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» Multiquark interactions based on chiral symmetry (x-S for short).

» Scalar and pseudoscalar bilinears: s, = gA.q, p. = GivsAa7Y54;
U (3)-valued field: ~ = 1 (s, — ip,) Aa.

> Natural expansion parameter: A (explicit regularization parameter - the
model is non-renormalizable).

e Multiquark interactions: 4q (NJL), ,8q (relevant at 4D)
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Effective Spin 0 Model - Introduction

o Effective Model of QCD (low energy)

» Multiquark interactions based on chiral symmetry (x-S for short).

» Scalar and pseudoscalar bilinears: s, = gA.q, p. = GivsAa7Y54;
U (3)-valued field: ~ = 1 (s, — ip,) Aa.

> Natural expansion parameter: A (explicit regularization parameter - the
model is non-renormalizable).

e Multiquark interactions: 4q (NJL), ,8q (relevant at 4D)
C 1
Eint = ﬁtr <Z|Z> +
& t r &, (siyst
+ 55 [ (212 + Fer (2fexiy)

o Current quark masses m =—> Explicit symmetry breaking (ESB) —-
Introduce external source x (assumed to transform as ¥) —>
Generalize effective terms by suitable replacements ¥ — .
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Effective Spin 0 Model - ESB Terms

@ Possible source-dependent terms (by symmetry considerations):

Lo= —tr (ZTX + XTZ>
K1

L= *W(ijk(/mnzi/ XjmXkn +h.c.

f12
Lr= /\3 ka/mnzllzjm\kn +h.c.

La= A—tr (z*zz*x) the
L= ﬁtr (ZTZ> tr (ZT ) + h.c.

Ls= %tr (ZU(ZU() + h.c.
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Effective Spin 0 Model - ESB Terms

@ Possible source-dependent terms (by symmetry considerations):

= — f f g
Lo= —tr (Z X+ X Z) Lom %tr (ZTZXTX i ZZTXXT> + h.c.

~ R1
L= *7(7fjl<(/mnzil XjmXkn + h.c. . 2
Ro . L= % [tr (ZTx) + h.c.}
Lr= —= /\ ka/mnzllzjm\kn +h.c. — 2
Lg= g—i [tr (ZTx) — h.c.}
La= A—tr (z*zz*x) the A

_ &
L= patr (E1E) 1 (Ex) +he fom (Fr'x) +he
Lro=—S5tr (ZTX> tr (x*x) +he
Ls= %tf (Zhety) +he A
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Effective Spin 0 Model - ESB Terms

@ Possible source-dependent terms (by symmetry considerations):

= — f f g
Lo= —tr (Z X+ X Z) Lom %tr (ZTZXTX i ZZTXXT> + h.c.

. K1
L= *7(7fjl<(/mnzil XjmXkn + h.c. . 2
Ro . L= % [tr (ZTx) + h.c.}
Lr= —= /\ ka/mnzllzjm\kn +h.c. — 2
Lg= g—i [tr (ZTx) — h.c.}
La= A—tr (z*zz*x) the A

)
e (e o) v @7 RER) ehe

L10= —g—lzotr (ZU() tr (ﬂx) + h.c.
Ls= Ftr (ZB(ZU() + h.c. A

e Use x — m/2 to make Dirac mass term Ly = gmgq.
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Extension to Spin 1 - Motivation

@ The spin 0 model:
> is fitted to reproduce the low-lying meson spectra with great accuracy;
» gives good predictions for meson strong decays and pseudoscalar
radiative decays.
» has been applied to study the QCD phase diagram and EoS.
@ Motivations for including spin 1 states:
» Study decay processes of spin 1 mesons.
» May provide insights regarding the VMD hypothesis.
» Vector mesons have important impact in the phase diagram and the EoS.
@ Spin 0 Version: [Osipov,Hiller,Blin 2013(1), (arXiv:1206.1920 [hep-ph])];
[Osipov,Hiller,Blin 2013(2), (arXiv:1309.2497 [hep-ph])]
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Extension to Spin 1 - Motivation

@ The spin 0 model:
> is fitted to reproduce the low-lying meson spectra with great accuracy;
» gives good predictions for meson strong decays and pseudoscalar
radiative decays.
» has been applied to study the QCD phase diagram and EoS.
@ Motivations for including spin 1 states:
» Study decay processes of spin 1 mesons.
» May provide insights regarding the VMD hypothesis.
» Vector mesons have important impact in the phase diagram and the EoS.
@ Spin 0 Version: [Osipov,Hiller,Blin 2013(1), (arXiv:1206.1920 [hep-ph])];
[Osipov,Hiller,Blin 2013(2), (arXiv:1309.2497 [hep-ph])]
e Extension to Spin 1 Modes: [Morais,Hiller,Osipov 2017, (
arXiv:1702.06894 [hep-ph])]
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Extension to Spin 1 - Multiquark Terms (1)

@ Vector and axial vector bilinears: v’ = gA\,v*q, ab = gA\,7"75q;

U (3)-valued fields: R, L* = 1 (v4 £ a4) \,.
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Extension to Spin 1 - Multiquark Terms (1)

@ Vector and axial vector bilinears: vf = glavHq, ab = ghavFsq;

U (3)-valued fields: R, L* = 1 (v4 £ a4) \,.
@ Source-independent terms (vector):

El

= /\2 tr (RFR,, +L“LM)+ 2 [tr (RER, + LML)

[tr(R“R — LPL,) —|—ﬁtr(R“R”R R, + L*17L,L,)

+Ftr(R“R R'R, + LFL,L"L,)
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Extension to Spin 1 - Multiquark Terms (1)

@ Vector and axial vector bilinears: v’ = gA\,v*q, ab = gA\,7"75q;
U (3)-valued fields: R, L* = 1 (v4 £ a4) \,.
@ Source-independent terms (vector):

El

= /\2 tr (RFR,, +L“LM)+ 2 [tr (RER, + LML)

[tr(R“R — LPL,) +Ftr(R“R”R R, + LFLYL,L,)

+Ftr(R“R R'R, + LFL,L"L,)

@ Source-independent terms (scalar-vector):
"
ﬁlnt /\

Ftr [ZTZML +YYTRIR }

W tr [RAR, + LL, ) tr =] + Ftr ZTREL, |
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Extension to Spin 1 - Multiquark Terms (II)

o Source-dependent terms:

