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[Yang-Mills gauge theories] and QCD:

Fundamental degrees of freedom are 
unphysical: not part of the spectrum;

Physical spectrum of bound states 
dynamically generated at low energies.

➠ What is the mechanism?? 

➠ What happens to quarks and gluons in the IR?? 

➠ How does confinement affect low-energy QCD 
models (effective actions) written in terms of quarks? 
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férm
ions vestidos pelo

cam
po

m
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linhas sólidas são

férm
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dedoisloops.Nestaaproximação,opotencialtermodinâmicopodeserseparado
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gluônica.

A
fim

de
investigar

o
papel das interações

de
cor, nosso

cálculo
irá
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até
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Motivation: the confinement problem

3

[Yang-Mills gauge theories] and QCD:

Fundamental degrees of freedom are 
unphysical: not part of the spectrum;

Physical spectrum of bound states 
dynamically generated at low energies.

➠ What is the mechanism?? 

➠ What happens to quarks and gluons in the IR?? 

➠ How does confinement affect low-energy QCD 
models (effective actions) written in terms of quarks? 

           

?

LE
YM =

1

4
F a
µ�F

a
µ� +�f [�µDµ +mf ]�f[     ]

[  ] [    ]
[Glueballs,] baryons and mesons [Gluons] and quarks

?
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glúons e
linhas tracejadas representam

ghosts, que
cancelarão

os graus de
liberdade

expúrios
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âm

ico
p
od

e
ser

sep
arad

o
em

u
m
a
p
arte

ferm
iôn
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Quantizing Yang-Mills theories beyond Pert. Theory?

4

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

The Gribov problem

In the Landau gauge, for instance, the theory assumes the form
⇤

DADc̄DcDb e�SY M+Sgf

Sgf = ba⇤µA
a
µ � c̄aMabcb , Mab = �⇤µ

�
�ab⇤µ + gfabcAc

µ

⇥

Gribov copies ⇥ zero eigenvalues of the Faddeev-Popov operator Mab.

Copies cannot be reached by small fluctuations around A = 0
(perturbative vacuum) ⇥ pertubation theory works.

Once large enough gauge field amplitudes have to be considered
(non-perturbative domain) the copies will show up enforcing the
effective breakdown of the Faddeev-Popov procedure.

V. N. Gribov, Nucl. Phys. B 139, 1 (1978).
Marcelo Santos Guimarães (DFT-IF/UERJ) 6 / 38

[Gribov (1978)]

The Gribov problem:
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Quantizing Yang-Mills theories: the Gribov approach

• Gribov proposed a way to eliminate (infinitesimal) Gribov copies from the integration 
measure over gauge fields: the restriction to the (first) Gribov region Ω

5

� =
�
Aa

µ ; �Aa = 0,Mab > 0
 

Z
[DA]�(⇥A) det(M)e�SYM

Z

⌦
[DA]�(⇥A) det(M)e�SYM
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(Faddeev-Popov operator)
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�ab⇥µ + fabcAc

µ

�
= �⇥µD

a
µ

SYM =
1

4

Z

x

F 2



Letícia F. Palhares (9th Excited QCD @ Sintra, May/2017)

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

A confining action

The no-pole condition can be implemented as a gap equation for the
vacuum energy obtained from an action functional

Z = e�V E(�) =

�
DA ⇥(⌅A) detM e�(SY M+�4H(A)��4V D(N2�1))

so that

⌅E(�)
⌅�

= 0 ⇥ ⌃H(A)⌥1PI = V D(N2 � 1) ,

Marcelo Santos Guimarães (DFT-IF/UERJ) 11 / 38

The Gribov-Zwanziger action

• The restriction can be implemented as a gap equation for the vacuum 
energy obtained as:

6

=: +�4H

[Zwanziger (1989,…)]
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Gap equation:

Letícia F. Palhares (XIII Hadron Physics @ Angra dos Reis, March/2015)

The Gribov approach to all orders

• The no-pole condition can be computed to all orders for an external A field:

9

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

The exact Gribov’s no-pole condition

The connected two-point ghost function is the inverse of the
Faddeev-Popov operator

Gab(k;A) = ⇥k|
�
Mab

⇥�1 |k⇤

A way to implement the restriction to the region � is to require that
Gab(k;A) has no poles at finite nonvanishing values of k2, so that it
stays always positive.

