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The plan

» Lefschetz thimbles

« Holomorphic gradient flow

» Case study: Massive Thirring model
» Case study: Real time dynamics

e Conclusions and outlook



Lattice discretization
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Contour deformation
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Lefschetz thimble
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M. Cristoforetti, F. Di Renzo, and L. Scorzato, High density QCD on a Lefschetz thimble, Phys. Rev. D86 (2012) 074506



Lefschetz thimble
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Lefschetz thimble

e 2@1,72)  (rea] plane) e 2#1:22)  (gaussian thimble)

S(z1,x2) = 7 + x5 + 10iz; + 20izs + iz122/3
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Beyond thimbles

e Most prior Monte-Carlo investigations focused
on sampling a single thimble

 In general there are many thimbles (at least
one for each solution of the equation of motion)

 The hope is that only one thimble dominates
either in the thermodynamic or continuum limit

e Otherwise we need to identify all critical points
and determine which ones contribute, setup a
proper sampling algorithm, etc (very difficult)
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Beyond thimbles

e We take a different route: use manifolds
generated from the original integration domain
using the holomorphic gradient flow

* As we increase the flow time from O to infinity
we interpolate between the original integration
domain and the thimble decomposition

o If we flow too little we have a sign problem

e If we flow too much we have ergodicity
problems
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Manifolds generated by
holomorphic gradient flow
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Manifolds generated by
holomorphic gradient flow
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Basic idea
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Basic idea

dz dS < ~
d_T = @ ] Z(O) =T 5
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e The differential equations are integrated for a fixed
amount of “time”: Trow

e This is expensive, especially the calculation of J

e Sampling is done based on the effective action
and the phase is reweighted at the end

Sett(x) = Sr(z(z)) — In |det J(x)|
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Manifolds generated by
holomorphic gradient flow

« Small regions are mapped (close) to thimbles and
contribute significantly to the integral, S varies little.
e The other regions flow towards Sr=2 and contribute

little to the integral.
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Case study: massive Thirring
model in 1+1D
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A projection of the thimbles: ¢ = % > Ap(x)
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A projection of the thimbles: ¢ = % > Ag(x)
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Silver blaze (cold limit)
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Case study: real time physics

e Motivation: compute out-of-equilibrium correlators,
transport coefficients non-perturbatively from first
principles

e Observables of interest are transport coefficient such as
shear viscosity, conductivity, etc.

« At equilibrium the observables are of the type

(O1(1)O0a(t)) = Tr[O1 (1) O2(t) p, p=ePH



Real time physics
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The worst sign problem
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The field variables attached to real time legs contribute a purely imaginary
factor to the action because exp(—aS,) = (¢ni1|exp(—iaH)|¢,) produces a
contribution to the action S,, that is purely imaginary.
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The worst sign problem

—7T 0 T

Histogram of Im[Ssx] for x € RY, M(T}00 = 0.2)

32



=
z
X
~~
S
X

Re[Gr u(t,1)]
— IM[Gr «(t,1)]

il




Real time physics

* large flow needed (from RN)

* jacobian expensive

» anisotropic proposals

» tangent space in wrong homology class

Problems

Grady method for the jacobian
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Re C(t,0)

1+1D ¢4:

Real time physics (1+1D)
weak coupling
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Real time physics (1+1D)
strong coupling
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Real time physics (1+1D)
higher momenta
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Conclusions

« Thimble integration is feasible for both bosonic and

fermionic systems; the residual phase fluctuations are mild.

« Lefschetz thimble decomposition is a limiting case of the
holomorphic gradient flow, problematic if multiple thimbles
contribute.

« Field complexification serves as a knob to control the sign
problem.

e Holomorphic gradient flow generates a continuos family of
manifolds : sign problem < multimodal distributions

e Useful to attack problems with fermions, QFT, real time
dynamics, etc.
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Outlook

« A number of challenges need to be overcome to attack
large systems

e hessian diagonalization for tangent manifolds —
possible matrix-function projection.

e fermion determinant and Jacobian evaluation —
variants of pseudo-fermion algorithms.

e sampling multi-modal distributions — tempered
transition algorithm (Fukuma&Masafumi 17,
Alexandru et al. 17)

 flow integration for fermionic systems.
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ECT” workshop
“Simulating QCD on Lefschetz
thimbles”

Trento, Italy, June 28-30, 2017
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Extra slides
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The algorithm

Py = min{1, e [9r(Znew)—5 R(zold)]} (basic Metropolis)

P(Zold I ZneW) T P(ZHGW T ZOld)

How to stay on the thimble?

- assume thimble to be Gaussian

- do complicated to and fro integration (HMC, Aurora, etc)
- use a map

dz dS N\
i (upward flow — stable) =

dr ~ dz — S
il __ N
Z_j_ il _fl_i (downward flow — unstable) ////// \\\
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The algorithm

f is a contraction map

f : thimble — thimble

Zfar = Znear = f(2far)
P(2tar)(bad) — P(2near)(good)

thimble
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% )
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The algorithm
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The algorithm

Basic Metropolis

e Propose new config such that P(zo1q — Znew) = P(Znew — Zold)
o Accept/reject using Py = min{1l, exp(—ASer)}

e The effective action includes the Jacobian of the map

Segt(2n) = Sr(z¢) —logdet J  with zy = f71(z,).

e Both z; and J are computed using the upward (stable) flow

dz dS

il G

a7 0%S
? J

dT

A. Mukherjee, M. Cristoforetti, and L. Scorzato, Metropolis Monte Carlo integration on the Lefschetz thimble, Phys. Rev. D88 (2013)
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Thirring model O+1

0 + 1 model with staggered fermions and auxiliary bosonic fields.
The action is S = Sf + Sy = xKx + 8, (1 — cos ¢¢)

The fermionic kernel is

1 - i
Ky = 5 (€“+Z¢t(5t+1,t’ i 6_“_Z¢t5t—1,t/> + MO0y ¢/

After fermionic integration, the partition function is

Z(mops 8) = | [] e det K (m, o)

J. M. Pawlowski, |.-O. Stamatescu, and C. Zielinski, Simple QED- and QCD-like Models at Finite Density, Phys. Rev. D92 (2015)

H. Fuijii, S. Kamata, and Y. Kikukawa, Lefschetz thimble structure in one-dimensional lattice Thirring model at finite density, arXiv:1 5094)% 7



Thirring model O+1

e The action can be computed ana-
lytically and the condensate is:

1 07
N Om

(Xx) =

o Staggered fermions imply that the
model represents a system with 2
species of fermions at one site.

e Reverse engineering the action al-
lows you to determine the energy
of the four levels and define a con-
tinuum limit for the system.

<n>

-~ a=1000 |
-~ a=0.500 |

a=0250 |
-- a=0.125

-- a=0.062
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Thirring model O+1

e This model has a complex measure
and direct MC simulations are not

pOSSible 10+ <> | <> | e | e ““““ i
e Phase quenched simulations run into ™
a sign problem at high § ¢ . |
% o
<O> e < ¢>O - =3 m=1 nt=8 |
<¢>0 000 os T 1o s
det K 1
iie
: 9| det K L
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Numerical results
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Residual phase

The Jacobian of the map function

det J € R

1S not real,

We use only its magnitude in the
updating process

Set = Sp — log | det J|.

The residual phase ¢ = det J/|det J|
is folded in the observable.

This is not the same phase as in the
phase quenched theory.

The sign fluctuations of the resid-
ual phase are observable but mild
in our model.
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Beyond thimbles
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Taming the sign fluctuations
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Manifolds generated by
holomorphic gradient flow
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Manifolds generated by
holomorphic gradient flow
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