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Free streaming length:
AEs = “‘average distance travelled by a DM particle before it falls in a potential well”

Spherical collapse model:
WDM: Ars ~ 100 kpc (I kev / m,) M(< Aps,z =60) = 107°M,,

CDM: Ags ~ 3.7 pc (100 Gev / my)!/2
DM clumps with planet size!



DM-ONLY N-BODY SIMULATIONS

Aquarius simulation of Milky Way halo

Ag-A-1: N ~ 5x10° particles

Springel + 08



Cold Dark Matter (CDM)

subhaloes follow a power-

law mass function
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N~ 1015

Lower sub halo mass
M>1 O'6M50| at z=0

(DM particle mass ~ 1Gev)
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1. Theory: model effects of microhaloes on the dynamics of visible systems
2. Sensitivity : are dynamics useful to test perfect fluid model?

3. Detectability: what observations provide strongest constraints?



GRAVITATIONAL PERTURBATIONS ON VISIBLE OBJECTS

dr?

dt?

N
il

Vo(r,t)

Y
Z f. stochastic equations of motion

:—1

noise term induced by substructures

A large population of extended substructures generates a stochastic gravitational field F
that is fully specified by the function

p(F) : probability to experience a combined force within F, F+dF
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Direct calculationof F =3
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GRAVITATIONAL PERTURBATIONS ON VISIBLE OBJECTS

N
dr?
- = — : stochastic equations of motion
73 Vo&(r,t) Z f; ic equati |
N 2—1
| = Z f; noise term induced by substructures
i—1

Holtsmark (1919) method to describe motion of charged particles in an
homogeneous plasma

1 3, 1L ,
p(F)—V/d-nx...x V/d7A0(F Zi:fz)



GRAVITATIONAL PERTURBATIONS ON VISIBLE OBJECTS

N
dr?
- = — : stochastic equations of motion
73 Vo&(r,t) Z f; ic equati |
N 2—1
| = Z f; noise term induced by substructures
=1

Holtsmark (1919) method to describe motion of charged particles in an
homogeneous plasma

1 3. 1 3t
< P(F):V/d T1 X wee X V/d 71\,0(1?_2&)
FT i

pk) = [ dBFe*Fp(F) = exp[—p(k)]

where @(k) = nfv d37‘(1 — edk'f) and n=N/V



GRAVITATIONAL PERTURBATIONS ON VISIBLE OBJECTS

N
dr?
- = — : stochastic equations of motion
73 Vo&(r,t) Z f; ic equati |
N 2—1
| = Z f; noise term induced by substructures
=1

Holtsmark (1919) method to describe motion of charged particles in an
homogeneous plasma

1 3 . 1 3t
< P(F):V/d 1 X w0 X V/d 71\,0(1:\_2&)
FT 7

pk) = [ dBFe*Fp(F) = exp[—p(k)]
FT-1 <

p(F) = (2711-)3 | @kexp [ —ik-F — ¢(k)]

where @(k) = an d37‘(1 — edk'f) and n=N/V



POINT-MASS PARTICLES: ~ HOLTSMARK (1919) DISTRIBUTION

GM .
r
r2

W o0 = 4 rGI =gt R e

i

| o0 sin(k#) Holtsmark distribution
* p(F) = Wfo dk k* eXp(_”'kS/z) AEF ) (1919)



POINT-MASS PARTICLES: ~ HOLTSMARK (1919) DISTRIBUTION

_ isotropically oriented in
* (k) = {5 (2nGM)>*nk>/? = ak®/? IFouriéorI spaz/ceI |

sin(k Holtsmark distribution
* p(F) = #I dk k2 exp(—ak3/ 42 ( ) (1919)

- Weak-force limit

L AT 3/2
r!}gﬂp(F) 92 / k k“exp(—ak”'*) =

1 Flat
3242 . larger number of distant substructures
T cancels with declining forces

-Strong-force limit _
1 _ Power-law tail
lim p(F) ~ > (G‘M)s/an‘.. due to contribution of single nearest particle
F—oo



POINT-MASS PARTICLES: ~ HOLTSMARK (1919) DISTRIBUTION

** (finite) force average

(F) = [ d3Fp(F)F = 8.879 GMn?/3

** (divergent) amplitude of fluctuations

Al = 1 T db’
{H):]O d,gf'p(F)}'zfx/Fl/g — oc

* (k) = %(Qw(};\4)3/2-n.k3/2 — 13/2 isotropically oriented in

Fourier space

(1919)

* p(F) = L fd:)o Tk 12 exp(_a'k;g/g)siné;'lf') Holtsmark distribution

Fluctuations grow up to arbitrarily-large
values as integration time-steps
Increases
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Hernquist (1990) sphere

10:

M 1

27we3 (r/c)(14r/c)3

i YR

__ ¢/D=0.20

—__-_-1¢/D=1.0

closest—particle

0
log,, F/(8.879 GM n?73)

pP(F)
* truncated at F = fo=GM/c2
* point-mass as ¢/D—>0
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Hernquist (1990) sphere

10:

(7"+c

M 1
27we3 (r/c)(14r/c)3

(non-divergent) amplitude of fluctuations

= [ d3Fp(F)F?