The color trace of the ghost propagator is parametrized as

⇥G(k;A)⇤ = 1

k2
(1 + ⇥⇥(k;A)⇤) = 1

k2

⇤
1

1� ⇥⇥(k;A)⇤1PI

⌅
.

The expectation values are taken with respective to an appropriate
action for the gauge fields.

M. A. L. Capri, D. Dudal, M. S. Guimaraes, L. F. Palhares and S. P. Sorella, Phys. Lett. B 719, 448
(2013).

Marcelo Santos Guimarães (DFT-IF/UERJ) 9 / 38

where σ is a monotonically decreasing function of the momentum k, so that the absence of 
poles to all orders is guaranteed by:  

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

The exact Gribov’s no-pole condition

The quantity ⇥(k;A) turns out to be a decreasing function of the
momentum k. Thus, the no-pole condition becomes

⇥⇥(0;A)⇤1PI = 1 .

⇥(0, A) can be exactly evaluated as

⇥(0, A) = � g2

V D(N2 � 1)

⇤
dDp

(2�)D

⇤
dDq

(2�)D
Aab

µ (�p)
�
M�1

⇥bc
pq

Aca
µ (q) .

=
H(A)

V D(N2 � 1)

and the no-pole condition can also be written as

⇥H(A)⇤1PI = V D(N2 � 1)

H(A) is known as the Horizon function

M. A. L. Capri, D. Dudal, M. S. Guimaraes, L. F. Palhares and S. P. Sorella, Phys. Lett. B 719, 448
(2013).

Marcelo Santos Guimarães (DFT-IF/UERJ) 10 / 38
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or

(Horizon Function)

H(A) =

Z

p

Z

q
Aa

µ(�p)
�
Mab

��1
Ab

µ(q)

(No-pole condition)

[Capri,Dudal,Guimaraes,LFP,Sorella, PLB(2013)]

[Zwanziger (1989,…)]
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Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

A confining action

The no-pole condition can be implemented as a gap equation for the
vacuum energy obtained from an action functional

Z = e�V E(�) =

�
DA ⇥(⌅A) detM e�(SY M+�4H(A)��4V D(N2�1))

so that

⌅E(�)
⌅�

= 0 ⇥ ⌃H(A)⌥1PI = V D(N2 � 1) ,
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The Gribov-Zwanziger action

• The restriction can be implemented as a gap equation for the vacuum 
energy obtained as:

6

• Using auxiliary fields, this can be cast in a local form:   Z =

Z
[D�] �(⇥A) detM e�SGZ

=: +�4H
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Gap equation:

Letícia F. Palhares (XIII Hadron Physics @ Angra dos Reis, March/2015)

The Gribov approach to all orders

• The no-pole condition can be computed to all orders for an external A field:

9

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

The exact Gribov’s no-pole condition

The connected two-point ghost function is the inverse of the
Faddeev-Popov operator

Gab(k;A) = ⇥k|
�
Mab

⇥�1 |k⇤

A way to implement the restriction to the region � is to require that
Gab(k;A) has no poles at finite nonvanishing values of k2, so that it
stays always positive.

The color trace of the ghost propagator is parametrized as

⇥G(k;A)⇤ = 1

k2
(1 + ⇥⇥(k;A)⇤) = 1

k2

⇤
1

1� ⇥⇥(k;A)⇤1PI

⌅
.

The expectation values are taken with respective to an appropriate
action for the gauge fields.