L= ﬁtr(R“R + AL, tr (ZTX + ZXT>

ch = Ftr (' REEL, + TTRAL,)

c = —tr ((ZTX + XTZ) LML, + (ZXT + XZT) RMR )
1= B e

ch = %tr (x XL, + xx'R'R, )
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Extension to Spin 1 - Multiquark Terms (II)

o Source-dependent terms:

L= %tr (RFR, + L"L,)tr (ZTX + Zx*)

= %tr (x'R*EL, + TiRAxL,)

Lh = %tr ((ZTX + XTZ) "L, + (ZXT + XZT> R“Ru>
L= %tr (XTR“XL#)

Lh = %tr (XTXL“L;L + XXTRMRH>

@ 13 new parameters, but not all will contribute to the vacuum
properties of the model.
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Extension to Spin 1 - Functional Bosonization

@ Quark degrees of freedom are integrated out (in a functional integral
formalism) in favour of mesonic ones.
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Extension to Spin 1 - Functional Bosonization

@ Quark degrees of freedom are integrated out (in a functional integral

formalism) in favour of mesonic ones.

@ We perform the shift ¢ — o + M to describe the system in the

Nambu-Goldstone phase.

e Multiquark interactions are rewritten in terms of auxiliary s,, p,, V4, ab.
@ This part of the functional integral is evaluated in a stationary phase

approximation using the asymptotic expansions
1)

st =hy+ Koy + K opoe + h2) g +

abc abc

+HY QAL A + ...

abc

pst = 0D b+ h) dpoe + HY OV, Acy + ...
vist = HY OV, + Hi Doy Ve, + HI G

abc

a* = Hiy DA, + Hiy Do Ve, + Hip O

abc

abc

abc

Jorge Morais (CFisUC) Spin 1 meson spectra and the link to spin 0

' DV Ve

)bpAcy + ...
opAcy + ...
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Extension to Spin 1 - Functional Bosonization

@ Quark degrees of freedom are integrated out (in a functional integral

formalism) in favour of mesonic ones.

@ We perform the shift ¢ — o + M to describe the system in the

Nambu-Goldstone phase.

e Multiquark interactions are rewritten in terms of auxiliary s,, p,, V4, ab.
@ This part of the functional integral is evaluated in a stationary phase

approximation using the asymptotic expansions
1)

st =hy+ Koy + K opoe + h2) g +

abc abc

+HY QAL A + ...

abc

Pt =Dy + hC) ppoe + HY OV, Acy + ...
)d)bAczx + ...
opAcy + ...

@ The remaining quark determinant is evaluated in a generalized heat

vt = Hiy OV, + Hiy Woy Ve, + IO
2 = Hiy O Ay, + Hip OV, + i)

kernel expansion approach.
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Extension to Spin 1 - Mixing

@ The quadratic part of the bosonized Lagrangian includes mixing
terms of the form

tre(i [VP, M] 9,0 — {A", M} 0,0).
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Extension to Spin 1 - Mixing
@ The quadratic part of the bosonized Lagrangian includes mixing
terms of the form
tre(i [VH, M) 0o — {A*, M} 0,.0).
@ To deal with V — ¢ and A — ¢ mixing we introduce the shifts:

Vau = Vau + kaXap,  Aap — Aau + K. Yau
Xau = 2f;3bch8,uUC7 Ya,u = 2dabch8,u¢ca
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Extension to Spin 1 - Mixing

@ The quadratic part of the bosonized Lagrangian includes mixing
terms of the form

tre(i [VH, M) 0o — {A*, M} 0,.0).
@ To deal with V — ¢ and A — ¢ mixing we introduce the shifts:

Vo = Vau + kaXap,  Aap — Ay + Ky Yapu,

Xau = 2fabch8,uUC7 Ya,u = 2dabch8,u¢ca

@ Due to 8q interactions and ESB, mass diagonalization conditions lead
to different k,s and Kis.
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Extension to Spin 1 - Mixing
@ The quadratic part of the bosonized Lagrangian includes mixing
terms of the form
tre(i [VH, M) 0o — {A*, M} 0,.0).
@ To deal with V — ¢ and A — ¢ mixing we introduce the shifts:

Vo = Vau + kaXap,  Aap — Ay + Ky Yapu,
Xau = 2fabch8,uUC7 Ya,u = 2dabch8,u¢ca
@ Due to 8q interactions and ESB, mass diagonalization conditions lead

to different k,s and Kis.
@ The shifts provide new contributions to spin 0 kinetic terms = New

(unsymmetric) field renormalizations: §a’¢ =(M;F /\/I) /H(1 2

U:—>Qala03_>9“1+§Gaa¢l_>9\/1+ ¢17¢a—>9“1+€a¢a
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Extension to Spin 1 - Vector Masses

@ Spin 1 fields are renormalized as previously

vio o aoRon
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Extension to Spin 1 - Vector Masses

@ Spin 1 fields are renormalized as previously

Vi — \/EQV; , AL — \/EQAQL

@ Vector and axial vector meson masses:

3 3
M, = M = 592"'/8) , ML =M; = 592"’8) +6M;
3

3
M. = > [HE + (M -] ME =2 [PHE + (M, + M|

M2 =30°HY) . M} =30°HZ) +6M?
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Extension to Spin 1 - Vector Masses

@ Spin 1 fields are renormalized as previously

Vi — \/EQV; , AL — \/EQAQL

@ Vector and axial vector meson masses:

3 3
M; =M = §Q2Hﬁ) , ML =M= 592"’8) +6M;

3 3
M. = [PHD + (M= M|, MR = 2 [PHD + (M, + M)’
M2 =30°HY) . M} =30°HZ) +6M?