— 27 (GM)3/2n [T° 4E_(1— \/F/f,)’

— %W(GM)S/Z” Jo

A (GM)2’I’L
3 c

the truncation of the large-force spectrum implies a finite variance

____ ¢/D=0.20

____ ¢/D=1.0

closest—particle

0
log,, F/(8.879 GM n?73)

pP(F)
* truncated at F = fo=GM/c2
* point-mass as ¢/D—>0
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Stats subhalo ensembles defined by " \\ Mass function Aquarius

1) mass function
2) size function

n%ffL”chdc

iirie = Bo(af;) "ol — co ()]

double power-law um [ M)

—— rs = 1.23kpc(M/108M  )0-556
—— rs = 1.05kpc(M/108M 4 )0
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Stats subhalo ensembles defined by " “\_ Mass function Aquarius

1) mass function
2) size function

n%ffL”chdc

27’1, o B
d?Wdc :BO(MMO) 5{0_60(1\%) ]

10
double power-law My, [My]

2 M2 d2 4 G2M2 —— rs = 1.23kpc(M/108M )0-556
<F > — fMl dM f dC dM?ZlC 37T C .04 —— rs = 1.05kpc(M/108M ;)0
e 4_7TMB_Oé C7Y2BO X Mg—i_a_B—Mf—i_a_’B %2'5
3 0) Co 3+CV_5 E
T 2.0
coM: BT Fluctuations dominated g 1

by massive objects

<F2> ~ %WM(?_O‘ G? By M2+0.5

Co




o= —2 steepening size function (B)
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3+a-B=+0.5 3+a-f= 0.0 3+a-B=-0.5
MACRO-STRUCTURE

MICRO-STRUCTURE
DOMINATED

DOMINATED



STOCHASTIC TIDAL FIELD

N
d°R/
/ /
7 = —VO(R)+ ) ti- R,
=1
-~ e
self-gravity fluctuating
tidal tensor

L afk v OF*
:cJ "~ Ozd Zf i

combined tidal tensor (noise term)



STOCHASTIC TIDAL FIELD

N
2R’
/ /
7 = —VO(R)+ ) ti- R,
=1
-/ -
self-gravity fluctuating
tidal tensor

k 8 Flr
Z b _
.7:3 "~ Ozd Ji Oxi

— A 2 L

diagonalize: f:

F, =i:,\.‘-R=AR

==

combined tidal tensor (noise term)

combined tidal force induced by a
set of N-substructures



c=0 (point mass)

2GM , 3, ik- ____ ¢/D=02
] ‘ ! .

e (r+c)3u

____¢/D=1.0

closest—particle

Hernquist (1990) sphere

P(A)
* truncated at A = Ao=2GM/c3
* point-mass as ¢/D—>0



c=0 (point mass)

A= 29M ek =n [, dr(l—e*) o
(r+ I,
- Qk)k N

closest—particle

Hernquist (1990) sphere

(non-divergent) amplitude of TIDAL fluctuations

(A%) = [ dPA p(A)A2

87 (GM)?n
15 c3
to be compared w/FORCE fluctuations p(A)
- P * truncated at A = Ag=2GM/c3
(F2) = 4= (GM)*n * point-mass as ¢/D—>0
3 5.



Stats subhalo ensembles defined by
1) mass function
2) size function

d’n

= By(4

double power-law

A2\ _ 87 G®Bg Mz Uau
(i\ > 15 A,Iéz dl\j )
0 3+a—335 3+a—38
_ 871' 38—x (7°B _h/[,‘; s 3‘q—;iff+°‘ 3,
B A/[ ¢ x 3+a—33

Fluctuations dominated

. 3 {2 P Y
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o — —9 steepening size function ()

7

3+a-3=+04 3+a-3B=-05 3+a-3B=-2

MACRO-STRUCTURE MICRO-STRUCTURE MICRO-STRUCTURE
DOMINATED DOMINATED DOMINATED



— M, /M =10°

— — — M, /M, =108
M,/M,=107
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® N-body simulations that do not resolve M1 strongly underestimate tidal

fluctuations
e WDM - CDM widely different tidal fields (~6 orders of magnitude <A2>)