M. A. L. Capri, D. Dudal, M. S. Guimaraes, L. F. Palhares and S. P. Sorella, Phys. Lett. B 719, 448
(2013).
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where σ is a monotonically decreasing function of the momentum k, so that the absence of 
poles to all orders is guaranteed by:  

Summary
Introduction
Applications

Perturbative quantization
Non-perturbative domain

The exact Gribov’s no-pole condition

The quantity ⇥(k;A) turns out to be a decreasing function of the
momentum k. Thus, the no-pole condition becomes

⇥⇥(0;A)⇤1PI = 1 .

⇥(0, A) can be exactly evaluated as

⇥(0, A) = � g2

V D(N2 � 1)

⇤
dDp

(2�)D

⇤
dDq

(2�)D
Aab

µ (�p)
�
M�1

⇥bc
pq

Aca
µ (q) .

=
H(A)

V D(N2 � 1)

and the no-pole condition can also be written as

⇥H(A)⇤1PI = V D(N2 � 1)

H(A) is known as the Horizon function

M. A. L. Capri, D. Dudal, M. S. Guimaraes, L. F. Palhares and S. P. Sorella, Phys. Lett. B 719, 448
(2013).
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(No-pole condition)
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[Zwanziger (1989,…)]
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The Refined Gribov-Zwanziger action

• The GZ theory is unstable against the formation of certain dimension 2 
condensates, giving rise to a refinement of the effective IR action:

7

SGZ = SYM + �4H

SRGZ = SYM + �4H +
m2

2
AA�M2 (⇤⇤� ⇥⇥)

SYM Gribov 
restriction(UV

→IR)

Dynamical generation of dim.2 condensates

[Dudal et al (2008)]
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The Refined Gribov-Zwanziger action

• The GZ theory is unstable against the formation of certain dimension 2 
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7

SGZ = SYM + �4H

SRGZ = SYM + �4H +
m2

2
AA�M2 (⇤⇤� ⇥⇥)

SYM Gribov 
restriction(UV

→IR)

Dynamical generation of dim.2 condensates
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Perturbative quantization
Non-perturbative domain
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Gap equation for 
the Gribov param.:

The parameters M and m are obtained via minimization of an effective potential for:

hA2i 6= 0h''� !!i 6= 0

(�,M,m) / e
� 1

g2• Non-perturbative effects included:

[Dudal et al (2008)]



Letícia F. Palhares (XVIII Escola Jorge André Swieca de Física Nuclear Teórica @ Maresias, Feb/2017)

A checklist for RGZ 

8

✓   (can be cast in a) local and renormalizable action 

✓   reduces to QCD (pure gauge) at high energies  

✓  consistent with gluon ‘confinement’: confining propagator (no physical 
propagation; violation of reflection positivity)  

✓  consistent with lattice IR results ? 
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8

✓   (can be cast in a) local and renormalizable action 

✓   reduces to QCD (pure gauge) at high energies  

✓  consistent with gluon ‘confinement’: confining propagator (no physical 
propagation; violation of reflection positivity)  

✓  consistent with lattice IR results ? 
 
 
 
 
 
 

 0.1

 1

 0  0.5  1  1.5  2  2.5  3  3.5  4

D
(p

2
)

p

From A. Cucchieri et al., PRD 85 (2012) 094513 

Gluon 
propagator

GeV

[Cucchieri et al, PRD(2012)] hAa
µA

b
�ip = �ab

✓
�µ� � pµp�

p2

◆
D(p2)

Dfit(p
2) = C

p2 + s

p4 + u2 p2 + t2

DRGZ(p
2) =

p2 +M2

p4 + (M2 +m2)p2 + 2g2N�4

C = 0.56(0.01) , u = 0.53(0.04)GeV ,

t = 0.62(0.01)GeV2 , u = 2.6(0.2)GeV2

✓  consistent with lattice IR results 

m2
± = (0.352± 0.522i)GeV2poles:

Gluon 
Propagator



Letícia F. Palhares (XVIII Escola Jorge André Swieca de Física Nuclear Teórica @ Maresias, Feb/2017)

A checklist for RGZ 

9

✓   (can be cast in a) local and renormalizable action 

✓   reduces to QCD (pure gauge) at high energies  

✓  consistent with gluon ‘confinement’: confining propagator (no physical 
propagation; violation of reflection positivity)  

✓  consistent with lattice IR results (propagators) 

✓  physical spectrum of bound states ??