@ In the isospin approximation (m, = my # ms) we still need to deal

with o9 — g and ¢g — ¢g (or ops — 05 and Pps — ¢s) mixing =
Introduce mixing angles 6, and 0, (or 1, and ).
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Extension to Spin 1 - Meson Masses (I1)

@ Scalar meson masses:

3
2 1 h 2
2 _ 2 u 1) 2 My, ==
M, Jﬂmn@4%>+““ “o2
2= 2yz L (b Mo = 307Hs
K 3 K* (1) M . Ms 44
h
M2 = v _opm —2p) ) 4 am?
fo 1—tan21/) |:3Huu (Mu My
+ hs _ 2hD ) + aM?
1-— cot2 Vo 3H(1 Ms s
h
2 _ u (1) 2
M"_l—cot2¢ { <Mu2h )2hud>+4Mu]
1 l\/l2 hs
— 2 ) 4+ am?
T o Hs(sl) (M Al
Spin 1 meson spectra and the link to spin 0

3 2HW

2 2
Mp:Mw:§ 11

8/5/2017

[?HE + (M — My)?
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Extension to Spin 1 - Meson Masses (I1)
3

2 a2 2,4(2) 2

o Pseudoscalar meson masses: Mz, = Mﬂ - 59 Hyy' +6M;

ve=dvt (o) M [ e
M= (w5
i = 1_;2% j,ji) (1~ 20k 242
1 - cot2 e 3H(2) < )
M2, = M'gl (h“ —2h2 2h(j}>
5 (i -

o1 — cot2 Ve 3Huu
—2h )

Jorge Morais (CFisUC) Spin 1 meson spectra and the link to spin 0 8/5/2017 12 /72
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Extension to Spin 1 - Weak Decay Constants

@ Using the PCAC hypothesis, we may compute the m and K weak decay

constants:
o M _ My
T 2 4 M2 N 8r
0+ —&F
HEY
fK = Mu + M prd Mu + Ms
(My+Ms)? 28K
2,/0%+ I
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Extension to Spin 1 - Weak Decay Constants

@ Using the PCAC hypothesis, we may compute the m and K weak decay

constants:
fo_ M. My
" 2, AMZ &n
e
M, + M _ My + Ms

fK: =

/ 2
2 Q + (Mu+l\)ﬂs) 8K
H44

@ These express the well-known Goldberger-Treiman relations.
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Model Fitting - Analytic Results (1)

o Parameters wy, wig and wyp appear in coefficients H1:2) in the same
form, but with opposite signs.
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Model Fitting - Analytic Results (1)

o Parameters wy, wig and wyp appear in coefficients H1:2) in the same
form, but with opposite signs.

@ This leads to the relations:

1 1
h? +2 h 2=30°-—— - — =
wr hy, + 2wiomyhy, + wiomy, 0 M§1 —6/\//3 MS

1 1
h? + 2 h 2 _ 32— _
wy ng + 2wioMmsns + Wiomg 0 M%l — 6/\/]52 Mfa
wrhyhs + wig (myhs + mshy) + wiamyms

_ 392 1 . 1
M2 =3 (My+ Ms)> M2, — 3 (M, — M,)?
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Model Fitting - Analytic Results (1)

o Parameters wy, wig and wyp appear in coefficients H1:2) in the same
form, but with opposite signs.

@ This leads to the relations:

1 1
2 2 _ a2
wrh, + 2wiomyhy + wiamj, = 3p <M§1—6M§ - g>
wrh? + 2wiomgshs + wiam? = 30 L
: e ° MZ —6M2 M2

wrh,hs + wig (muhs + mshu) + wiomyms

_ 392 1 . 1
M2 =3 (My+ Ms)> M2, — 3 (M, — M,)?

@ These three parameters are tightly constrained by the spin 1 spectra
= Crucial for vector - axial vector mass differences.
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Model Fitting - Analytic Results (I1)

@ The model predicts a relation between M, and M; depending solely on
the spin-1 meson masses:

2 2
+ =
Mz — (M, — M ME, — 3 (M, + M.
1 . 1 . 1 . 1
M2 T M2 T M2 —6M2 T M2 — 6M2
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Model Fitting - Analytic Results (I1)

@ The model predicts a relation between M, and M; depending solely on
the spin-1 meson masses:

2 2
+ =
Mz — (M, — M ME, — 3 (M, + M.
1 1 1 1

5+t s+ + :
M2 T MZ M2 —6M2 T M2 — 6M2

o We may also write

M2 __ 6M; 2 _ 3 (My + M)
31_M3_92fﬂ?’ Kl_(/\/lu+/\/ls)2—492f}%’

Jorge Morais (CFisUC) Spin 1 meson spectra and the link to spin 0 8/5/2017 15 / 72



Model Fitting - Analytic Results (I1)

@ The model predicts a relation between M, and M; depending solely on
the spin-1 meson masses:

2 2
+ =
Mz — (M, — M ME, — 3 (M, + M.
1 1 1 1

5+t s+ + :
M2 T MZ M2 —6M2 T M2 — 6M2

o We may also write

M2 __ 6M; 2 _ 3 (My + M)
31_M3_92fﬂ?’ Kl_(/\/lu+/\/ls)2—492f}%’

@ These relations completely determine M,,, Ms and A.
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Model Fitting - Results

o Empirical Input:
M. Mg M, My M, M, M, Mg M, Mg
138 496 548 958 500 850 980 980 778 893

M<P Mal MK1 Mfl my ms f7r fK ¢9¢
1019 1270 1274 1426 4 100 92 111 -15°

16 / 72
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Model Fitting - Results

o Empirical Input:

M. Mg M, My, M, M, My

My,

M, M-

138 496 548 958 500 850 980 980 778 893
M<p Mal /WK1 /\/I,r1 my ms f7r fK 9¢

1019 1270 1274 1426 4 100 92 111 -15°

@ Results of the Fit: (boldface = externally fixed)

G K 81 82 K2 8 & 85

254 -266 153 -352 0.143 -148 36.1 -21.9 -115
&7 g3 05 A M, Ms  wy  wg

-32.6 -21.8 25.1° 1633 244 508 -10 0 -1903

wg Wo W10 w11 w12 W13

2505 0 -2540 1425 -1523 0

Jorge Morais (CFisUC) Spin 1 meson spectra and the link to spin 0
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Model Fitting - Naturalness

@ In order to remove the several scales present within the model, we
consider the general form of each term in the Lagrangian as

e-c ) (8) () oo
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Model Fitting - Naturalness

@ In order to remove the several scales present within the model, we
consider the general form of each term in the Lagrangian as

_—WAqBMC(?DXEzz
e=2(5)" (7z) (3) (%) Ga) s
@ This gives a scale factor for each coupling:

FA+B—2\5+C+D-2
¢ = Sc, S= VC=E
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Model Fitting - Naturalness

@ In order to remove the several scales present within the model,

consider the general form of each term in the Lagrangian as

e-c () (59" (8) (3 o'

@ This gives a scale factor for each coupling:

FA+B—2\5+C+D-2
¢ = Sc, S=

we

MC—E
@ Results in natural units:
c G K g & kK2 & 84 85
S PN AT A N PAT T FIAT T fIAT T 282
M2 M3 M MA M M2 M2

c 1.0 -01 005 -0.1 0.01 -13 0.3 -0.5
86 87 88 wi wy wg w10 w11 w12
F2N2 F27A2 F2)2 £2 1‘;/,/;4 f;/,/é4 FAN2  FAN2 F2)\2
26 -07v -05 -01 -01 01 -05 0.3 -0.8
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Closing Remarks

@ The spin 1 extended model may be fitted to reproduce the 4 low-lying
meson spectra.
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Closing Remarks

©

The spin 1 extended model may be fitted to reproduce the 4 low-lying
meson spectra.