How can we constrain p(A) ??
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Estimates for extrapolation of Aquarius halo
Gmb/anax — <A2>1'/2Rmax

(self-gravity = external force)

Mp =1 Msol

semi-major axis: FRmax = 2@max

binaries with semi-major axis
a<ipc

sensitive to subhaloes with
M<1 Mso
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WIDE BINARIES IN GAIA

Gaia creates richest star map of our Galaxy — and beyond
ESA's Gaia mission has produced the richest star catalogue to date, including high-

precision measurements of nearly 1.7 billion stars and revealing previously unseen details of our
home Galaxy. Read more




comoving pairs of stars in TGAS (2e6 stars)

1 all
[ size=2 (mutually exclusive)

L1 size>?2

wide binaries

10°
separation [pc|

Full dynamical modelling of observations required
o stellar ages
e wide binary formation models: isolated / association
e orbits in smooth MW potential + statistical sampling p(A)
e add baryonic substructures (stars, GMCs)



SUMMARY

» WIMP-CDM deviations from perfect fluid M> Mgs ~ 10-6 Mg,

» N-body simulations of structure formation M>104 - 106 M,
(10 - 12 orders of magnitude above free streaming length! )

» Combined subhalo forces dominated by largest satellites
(orbits/tidal streams not sensitive to small substructures)

» Stochastic fluctuations of tidal field are dominated by smallest
sub haloes (M~ Mkgs)

» Opens up the possibility to test CDM mass function by
measuring tidal fluctuations

» Gaia will be provide key observations of weakly-bound
systems in the Milky Way (e.g. wide binaries)



QUESTIONS

4

4

4

4

Mass & size function down M~10-6Mg, at z=0? N-body methods?

Time-evolution d”2 n(r,t) / dMdc?

Disruption of micro haloes by tidal field of MW disc ?

Baryonic substructures (GMCs, stars, etc)

Hydro + SF + feedback?
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d=|d In n/d R|!
(Ml,Mz)/M200=(10‘3,10‘4)

(M,.M;)/M,,,=(10-3,10-5)

— — (M M,;)/M,,=(10-3,10-°)
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DETECTION OF DARK SUB HALOES

Detection extremely challenging owing to the low-mass and lack of luminous matter

1) TIDAL STREAM HEATING

Amorisco+17 ~ Pal5 orbit o B * sensitive only to ‘massive’ substructures
0.5 p——— with M>106 Mso,

-0.5}! noGMCs

05
- -

Bl 4 JM’ * can be perturbed by GMCs with M<107Mso

-0.5 | prograde

* perturb. in Einstein rings around lensed
galaxies are also expected to be dominated by
relatively massive subhaloes with M>107 Mso

* number of lensed galaxies relatively small.
Very high-resolution data needed

Vegetti+12



DETECTION

Detection extremely challenging owing to the low-mass and lack of luminous matter

3) GAMMA-RAYS ANNIHILATION

* Degenerate with DM-particle model
(e.g.Diemand et al. 2005; Koushiappas 2009;
Ackermann et al. 2014; Bringmann et al. 2014,
Zechlin+17)

Ly i
-
e
.(f:
C
S

* baryonic sources (e.g. BHs, neutron
stars...)

Ackermann+13



HOLTSMARK (1919) DISTRIBUTION

i Gl;’ff
T

P 00— piamGa R

sin(k & Holtsmark distribution
* p(F) = #I dk k2 exp(—ak3/ 42 ( ) (1919)

- Weak-force limit

1
llm p(F) 92

1 Flat.
3242 larger number of distant substructures
T cancels with declining forces

oo
/ k k% exp(—ak3/?) =

-Strong-force limit |
1 , Power-law tall
lim p(F) =~ E(G"M)‘gﬂnf", due to contribution of single nearest
F—oo

particle

probability to find closest particle between r, r+dr

p(r)d*r ~ exp ( — %m‘&n) drrindr



HOLTSMARK (1919) DISTRIBUTION

GM

Isotropically oriented in

_ 4 Y A\3/27,2.3/2 — 1.3/2
= 15 (2rGM)>Znk>/2 = ak®/ Fourier space

* p(F) = 5, oz jow dk k? exp(—ak? 2)“‘“(’“ ) |(‘|1%|';Sgr;1ark distribution

- Weak-force limit

1 o : Flat.
11m p(F) o2 k k% exp(—ak3/?) = : :

larger number of distant substructures
cancels with declining forces

-Strong-force limit
Flim p(F) =~ %(Gﬂ/f}g’/?nf‘_glz.