Glueball masses are obtained by computing two-point correlation functions of composite 
operators with the appropriate quantum numbers and casting them in the form of a Källén-
Lehmann spectral representation.

Summary
Introduction
Applications

BRST breaking and matter confinement
Physical spectrum
Gribov and Susy
Phases of gauge theories

Glueballs

Comparison of our results with other methods
JPC confining gluon propagator
0++ 2.27
2++ 2.34
0�+ 2.51
2�+ 2.64

JPC Lattice Flux tube model Hamiltonian QCD ADS/CFT
0++ 1.71 1.68 1.98 1.21
2++ 2.39 2.69 2.42 2.18
0�+ 2.56 2.57 2.22 3.05
2�+ 3.04 – – –

D. Dudal, M. S. Guimaraes and S. P. Sorella, Phys. Lett. B 732, 247 (2014) [arXiv:1310.2016 [hep-ph]].

D. Dudal, M. S. Guimaraes, S. P. Sorella, Phys. Rev. Lett. 106, 062003 (2011).
-Lattice: (1) Y. Chen et al. PRD 73, 014516 (2006)
-Flux tube model: M. Iwasaki et al. PRD 68, 074007 (2003).
-Hamiltonian QCD: A. P. Szczepaniak and E. S. Swanson, PLB 577, 61 (2003).
-AdS/CFT: K. Ghoroku, K. Kubo, T. Taminato and F. Toyoda, arXiv:1111.7032.

-More information in the review: V. Mathieu, N. Kochelev, V. Vento, Int. J. Mod. Phys. E18, 1-49 (2009).
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[Dudal,Guimaraes,Sorella, PRL(2011), PLB(2014)]

RGZ: Correct hierarchy of masses

-AdS/CFT: H. Boschi-Filho, N. R. F. Braga JHEP 0305, 009 (2003)



Letícia F. Palhares (9th Excited QCD @ Sintra, May/2017)

A checklist for RGZ 

10

✓   (can be cast in a) local and renormalizable action 

✓   reduces to QCD (pure gauge) at high energies  

✓  consistent with gluon ‘confinement’: confining propagator (no physical 
propagation; violation of reflection positivity)  

✓  consistent with lattice IR results (propagators) 

✓  physical spectrum of bound states? Glueballs w/ masses compatible w/ lattice 

✓ thermodynamics and phase structure:

[Reinosa, Serreau, Tissier, Wschebor, PRD93 (2016) 105002, PRD92 (2015) 
025021 [heavy quarks], PRD91 (2015) 045035] 

[Canfora et al EPJC75 (2015) 326]

Related studies: Curci-Ferrari/Landau-DeWitt massive gauges

A Polyakov-loop potential is computed and a phase transition of the 
right order is obtained for SU(2)C!

[Cucchieri et al, PRD(2012)]

[Dudal,Guimaraes,Sorella, PRL(2011), PLB(2014)]

✓exact BRST invariance, with a modified BRST symmetry. 
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Extension to the matter sector: COLOR confinement

PROPOSAL / ANSATZ:  Faddeev-Popov operator as a carrier of color confinement.

• How can this be extended to the confined matter sector?

