can be found in Ref. [9].

The growing evidence for the Yð4140Þ resonance in the

J=ψϕ invariant mass [10] serves as a promising signature

for exotic hadrons with hidden strangeness. Similarities in

the properties of Xð3930Þ and Yð4140Þ led to an interpre-

tation that Xð3930Þ may be a D�D̄� molecule and Yð4140Þ
is its hidden strange counterpart D�

sD
�
s molecule [11].

However, the upper limit for the production of Yð4140Þ
in γγ → J=ψϕ is observed to be much lower than theoretical

expectations for aD�
sD

�
s molecule with JPC ¼ 0þþ and 2þþ

[12]. Hence the quantum numbers of Yð4140Þ stay unsettled
and it remains open for a JPC ¼ 1þþ assignment.

From a theoretical perspective, the description of such

resonances is not settled. Several suggestions have been

made interpreting them as mesonic molecules [13], as

diquark-antidiquark structures [14], as a cusp phenomena

[15] or as a jcc̄gi hybrid meson [16]. A great deal of

theoretical studies are based on phenomenological

approaches like quark model, (unitarized) effective field

theory and QCD sum rules (see reviews [9]).

It is paramount to establish whether QCD supports the

existence of resonances with exotic character using first

principles techniques such as lattice QCD. Simulations that

considered only c̄c interpolators could not provide evidence

for Xð3872Þ. The first evidence from a lattice simulation for

Xð3872Þ with I ¼ 0 was reported in Ref. [17], where a

*
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‡
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. . . “In the physical world with Nc = 3, it is argued that
tetraquarks could exist at subleading orders [46] of large
Nc QCD. However, in the presence of the leading order
two-meson terms, one should take caution in interpreting
the nature of the levels purely based on their overlap
factors onto various four-quark interpolators.” . . .



We find that for the lighter mass, the scattering amplitude

is compatible with featuring a σ appearing as a broad

resonance, which closely resembles the experimental sit-

uation. As the quark mass is increased, we find that the σ

evolves into a stable bound state lying below the ππ

threshold.

Correlation functions and the finite-volume spectrum.—

The discrete spectrum of hadronic eigenstates of QCD in a

finite volume is extracted from two-point correlation

functions Cabðt; t
0; ~PÞ ¼ h0jOaðt; ~PÞO

†

bðt
0; ~PÞj0i, with spa-

tial momentum ~P ¼ ð2π=LÞ½nx; ny; nz�, where ni ∈ Z in an

L × L × L box. We use a large basis of interpolating fields

Oa from two classes. The first are single-meson-like

operators [13,14,17] which resemble a qq̄ construction

of definite momentum ðψ̄ΓψÞ~P, where Γ are operators

acting in spin, color, and position space [11]. Both uūþ dd̄
and ss̄ flavor constructions are included [16,23]. The

second class of operators are those resembling a pair of

pions ππ with definite relative and total momentumP
p̂1;p̂2

w
~p1;~p2;

~P
ðψ̄Γ1ψÞ~p1

ðψ̄Γ2ψÞ~p2
[18], projected into

isospin ¼ 0. Each isovector pionlike operator is con-

structed as the particular linear superposition, in a large

basis of single-meson operators, that maximally overlaps

with the pseudoscalar ground state [17,18].

We compute matrices of correlation functions

Cabðt; t
0; ~PÞ using multiple single-meson operators along

with several relative momentum constructions ~p1 þ ~p2 ¼ ~P
of the ππ-like operators. (We also include several KK̄-like

operators, of analogous construction to the ππ operators,

although they are not vital in the determination of the

spectrum below the KK̄ threshold.) This kind of operator

basis has been used successfully in the determination of

scattering amplitudes in the ππ I ¼ 1 channel [19,22] and

the coupled-channel ðπK; ηKÞ [24] and ðπη; KK̄Þ [25] cases.
After integration over the quark fields appearing in the

path-integral representation of Cabðt; t
0; ~PÞ, we find that a

variety of topologies of quark propagation diagrams appear,

shown schematically in Fig. 1. Correlators with ππ-like

operators at t and t0, for instance, require both connected

pieces ðaÞ; ðbÞ and partially (c) and completely (d)

disconnected pieces which feature quark propagation

from a time t to the same time t. Computation of these

propagation objects has historically been a major challenge

for lattice QCD. Within the distillation approach we utilize,

determining these objects becomes manageable, and by

obtaining them for all time slices t, good signals can be

garnered by averaging correlation functions for fixed time

separations over the whole temporal extent of the lattice.

The factorization of operator construction, inherent in

distillation, allows for the reuse of these propagation

objects, and those used here have been previously com-

puted and used in other projects that featured quark

annihilation [19,22–27].

In Fig. 2, we show the contributions of the various

diagrams to an example correlation function having an

operator π½000�π½110� at both t0 ¼ 0 and t, where we observe

that all diagrams are evaluated with good statistical

precision. In general, delicate cancellations between differ-

ent contributing diagrams can be present in isoscalar

correlation functions, and our approach is seen to be

capable of accurately capturing these.

We computed correlation matrices for total momentum

~P ¼ ½000�, [100], [110], [111], and [200], extracting multi-

ple states in the spectrum of each using variational analysis

of the type described in Ref. [14]. Details of the dynamical

lattices, which include degenerate light u, d quarks and a

heavier s quark, and which have spatial lattice spacing

as ∼ 0.12 fm, can be found in Refs. [21,22]. For the

391 MeV pion case, we computed with three lattice

volumes, 163, 203, and 243, while for the 236 MeV pion

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 1. Schematic quark propagation diagrams which contrib-

ute to the isoscalar correlation functions required in this Letter.
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FIG. 2. Contributions of various diagrams [falling into the

categories (a)–(d) presented in Fig. 1—two different variants each

of (a) and (c) appear] to the correlation function having an

operator π½000�π½110� at both t0 ¼ 0 and t. The time dependence is

weighted by eE0t with E0 the energy of the lightest state with

~P ¼ ½110�. The complete correlation function, which corresponds

to the sum of the pieces shown, is shown by the black squares.

Computation on a 323 × 256 lattice with mπ ¼ 236 MeV.
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IV. Conclusions

• In recent years lattice approaches have made enormous progress
in describing mesonic ground-state resonances and even a few
excitations.

• In view of the persisting controversies about the nature of several
enigmatic mesonic enhancements observed in experiment, this is
of vital importance to work as a filter on the avalanche of exper-
imental and model claims about the alleged discovery of exotic
states.

• Of particular significance is the lattice observation that a very
narrow meson may owe its tiny width to a large negative mass shift
due to coupled-channel unitarisation, pushing the state’s mass
below its lowest strong decay threshold.

• This confirms our old as well as recent model results indicating
that the argument of a meson’s small width as a justification to
ignore coupled-channel effects is fallacious.