©

The parameters are severely constrained by symmetry requirements.

o V — o and A — ¢ mixing result in subtle relations between spin 1 and
spin 0 masses.

Parameters wa-ws are expected to contribute at finite T or p.

[

Parameter sets which are degenerate for the vacuum vyield different
results when going over to finite T or p.
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Basics of NJL Model

o NJL Lagangian:

= < N2 <. N2
L = iy O+ 6 [(5)” + (Bins7v)’]
@ Built in analogy with BCS theory of superconductivity (model for
nucleons based on SBXS).

o Self-consistent mean field approach = Mass gap equation
(dynamically generated mass M).

M = 8iGN.N¢M lim / d'p LI
=0 (2m)* p? — M2 +ie"

o Admits solutions with M # 0 for some values of G = DB of
x-symmetry = Finite condensate <1/)1/1> £ 0.

@ May include small quark current mass term —im1) that explicitly breaks
the y-symmetry.
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3 Flavour NJL Model

@ Three flavours = Axial anomaly = 't Hooft term (/. suppresed):

Ly = k[det gPrq + det gP,q]

@ Functional Integral Formalism:

e Functional Bosonization with SPA and HKE — Effective Potential
VY = Generally unbounded from below = Unstable (or at most
metastable) vacuum.

e Eight quark terms stabilize the vacuum (same order in N, counting as
the 't Hooft term).
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Effective Model - Philosophy

o Effective multi-quark vertices stem from the frozen (integrated out)
gluon degrees of freedom = Must respect all QCD symmetries +
X-symmetry (working assumption).

e Three quark flavours (u, d,s) = Must include 't Hooft term to
account for the axial anomaly = Must include 8q terms to assure
boundedness of V.

o General idea: multi-quark vertices form a hierarchy of effective
quark interactions in N, counting = Consistency in model building
demands that all terms up to the desired order should be included.
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Effective Model - Philosophy

o Current quark masses arise from interaction with an external
source, explicitly breaking the x-symmetry = This symmetry breaking
pattern should be included to the desired order as well.

@ Within this philosophy, the usual 2 flavour NJL model with a current
quark mass term consists of the leading order effective model.

@ With 3 flavours, in order to take into account the axial anomaly, one
must go beyond the leading order in a consistent way.
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Effective Model - Multiquark Terms

@ Scalar and pseudoscalar bilinears: s, = gA\,q, p, = GivsA\a75q;
U (3)-valued field: ¥ = %(sa — iPa) Aa.

®

External source x which is assumed to transform as .

Natural expansion parameter: A (explicit regularization parameter -
the model in non-renormalizable).

@ General (non-derivative) term in the Lagrangian:
o Biyas
L; /\VZ X

o Dimensional analysis: 3o+ 5 — v = 4.

Contribution to V at A — oco: 2o — v > 0.

General condition: 4 —a — 3 > 0.
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Effective Model - Lagrangian

o Dirac term:

Lp = ifw“auq
@ Source-independent terms (by symmetry considerations):

/\_2tr (ZTZ> + % (det > + det ZT>
+ % [tr (ZTZH g %tr (ZT zsz)

Lint =

@ Source-dependent terms by replacing X fields for x fields.
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Effective Model - Lagrangian

@ Possible source-dependent terms (by symmetry considerations):

Lo= —tr (ZT X+ x*z) 2
= Lo = ﬁtr (ZTZXTX + Z):TXXT> + h.c.

R1
L1 = ——=€jik€imnZiXjmXkn + h.C. 2
1 R2/\ €ijk€l IXjmXk £7 _ % |:tr (ZTX> N h.c.:|2

Lo = —S€ijk€imnXilXjmXkn + h.C. — )

n Lg = & [tr (ZTX — h.c.]
L5 = /g\—?’tr (z*zz*x) +he /\4

Lo = ——tr <ZT ) + h.c.

L4 = %tr (ZU:) tr (ZTx) + h.c. ’ N2 XX X

5 L0 = —g—ztr (ZTx) tr (ﬂx) + h.c.
L5 = A—itr (ZTXsz) + h.c. A
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Effective Model - Lagrangian

o Kaplan-Manohar ambiguity: can set k1 = g9 = g10 = 0.
e Set x = m/2, m = diag (my, mq, ms).
o Total Lagrangian:

8
L=g(iv"0y—m)q+ Line + Y _ L
i=2

o Functional Bosonization: Quark degrees of freedom are integrated out
(in a functional integral formalism) in favour of mesonic ones.

@ Bosonized Lagrangian + Mass gap equations + Stationary phase
conditions are solved together to fit the low-lying scalar and
pseudoscalar meson spectrum.
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Effective Model - Fitting

@ Thus, the model is fitted using only the linear and quadratic terms of
the bosonized Lagrangian = Further validation is provided by using
the fitted parameter values to compute effective meson-meson
interactions from higher order terms in the Lagrangian.

o Frailty of the model: large number of parameters.

o Merits of the model: excellent meson spectrum fit + good results for
meson strong decays.

@ The model reinforces the ideas that chiral symmetry considerations are
crucial in the description of low-energy strong phenomenology.

@ It also shows that the explicit symmetry breaking pattern is essential for
the best results in the meson spectrum fitting.
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Model Extension - Multiquark Interactions

@ Quark bilinears:

e U (3)-valued fields:

>
st
RM
[P

o Chiral and Parity Transformations:

AR V7% X VAR xS V75 s VA

Axial Vector: a5

Scalar: s,
Pseudoscalar:  p,
Vector: v

o

aLAaqRAa

GrRAaqGLAS
GrAaY"qRAa
GrAaY"qLAa

NN =N =N =

gAaq
GivsAavsq
g7"' Aaq
g7 v5Aaq

v — Vv RE = VgREVY
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Model Extension - Multiquark Interactions

o External source y which is assumed to transform as .

o Natural expansion parameter: A (explicit regularization parameter -
the model in non-renormalizable).