A general gauge-matter IR action reads: SIR = SYM +
X

F

MFHF

Summary
Introduction
Applications

BRST breaking and matter confinement
Physical spectrum
Gribov and Susy
Phases of gauge theories

Confinement and BRST breaking

We thus consider the addition of the following terms in a general
gauge-matter lagrangian

H(F ) = �g2
⇤

dDp

(2�)D

⇤
dDq

(2�)D
�
T b

⇥ij
F j(�p)

�
M�1

⇥bc
pq

(T c)ik F k(q) .

where F j stands for a fundamental confined field = {Aa
µ,⇥

a,⇤i}

Note that this defines a kind of universal coupling of the confined fields
to the Faddeev-Popov operator. This is well defined, since the Horizon
function puts the system inside the Gribov region.

M. A. L. Capri, M. S. Guimaraes, I. F. Justo, L. F. Palhares and S. P. Sorella, arXiv:1408.3597 [hep-th].
Marcelo Santos Guimarães (DFT-IF/UERJ) 19 / 38

HF

➡ Can be localized, resulting in a renormalizable action that reduces to QCD (quark case) 
in the UV. 

➡ Tree-level propagator which fits lattice data and violates positivity

➡ Can be applied to SUSY theories, like N=1 SYM.

➡ Can be used to estimate meson masses [Dudal, Guimaraes, LFP, Sorella, Annals Phys. (2016)]

[Capri et al, EPJC (2014)]
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Propagators for confined matter

Quark case:

Summary
Introduction
Applications

BRST breaking and matter confinement
Physical spectrum
Gribov and Susy
Phases of gauge theories

Confinement and BRST breaking

The matter sector of the resulting action is similar to the RGZ action for
the gluons, and the propagators are modified accordingly

scalar propagator in the adjoint

h⇧a(k)⇧b(�k)i = ⇥ab
k2 + µ2

⇥

k4 + (µ2
⇥ +m2

⇥)k
2 + 2Ng2⌅4 + µ2

⇥m
2
⇥

.

where m⇥ is the scalar mass and µ⇥ is the mass parameter associated to
the dimension 2 condensate.
Fermions in the fundamental

h⌃i(k)⌃̄j(�k)i = ⇥ij
�ikµ�µ +A(k2)
k2 +A2(k2)

,

where

A(k2) = m⇤ +
g2⌅3CF

k2 + µ2
⇤

,

where m⇤ is the fermion mass and µ⇤ is the condensate mass parameter.

Marcelo Santos Guimarães (DFT-IF/UERJ) 21 / 38

➡With fit values, the propagator displays:  
 one real pole and two complex-conjugated ones

Quark mass function A(q2) in a lattice simulation
From Bowman et al. PRD 73, 054504 (2006) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
p  [GeV]

0

0.1

0.2

0.3

0.4

M
(p

²)
  
[G

eV
²]

Lattice size= 283 x 96                 Lattice spacing a=0.1 Fermi    
     mu = md = 14 MeV 

Landau-gauge lattice data from 
[Parapilly et al (2006)]]  

Fit by O. Oliveira (2012)

5

IV. ANALYSIS OF M(q) AND Zψ(q2)

In perturbative QCD (pQCD), dynamical mass of a
quark is expressed as[2, 15, 16]

M(q) = −
4π2dM ⟨q̄q⟩µ[log(q2/Λ2

QCD)]dM−1

3q2[log(µ2/Λ2
QCD)]dM

+
m(µ2)[log(µ2/Λ2

QCD)]dM

[log(q2/Λ2
QCD)]dM

, (32)

where dM =
12

33 − 2Nf
. The second term is the contri-

bution of the massive quark.
In this analysis of the lattice data, the quark con-

densates −⟨q̄q(µ)⟩ and ΛQCD are the fitting parameters.
In the MILCf lattice, the bare masses are 0.0062/a =
13.6MeV and 0.0124/a = 27.2MeV for the u − d quarks
and 0.031/a = 68.0MeV for the s−quark. In the MILCc

lattice, the corresponfing masses are 0.007/a = 11.5MeV
and 0.040/a = 65.7MeV for the u − d quarks and
0.050/a = 82.2MeV for the s−quark.