@ General (non-derivative) term in the Lagrangian:
g—.
i~ T (L R)™
e Dimensional analysis: 3 (a1 +a2)+ 8 —v =4

e Contibution to V at A — oco: 2(a; + ap) — v > 0.

e General condition: 4 — (a1 + ap) — 5 > 0.
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Model Extension - New Terms

@ Source-independent terms (vector):

Ll = wate (RURy + L1L,) + 22 [tr (RUR, + 1L, )
+ % [tr(RMR’u — LH‘LM)]2 + %tr(R“RVRuRV + LHLVLMLV)
+ %tr(R“RHR”RV FLLLYL)

@ Source-independent terms (scalar-vector):
We wyr
Lhe = 2otr [RUR, + LLJtr || + Zar [ETRVEL, |

wg
+ gtr [EIELL, + T RAR
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Model Extension - New Terms

@ Source-dependent terms:

£y = Dty (RIR, + LFL,) tr ():TX + ZXT)

/\6
o= %tr (XTR“ZLu + zTR#XLu)

w1
w2
L) = Ftr (XTR“)CL#)
Lt = %tr (XTxL“LM + XXT R“RM>

Jorge Morais (CFisUC) Spin 1 meson spectra and the link to spin 0
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Model Extension - Functional Integral

o Total Lagrangian:
L=43g ("'Y'uau - m) g+ Lint

o All multi-quark terms (written is terms of s, p, v, a) are included in Ljy;.
o Functional Integral:

Z:/DqDZ] of JdixL
e Multiply by a functional unit:
1= / Ds,Dp, DD (5, — GAaq) 8 (pa — iGNa754)
x 0 (vl —gra"q) 6 (ah — grar"159)
= / Doy DpyDVayDAsy / Ds,Dp,DviDal
o S d*x[7a(55=a2aq)+@a(Pa—iGNav5 @)+ Vap (VA ~GXa7"q) +Asy (35 —8Na7"75d)]
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Model Extension - Functional Integral

e Functional Integral: (new)

Z= / Do, Dp,DVayDAsy / Ds,Dp,DviDal

X eifd4X[£,‘nt+Sa(Oafma)+Pa¢)a+V3u Va,u+al;Aa,u‘]

X /DqDa eifd4XC—’(i7M6#707"75¢77MV,u*'YI’L’YBAp,)q

® s,p,v,a are auxiliary fields (they do not propagate) used to linearize
multi-quark interactions.

@ 0,0, V, A are the dynamical meson fields (kinetic terms come from the
quark determinant).

@ Expect finite condensate: shift ¢ — o + M so that the new field has
zero VEV.

o Also shift V# — V¥ 4+ nél (time component of a vector behaves as a
scalar; contributes to the chemical potential in a medium).
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Model Extension - Functional Integral

@ Functional Integral:
Z :/DaangaDVaMDAaM/DsaDpaDvg‘Dag‘
X eifd4X[£int+Sa(Ua+Aa)+P3¢a+Vau(Vau+7736;40)+agAa/,L]

% /DqDa e J d*xa(in" 0u—M—1"n—0—irs =" Viu—r"15Au)q

:/D08D¢3D VauDAaueifd4X(‘C5PA+LHK)

@ Lspa comes from the integration in s, p, v, a using a stationary phase
approximation (SPA).

o Lk comes from the integration in g, g using a proper time heat
kernel expansion (HK).
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Model Extension - Stationary Phase Integral

o Stationary Phase Expansions:

st =hy+ Bay + B opoe + W) duie + HY DV, Ve,

abc

+ Hip P Ag, Acy + .
= 0y + hS dpoc + A O Vi Acy + ..
VESE = Koo + HY DV, + Hg‘bc( Vo Ver + Hip P bpAcy + ...
2 = HY @ Ay, + HIL Oop Ve, + Hiy DopAc, + ..

abc abc

@ SPA Conditions:

8£_int . aZint o aEint . 8Eimt

do, O,  OVE ~ AL =0

Lint = Lint + 53 (02 + A3) + paga + V& (Vau + 1n2040) + a5 A
Spin 1 meson spectra and the link to spin 0 8/5/2017 36 /72



Model Extension - Stationary Phase Integral

e SPA Coefficient Conditions: (lowest order)

Di+ 7 [4G +2g1h* + 2gamh + 2we K + (w7 + 2wg) K7] + %h;
m;
+ TI [3g3h,2 + gah® + 2 (g5 + g6) mih; + dgrmh + 2wo K

K
+ (w11 + 2w2) K,-2] + Ztijkhjhk + katjjhime =0

K.
ni + Z’ [8W1 + 8wo K2 + 4 (wy + ws) K? + 2wgh® + (wy + 2wg) h?
+4ngh +2 (W10 + 2W11) m;h,- + (W12 + 2W13) m,z] =0

e Basis with 7, j, k € (u,d,s).
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Model Extension - Stationary Phase Integral

o Transformation between 0, 3,8 and u, d, s basis:

() 1 V2 V2 V2
€= i = | /3 —/3 0 , ha=ehi -
2 23 1 1 o

e Final Lagrangian: (up to cubic terms)
Lspa = hao,+ K, Vg

1 v 17
3 (hg?ffa(fb + 03 6a0p + HEY DVo Vi, + HE (2)AaﬂAb”)

1 v v
+ 0. <3h‘(a}))co-bac + hﬁ)c¢b¢c + Hiy OV, Ve, + HfbcmAb“ACV)

+ HY B Vi Acy + ...

abc
@ SPA conditions determine h, H coefficients.
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Model Extension - Quark Integral

o Quark Determinant:
/'DqDa eifd4X‘_7(i'Y”8#*M*“/OW*U*I"YW*WVuf'y/"yg;Au)q

= det (i7"0, — M =70 — 0 — irsp — 7" Vi — 7" 715A4)
_ elndet(iw”@u—M—’yoﬂ—U—i’stb—’*/“Vu—7”75Au)

_ e'l:rIn(iy“B#—M—'yOn—a—i'y5¢—'y/‘V#—v”%AM) — eiWq

o Quark Effective Action:
Wy = —iTrin (iv"0, — M — N — o — s — Y1V, — YHy5AL)
= —iTr/d4x <x ’In (iv“@u — M=~ —0 — i
=" Vi = 715 Au)| )
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Model Extension - Quark Integral

@ Wick Rotation:
X0 —ixg %= —iva VO =iV A= —iAy n— —in
xi—>x; ’yi—>’yi Vi—>\/; Ai—>A; Y5 — —75