The mass function eq.(32) is based on pQCD and can-
not fit the data below 2GeV and we try the phenomeno-
logical fit[3, 17]

M(q) =
cΛ3

q2 + Λ2
+ m0 (33)

where m0 is the bare quark mass. Parameters of c and
Λ are summarized in TABLE II. The fitting of the mass
function of MILCc and that of MILCf are shown in Figs.5
and 6, respectively.

1 2 3 4 5
q!GeV"

0.1

0.2

0.3

0.4

0.5

M!
q"

FIG. 5: The dynamical mass of the MILCc quark
(Staple+Naik) with bear mass m0 = 11.5MeV(stars),
65.7MeV(diamonds) and 82.2MeV(triangles) and the phe-
nomenological fits. (Color online)

We observe that as the bare quark mass becomes
heavy, c becomes smaller but the product cΛ becomes
larger. Although the MILCc configurations of bare mass
m0 = 82.2MeV, with diffeernt β agree within errors, the
MILCf configurations of bare mass m0 = 68MeV show
dependence on β. The mass function of β = 7.09 is
smaller than that of β = 7.11. In the case of β = 7.11,

1 2 3 4 5
q!GeV"

0.1

0.2

0.3

0.4

0.5

M!
q"

FIG. 6: Same as FIG. 5 but MILCf quark mith bear
mass m0 = 13.6MeV(stars), 27.2MeV(diamonds) and
68.0MeV(triangles) and the phenomenological fits.(Color on-
line)

TABLE II: The parameters c and Λ.

βimp m0(MeV) c Λ(GeV) cΛ(GeV)

6.76 11.5 0.44(1) 0.87(2) 0.383

82.2 0.30(1) 1.45(2) 0.431

6.83 65.7 0.33(1) 1.28(2) 0.420

82.2 0.30(1) 1.45(2) 0.431

7.09 13.6 0.45(1) 0.82(2) 0.368

68.0 0.30(1) 1.27(4) 0.381

7.11 27.2 0.43(1) 0.89(2) 0.383

68.0 0.32(1) 1.23(2) 0.397

the chiral limit M(0) is consistent with that of MILCc

and we find M(0)=0.37(1)GeV. However, in the case of
β = 7.09, m0 = 13.6MeV, the lowest three momentum
points of M(q) are systematically smaller than the other
points. The slope of the β = 7.09 and that of 7.11 are
almost the same. A preliminary analysis of cΛ using the
Asqtad action suggests that the data of β = 7.09 and
MILCc obtained by the Staple+Naik are underestima-
tion, and the discrepancy between MILCc and MILCf

of about 0.02GeV remain. We expect that the M(0) in
the continuum limit would be about 0.38GeV, consistent
with the value obtained by meromorphic parametriza-
tion of lattice data[18]. In an DSE approach[19], devia-
tion of the mass function M(0) from a linear function of
m(ζ = 19GeV) where ζ defines the scale of the system
is claimed. Although m(ζ = 19GeV) is not identical to
m0, M(0) − m(ζ = 19GeV) of the DSE increases near
the chiral limit in contrast to our naive fitting shown
in FIG.7, which implies that the chiral symmetry effect
monotonically decreases as the bare mass increases.

We show the lattice results of Z2(q) of MILCf and
MILCc in Figs. 8 and 9, respectively.

The apparent difference in the formulae of [7] and our
work are only in the expression and in fact they are equiv-
alent. The Z2(q) agree with each other.