@ Euclidean Gamma Matrices:

{Ya, 78} = —2043 V5 = 11727374
{(Va, 15} =0 Y= Ve
(7a)? = — (15)° = —1 "=s

o Euclidean Effective Action:

Wg = iTr/d4XE (xe [In (Dg)| xe)
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Model Extension - Quark Integral

o Real Effective Action:
1
We — 2Tr/d4xE <xE (|n (D,T_EDE) ‘ XE>
@ Define VO: = V4 + 0a4m and
V.0 = 000 — {Aa, &} + i [v;,a + M]
Vi = Do+ {Aa, o+ M} — i [V, 0]
Vig = 0V — 05V — i [v;, v;} — i [Aa, Ag]
Aas = Das = D3Aa — i [V Ag| — i [Aa, V]
da:aoz_iroz ra:V(;_fYSAa

Fag = Vag — 15408 = i [da, ds]
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Model Extension - Quark Integral
@ Thus,

L . i
DLDg = —d? + inaViy (0 — ins¢) — " [Ya, 78] Tap
+ 0% 4+ ¢? + M? + {0, M} + is [, 0 + M]

@ Use integral (asymptotic) representation for the logarithm

(plx) e "PEPE (x|p)

T _; _-pt ;
L emiPxg TDEDEeIpX

Nl a

5_‘1;@“

ﬁ
NESESIES
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Model Extension - Quark Integral

4 o)
Wg = —lTr/d“X/ d P4/ ﬁe_fpxe—TD;DEeipx
2 @m)*Jo T
A [ [ 5 [ e
2 @)t Jo 7
4 oo t ipa do
=gt ot [ e ) ST
s o T

d4X 4 2 o0 d'T (M2
- -p 1 L e—m(M2+4)
/327r4 d'p e /0 T3Tr{e }

@ In the last step we have rescaled p, — po/+/7, and

2iPoda o _ i
A=—d?— [:ﬁ +Y , Y=iV,(0c—ip)— 1 [Ya, v8] Tag

2 2 .
+ 0%+ ¢+ {o,M} + ivs [p, 0 + M]
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Model Extension - Quark Integral

@ Use the operator expansion

o T(MP+A) _ g-mM?

1+ i (=1)" £, (m, A)]
n=1

fn(T,A):/OTdsl.../Osnl dspA(s1). . A(s0)

2

A(s) =eM Ae=sM*

@ General n-th order term

n-th term T Sn—1
Tr{e‘T(M2+A)} thi (—1)"/ dsl.../ dsn
0 0
xTr{e_TWA(sl)...A(sn)}
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Model Extension - Quark Integral

o Define
100 000 000
E,=| 00 0 Eq=| 010 Es=| 00 0
000 000 00 1
A =EA : Aj =M} — M?

@ General n-th order term:

Tr{e—T(M2+A)} n—thEterm Z (_1)n ef‘l‘M,.Q1

i1>“':in

T Sn—1
X / ds; e 80 / dspe it Tr{A; ... A}
0 0
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Model Extension - Quark Integral

@ The general n-th term of the expansion may then be decomposed into a
combinatorial factor ¢ and a trace of products of 4;, i.e.

Tr {efT(MLFA)} n-thEterm Z c,-lm,-nTr {A,’l . A,‘n}

50500

o Combinatorial factors
P 51l Sn—1 s A
Ci.in=(=1)"e "1 ds;e®eini | ds,e* i
0 0

@ From the cyclical nature of the trace we may write these factors in
symmetrical form:

—rM? M2
iy 7 |e ™ —e ™

Ci=—Te i Cij =
’ Y2 A

2
T e—TMI-2 N e—TMj N e—TI\/IE
Cijk = —=
314Dk AjAy  AplAj
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Model Extension - Quark Integral

o Including the 7 integration and a UV regulating function p (7A?), we
may define the integrals

I (M) = [ S0 () e
0

@ These correspond to quark loop integrals and obey the identities

7"y (M?) = Jayn (M})

[e.9] n

Jo (M7) = Ja (M7) = 3 251 [Jatn (MP) = (=1)" Jasn (M)

n:l

@ So, we extend the definition of the combinatorial factors ¢ to include the
T integral in the form of J integrals.
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Model Extension - Quark Integral

@ New combinatorial factors
Ci = —_/0 (Mlz)
1 [do (M2) = o (M2)

G=3 A;

1w o (M)

3| AjiAy AjiA AjAjk

Cijk = —

2
Y I 1 G R T L
! L AN AV AN AV VAV AN VAN A WAV PRV AV VA YAYY
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Model Extension - Quark Integral

@ Using the J recurrence relation, we may rewrite

Ci = —Jo (/\/I,Z)
N (M,z) + N M?
cj = y () +0 (k)
Ja (M2) + 3z (M) + 3z (D)
Cijk = — (18J> + 0O (%)
Js (M2) + Js (M2) + Js (MR) + J3 (M?)
Cijkl = % + O (4a)

@ For the p integrals use (dqa;..q, is the generalized Kronecker delta)

—n_2
4 —p? _ 27 "1%00y...a, N par
/dpe Pay - - - Pas {0 1 mpar
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Model Extension - Quark Integral

@ We combine the p integrations with the traces to get
n= 1:7r2Tr{(—d§+ Y) }

n=2:x? Tr{(—dg +Y), (—d3+ Y). - % (dn); (da)j}
n=3:mTe{(~d2+Y), (- +Y), (- +Y),
—g (—d2+ Y);(dﬁ)j(dﬁ)k}
n=4:mTe{ (-2 +Y), (- +Y), (- +Y), (- +Y),
— 2 2=+ Y), (~d3 4 Y), (d), (),
(=24 Y),(d); (~d3+ V), ()]

5 [2(da); () () (), + (o) () () () }
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Model Extension - Quark Integral

@ Truncation of the expansion in n = violation of the chiral symmetry
pattern of the original Lagrangian.

@ Reorganize the sum in factors of chirally invariant integrals

1 3

i=1

o Heat Kernel Expansion for the quark determinant:

W, ——/d4xfi/ Tr {bn}
E — 3271'2 rard n—1 n

by =1 , by=—Y
Y2 A A3+ Az iﬁ
by = — + =25,y e
2= 5 T 2V3 As 12
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Model Extension - Gap Equations

@ The total bosonized Lagrangian is given by a SPA contribution plus a
HK contribution:

1 )
Lpos = ESPA - @ ;) In—1 Tr{bn}

o Gap Equation by demanding that the o tadpole terms vanish:

Ne

hi+ 672

M; [3lo — (3M? — M?) L] =0

@ There are also conditions for the V° tadpole terms, which simplify to
ni = 0.