µf = 82.2MeV (strange)

(up, down; 
degenerate)

µf = 11.5MeV

[Furui et al PRD73,074503(2006)] 
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Thermodynamics of confined quarks

The simplest setup to test for consequences of this approach of quark confinement:  
interactions enter only through the non-perturbative background/propagator

The partition function

X After a long but straightforward calculation, 

𝑍 𝑇, 𝜇 =  𝐷𝜓 𝐷  𝜓 exp −𝑆𝑒𝑓𝑓(𝜓,  𝜓)

where

𝑆𝑒𝑓𝑓 𝜓,  𝜓 =  
0

𝛽
𝑑4𝑥  𝜓 𝑖𝛾4(𝜕4−𝜇) − 𝑖  𝛾 ⋅ 𝛻 −

𝑀3
− 𝜕4 − 𝜇 2 −  𝜕2 + 𝑚2

𝜓

X NB: The nonlocal term can be interpreted as a momentum-
dependent mass with 𝜕4 → 𝜕4 − 𝜇. (As usual in FTFT.)

16

LIRq =  ̄
⇥
i/@ �M(@2)

⇤
 M(@2) = m0 +

M3

�@2 +m2

• Systematic improvements are possible:  
e.g. perturbative expansion in powers of g around the nontrivial vacuum!

• In the UV:  reduces to free quarks

• In the IR: positivity violation/ absence from spectrum

• Good description of Landau-gauge lattice quark mass function 

• Even though non-perturbative, it is a quadratic model:  
Exact partition function, extracted from determinant of nonlocal operator:



Letícia F. Palhares (9th Excited QCD @ Sintra, May/2017)

Thermodynamics of hot confined quarks (Nf = 2)

• Thermodynamic quantities are non-trivial as well as stable for all temperatures.   
Qualitative behavior is compatible with lattice data for a thermal crossover.

- Pressure:
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• Non-monotonic behavior

• Peak around T~150 MeV

- Trace Anomaly (“interaction measure”):

Trace anomaly and sound velocity 27

Parameter set:
𝑀3 = 0.196 𝐺𝑒𝑉3
𝑚2 = 0.639 𝐺𝑒𝑉2
𝑚0 = 0.014 𝐺𝑒𝑉

(From: lattice quark 
Propagator fits at T = 0)

[Guimaraes,Mintz,LFP, PRD92 (2015) 085029]
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Bag-constant behaviour for hot confined quarks 

• A bag model fit for intermediate temperatures above the peak ( T = [300,800] MeV ) 
reveals an effective negative pressure (bag constant) naturally present in the model:
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Intermediate-T fit
�fit(T ) = a+

b

T 2
+

4B

T 4

B = (141 MeV)4

a = �0.069

b = 0.062 GeV2

Another indication of built-in confinement?

Trace anomaly and sound velocity 27

Parameter set:
𝑀3 = 0.196 𝐺𝑒𝑉3
𝑚2 = 0.639 𝐺𝑒𝑉2
𝑚0 = 0.014 𝐺𝑒𝑉

(From: lattice quark 
Propagator fits at T = 0)
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Cold and dense thermodynamics
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• gluons suppressed: better approximation, 
   but no comparison with lattice available (Sign problem)

• dynamically-generated threshold mass?

• Silver Blaze problem: ok!

• No phase transition in this approximation  
(T- and μ-independent parameters)

- Pressure @ T = 0:
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- Pressure for nonzero T: thermal excitation

• smoothening of the transition

• shift of inflection point to lower µ’s.

Trace anomaly and sound velocity 27

Parameter set:
𝑀3 = 0.196 𝐺𝑒𝑉3
𝑚2 = 0.639 𝐺𝑒𝑉2
𝑚0 = 0.014 𝐺𝑒𝑉

(From: lattice quark 
Propagator fits at T = 0)

heavier world![Guimaraes,Mintz,LFP, PRD92 (2015) 085029]
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Introducing an Abelian background field

• Minimal coupling prescription:

• In the case of the nonlocal propagator, the preservation of U(1) symmetry requires that 
all derivatives become covariant ones (this can be formally checked in the local setup!):

@µ 7! Dµ = @µ � iqfAµ

LIRq(B) =  ̄↵
i


i(/D)↵�ij � �ij�

↵�

✓
M3

�D2 +m2
+m0

◆�
 �
j

• As in the thermal case, the determinant of the nonlocal operator may be decomposed 
in determinants of the standard form:  
 
 
whose eigenvalues are the usual Landau levels:

�(K) = !2
n + p2z +K + |qf |B(2l + 1), l 2 Z+

det(�D2 +K)

[Mintz,LFP, in prep.]