@ Together with the SPA conditions, this allows us to set K; = 0 (this
contribution will be important in a medium only).
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Model Extension - Quadratic Terms
@ The SPA quadratic terms have the simple form (mass terms)

u 1 14 14
L = 2 (hg?aaab + 0 6a0m + Hiy Vo Vi, + Hi (2)Aau’4b”)

@ The HK contributions are more complicated, and consist of kinetic,
mass and mixing terms.

C8520 = Cif + LR+ L
o Kinetic Terms:
kin _ Nch " K
Lk = 16.24F 1(0"0) (9u0) +(9"9) (0u9)
1
4 u (V) p (A)
3 (F(V)FW + FeyFuv )}
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Model Extension - Quadratic Terms

@ Mass Terms:

L’f?s:N re {o +¢2}+

- <Aud)\3 + Aus\%A‘k}\s) (0 + ¢?)
— [V#, M] [V}, M] + {A*, M} {A,, M}}

o Mixing Terms:

mix N. Il [
HK = ﬁtrF {=i[V¥, M| 9y0 — {A", M} 0,0}

@ There is also a surface term (involving vector and axial vector fields

only) which may generally be set to zero.
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Model Extension - Quadratic Terms

@ In order to eliminate 0 — V and ¢ — A mixing, we may then use the shifts

Vau — \_/BH + 2k3f;bCMbaMO'C
Aau — Aau + 2k;dabch8u¢c

@ k,,k. are constants to be adjusted in order to eliminate the mixing terms

in the Lagrangian.
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Model Extension - Quadratic Terms

@ New SPA quadratic Lagrangian:

ua 1 v — - v - —
EgpAd T2 (hg}’)aaab + hﬁ)%% + Hip W Vau Vi + Hiy (2)AauAbV)
2 (Hgby(l) Vaus focaMcdyog + Hiy ' Ay dbcaMed, b
+ Hgtij(l)ﬂ‘?cdfbdd’ kakpMcMe 0,040,0 4r

+H5;’(2) dacaddper ar k;k[,)Mc Mc’ap¢day¢d/>

@ New contributions to 0 — V and ¢ — A mixing arise, as well as new
contributions to ¢ and ¢ kinetic terms.
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Model Extension - Quadratic Terms

@ New HK quadratic Lagrangian:

N:h

vad __ Y F V
Lo = [e.atF {( 10) (Ouo) + (0"9) (0u0) — (F(‘V)Fﬁu) FinF (A))

)
21 Aus + Ads
5 (024 0%) = {0, MY + [0, M) - < s + = As> (o +¢2)}
N /1 {facefbde (V'u—}—2k famnMm 6“0,,) (Vb,u + 2kp fom w My O WO ) MMy
+ dacedbde (Ag + 2k; amana‘u(;Sn) (Ab'u + 2kbdbm/n/ Mm’au¢n’) MCMd
— labc (\_/;L + 2kafade/\/lda'uo'e) auo'ch

—Uabc (/Z\l; + 2k;dadeMdau¢e) au(z)ch}

@ The first two lines correspond to the previous quadratic HK
contributions, while the rest are new mixing, mass and kinetic
contributions.
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Model Extension - Quadratic Terms

@ We collect all mixing terms as (H;‘dy(l’2) = H,q(t2 ghv).

N /1 2 NV(l)
o 9.2 Vaua UbM 4'kdfcbd Tﬁ + f:amefdneM Mngwj
- abcguy}
N | 7.‘.2 /“’(2)
1Aaual/¢bM {4k¢/jdcbd (NIl + dameddne Mm Mnguy
- abchV}
@ These result in conditions for the kq, k; for each combination of a, b:
72 H,qY) Mcfap
Mck fi —= f;amefn MmMn = - =<
dlbed NIy + dne 4
?Hag®? _ Mcdape
McKlydbed | "% + damedane MMy :
Nk 4
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Model Extension - Quadratic Terms

@ Vector coefficients:

I 472 Hy;; (W > 472 Hpp ™M)

- M, — My)? = My — My)?
e Neh A= N T )
1 47T2H44(1) 2 47T2H55(1) 2
s T g o M) =TT (M, - M
PR = *)
1 47T2H66(1) 2 47T2H77(1) 2
s T T gy - M= T (M — M
hor e (Ma T MTE T (M= )

@ The coefficients ko 3g (or ky g, With ki =2 kaegl-) are arbitrary;
there is no mixture between the neutral scalars and vectors.
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Model Extension - Quadratic Terms

@ Axial vector coefficients:

1 47T2H11(2) 2 47T2H22(2) 2
_— = Mu M — - Mu M
1 47’[‘2H44( ) 41 H55( ) 2
—_ = M, + M _— M,+ M
k4,1,5 N:h +(Ma + ) Nk + (My + M)
1 47T2H66( ) 2 4772 H77(2) 2
=0 (Mg + M L (My+M
k7 e H (Mot Mo)7 = = — o+ (Ma + M)
1 277'2 Hyuu,dd 55(2) 2
— 9 ) M
s Nely s
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Model Extension - Quadratic Terms

e 0, ¢ Kinetic Terms:

NI1
472

)
0 1Ob {;b + 2kefacefbdeMCMd}

N /
> { — 2K dacedpge Mc Md}

N, I k,
=16 1223 00,07 — Z EHaa(l)ﬁ“oaauaa
m a£0,3,8

/ k;
+ Z E’H,-,-(Z)a“(b,-@u(bi + Z 2a Haa au¢aaﬂ¢3

2#£0,3,8

@ Renormalize the fields in order to get the usual kinetic terms for the
meson fields.
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Model Extension - Quadratic Terms

@ o0, ¢ Renormalizations:

o;j —= 00; O'a—>Q”1—|-£
134
pi — 0 1+ ¢/ , Q2 —> 0 1+ ¢a

0',(1) — (Mu :F Md)2 07¢ —
1,2 H11,22(1’2) PR
2M? 472
§=—"f - e=
Hii( ) Ncll
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Model Extension - Quadratic Terms

o V. A Kinetic Terms:

Neh o [l (zw z(v) | EwvEA)
ot {3 (Ff FO + FE FAD)

o V., A Renormalizations:
[N 3 vn [T 3
Va §Qva ) Aa EQAa

@ Mixing terms eliminated + Renormalization constants for the field
components determined = Find the proper mass terms in order to fit
the meson spectrum.
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Model Extension - Mass Terms

@ ldentification of scalar and pseudoscalar

]
g = 30

K

p
Oy

0d

ag
\ Ys

bu
bd
bs
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ag kT
Od KO ) ¢) =
70 Os
= 0'3 + \/if/og_o—s
o3+ ﬂao;-Us

_ V209—203

V3
= —d3+ \@fﬁo;-dJs
_ V2¢0—2¢g

V3

meson fields:

¢u at KT

T ?d KO

K= K% o
= 03+ fns
—03 + fos

= V2f;

= @3+ Nns
= _¢3 + Mns

= \/5775

8/5/2017
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Model Extension - Mass Terms

o Charged Pseudoscalar Mesons (isospin limit):

4M? h
+ - 2 u,d h 2) _ ud
T (Q +H11722(2)> [ 11,22 Mu,d]

M, 4 + M;)? NI
+K+Kf <Q2+( d S) ) |:h44,55(2)+ cl0

44,55(2) 272

NI
- 671'21 (Mu,d - Ms) (Mu,d - 2Ms):|
_ My + Ms)? Nelo
KOKO [ 2 ( u,d s h (2) c
’ (Q " Hee.77%) 6677 T o2
NI
_6%21 (My.g — Ms) (My.4 — 2/\//5)]
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Model Extension - Mass Terms

o Neutral Pseudoscalar Mesons (isospin limit):

1 0\2 2 2Ml_2l d 2 hu d
- 2h (2) . wd _op (2
2 (7T ) <Q + H (2) uu7dd Mu7d ud

uu,dd
1, [, 2M3, o hud
- _—ud ) o (2) _ wd | op (2)
+277ns (Q + o, dd(z) uu,dd Mu,d + ud

1, 2M? @  bhs
+2ns<@ +H()>|:2hss M.

SS

2M? 2M2
+277ns77$ 2 Q2 + 7L’7((j2) <Q2 + (2) > hus,ds(z)
uu,dd

@ Introduce a mixing angle vy as
n _ [ cos ey —sinty Nns
n sinyy  costy s
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Model Extension - Mass Terms

e With this, the 7,7’ mass terms become

1 ~ . ~
5772 {cos2 1/J¢M$ns + sin? zpd,l\/lgs

2M3 2M2
—4sin 14 cos 1/J¢\ 2 <Q2 + 7‘(12)> (92 + H(S2)> hus,ds(z)
ss

Huu,dd

1 ~ -
+§17’2 {sin2 ¢¢M,27ns + cos? ¢¢M,2]S

uu,dd

2M? 2M2
+4sin ¢4 cos w¢\ 2 <Q2 + L“(12)> (Q2 + s> hus,ds®
S
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Model Extension - Mass Terms

o Diagonalization condition:

I\/I2 2
4\/2 <Q ‘|‘ H,, 2)> (92 + %) hus,ds(z)
tan (2¢y) + i

Mns MNs

=0

@ The reasoning is exactly the same for the scalar and vector sectors.

@ There is also a scalar mixing angle v, with a corresponding
diagonalization condition, but no vector mixing angle.

@ In the isospin limit, there are 4 distinct pseudoscalar (7, K,n,7’) and
scalar (ao, , fo, fy (o)) masses, but only 3 vector (p, K*, ¢) masses.
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Model Extension - Weak Decay Constants

o PCAC Hypothesis:

(0] J4 (x) |¢b (p)) = —ifappHe™P

e J4 are axial currents computed from the variation of the Lagrangian 6L
due to an axial transformation of parameter 3, as

0L oL 9(9,5C)

* T 9(0u5) 2= 0(0,C) 0(0u5,)

@ Here, the sum in C extends over all field components of the Lagrangian.
@ The f,5 are constant factors known as weak decay constants.

o With this, we may compute the 7 and K meson weak decay constants
from the Lagrangian as:

Mu,d Mu,d + Ms
fic =

\/Q2+ffz 2\/92"‘@?’5
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Model Extension - Fitting

e Parameters and quantities to be fixed (isospin limit): 20 from
previous version of the model (my,, ms, M,, Ms, A, hy, hs, G, g1, &, &3,
84, 85, 86, 87, 88, K. K2, U5, 05), plus 9 of the new parameters (wy, we,
wr, Wg, Wo, Wig, Wi1, Wi2, Wi3).

o Conditions for fitting: 2 SPA Conditions + 2 Gap Equations + 4
Pseudoscalar Masses + 4 Scalar Masses + 3 Vector Masses + 3 Axial
Vector Masses + 2 Mixing Angle Conditions + 2 Weak Decay Constants
= 22 conditions vs. 29 parameters

@ Current quark masses are set at m, = 4 MeV and ms = 100 MeV;
pseudoscalar mixing angle is set at 6,5 = —15°.
o Externally fix 4 more parameters.

» wi, ws and wy enters all expressions inthe combination
w1 4+ weh? + womh = Put ws = wy = 0 and externally set w;.

» We also chose wyz = 0 and then showed that altering this would amount
only in a refitting of wg and wa;.
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Model Extension - Fitting

@ SPA Coefficients:
(1) -1 1 2, 1 2
- <H11,22 ) =2w + §W6h +7 (wr + 2wg) h, + womh
1 1
t3 (w11 +2wy2) hymy + 1 (wig + 2wis) m?
- <H55(1)> = 4w + weh® + 5 (wr + 2wg) 2 + 2wgmh
1
+ (w11 + 2wy2) hsms + 3 (wig + 2wis) m2
-1 1 1 1
- <H44,55(1)> =2w + §W6h2 + ZWYhuhs + e (hi + h?) + womh
1 1
+ (hyms + hsmy) + 5 W12 (humy + hsms)

1 1
—+ ZW14mums + ZW15 (mi -+ mg)
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Model Extension - Fitting

@ wi, wg and wyg contribute in the same way for all vector masses — Set
we = wg = 0 and try to fit wy.
@ We can identify pairs of parameters which contribute similarly: wy, wg;

w11, Wip; and wig, wis = For each pair, set one of the parameters to 0
and try to fit the other.

o SPA Coefficient:
(2) -1 1 2, 1 2
- <H11,22 ) =2w; + §W6h t2 (—wr +2wg) hi + womh

1 1
+5 (—wi1 + 2wio) hymy, + 7 (—wia + 2wis) m
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