Aµ = (0,�By/2, Bx/2, 0)
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Results for hot confined quarks in a magnetic background

• larger confinement effects for lower temperature: may affect critical region

• expect larger corrections for light quarks:  
for large current masses, propagator becomes closer to a constant  
(~ usual ‘constituent’ quark)
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Trace anomaly and sound velocity 27

Parameter set:
𝑀3 = 0.196 𝐺𝑒𝑉3
𝑚2 = 0.639 𝐺𝑒𝑉2
𝑚0 = 0.014 𝐺𝑒𝑉

(From: lattice quark 
Propagator fits at T = 0)

heavier world!

- Thermal Pressure @ different B’s (Nf = 2):
[Mintz,LFP, in prep.]
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Results for hot confined quarks in a magnetic background

• DISCLAIMERS: Nf = 2,  
      heavier quarks,  
      no gluons!
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Trace anomaly and sound velocity 27

Parameter set:
𝑀3 = 0.196 𝐺𝑒𝑉3
𝑚2 = 0.639 𝐺𝑒𝑉2
𝑚0 = 0.014 𝐺𝑒𝑉

(From: lattice quark 
Propagator fits at T = 0)

- Thermal Pressure @ different B’s:

Figure 5. Longitudinal pressure (left panel) and interaction measure in the �-scheme (right panel), normalized
by T 4 as functions of the temperature, measured on our N

t

= 6 ensemble. Both p
z,r

and I(�)

r

are nonzero at
T = 0, which shows up as a quartic divergence at T = 0.

Figure 6. Change in the EoS due to the magnetic field. Shown are the longitudinal pressure (upper left
panel), the �-scheme interaction measure (upper right panel), the magnetization (lower left panel) and the
energy density (lower right panel) as functions of the temperature for three lattice spacings and two values of
eB. The shaded areas correspond to our continuum estimates (see the text).

extrapolation5. To allow for a parameterization of our results we consider a continuum estimate as the
average of our N

t

= 8 and N
t

= 10 results. This estimate is indicated by the gray shaded bands in the
figures and is used in the following analysis. Note the positivity of M, which indicates the paramagnetic

5A well-known source of lattice artefact is the taste symmetry breaking of staggered fermions, which may lead to large
discretization effects at low temperatures. Note that not all observables are affected equally by these artefacts.
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[Mintz,LFP, in prep.]

[Bali et al (2015)] 
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Final comments

Thank you for your attention!

• The mechanism of confinement is still not understood. 

• The Gribov problem is present and should profoundly affect the IR regime of gauge-fixed 
non-Abelian gauge theories, being possibly connected with confinement.

• The RGZ framework represents a consistent scenario to study the non-perturbative IR 
physics and has provided interesting results for the gluon sector.

• We have proposed an extension of this scenario to the case of quark confinement, 
including a tree-level propagator compatible with Landau-gauge lattice data. Results for 
the thermodynamics of the model in the simplest approximation display consistent 
physical behavior for all T, mu, and B investigated. 

• Perspectives: chiral condensate (current-mass dependence or couple to mesons) and 
phase structure; Polyakov loop through background-field method; dressed vertices.

• Many caveats (very distant perspectives! :) ), of course: dynamical origin of matter 
horizon, physical operators, unitarity… Recent advances on gauge invariance!

[Capri et al., PRD94 (2016) 065009; 025035; PRD95 (2017) 045011]