probability to find closest particle between r, r+dr

p(r)d®r ~ exp ( — s7rin)dmrrindr




HOLTSMARK (1919) DISTRIBUTION

i Gl;’ff
T

P 00— piamGa R

sin(k & Holtsmark distribution
* p(F) = #I dk k2 exp(—ak3/ 42 ( ) (1919)

- Weak-force limit

1
llm p(F) 92

1 Flat.
3242 larger number of distant substructures
T cancels with declining forces

oo
/ k k% exp(—ak3/?) =

-Strong-force limit |
1 , Power-law tall
lim p(F) =~ E(G"M)‘gﬂnf", due to contribution of single nearest
F—oo

particle

probability to find closest particle between r, r+dr

p(r)d*r ~ exp ( — %m‘&n) drrindr

|F| — n'\«f * dr :% C'\J)l/qu/zdF

p(r)d®r = p(F)d°F wlp  p(F) = nipdt = L(GM)¥ 202



ine ____ ¢/D=0.20

(7"+c

____¢/D=1.0

closest—particle

Hernquist (1990) sphere

_ M 1
P = 228 tr/a)(1+r/c)®

log,, F/(8.879 GM n?73)

probability to find closest particle between r, r+dr o(F)
p(r)d®r ~ exp ( — F7rin)drrindr * truncated at F = fo=GM/c2

* point-mass as ¢/D—=>0

_ _GM
= (r+c)?

p(r)d’r = p(F)d*F p(F) = L(GM)*2nF~/2(1 — \/F/fo)" for F < fo = GM

r=HGM)V2F32dF



SUBHALQES IN THE MILKY WAY

Aquarius simulations (Springel+08)

dw(R M) = By ( ) "Xp{ T _[(R_ )7 = 1]} N =4 JURM R*dR jﬁ‘}bw d*Ig'?f

(7, R—2, Rago) = (0.678, 199 kpc, 246 kpc) ~A01  for M, =10-5M,
By = 2.02 x 1073 M 'kpc~°
My = 2.52 x 107 M.
Maogn = 1.84 x 10'2M

Via Lactea simulations (Diemand+07)

c b ( M )»’3 (bold) extrapolation of size
i Mo function down to
(co, 3) = (0.55kpc, 0.5) M, =10 "M,

« ~04pe



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 2 | 7 . N>>1 substructures distributed
p(F) = v /d T1L X e X V/d rno| B — Zfi homogeneously over a

volume V



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 3 . 1 3t
Fourier transform

p(k) = [d>Fe™®Fp(F) = Lfdrix..x L [dBry [d3Fe*F§(F — > £)



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 3, L |
p(F)—V/d T1 X wee X V/dn\,o(F zz:fg)

Fourier transform

FK) = [ BFENFp(F) = b [ dr x . x & [ diry [ EFPERF5(E -3, )

= v fd3'7'1 Koo X % fd37‘N61kL-"' &



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 3, L |
p(F)—V/d T1 X wee X V/dn\,o(F zz:fg)

Fourier transform

p(k) = [ dPFNFp(F) = & [ dr1x . x & [ dry [ dP*FS(F - 32, £)

= ifd"m X e X % fd’nge"kLri £
spatially uncorrelated = random locations

= [} f v



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 5 P 1 3 r
Fourier transform

p(k) = [ dPFFp(F) = & [ dr1x . x & [ dry [ dPRFS(F - 37, £;)

— L [ g3 Lop g3, ik
—vfdrlx...xvfdme i
spatially uncorrelated = random locations

= [} f v

re-write: & [ dPre®t =L [ d¥r[1— (1—e*h)] =1- 3 [, d3(1—e*T)



A STATISTICAL METHOD (HOLTSMARK 1919)
p(F) = %/d:‘ﬁ X i X é/d”m’é (F - Zfd)

Fourier transform

B(K) = [ BFERFp(F) = & [ diry x . x & [ diry [ FERFS(E 52, 1;)

| S, L o3, ik . f;
= v | d°ri x .o x 3 [ dPryet &
spatially uncorrelated = random locations

— [% fds,mq:k-f] N

re-write: % de,reik-f — % fV dST[l _ (1 _ eik-f)] — Il = % fV dS,r(l . ez’kof)

N-power: [1— < [, d¥r(1— eik'f)]N ~exp|—n [, d@r(l—e*t)]  for N>>1



A STATISTICAL METHOD (HOLTSMARK 1919)
p(F) = %/d:‘ﬁ X i X %jd”vwé (F - Zﬂ)

Fourier transform

(k) = [ *Fe*Fp(F) = & [ dr1 % ... x & [ dry [ d3Pe*F6(F - 3, 1))

— 1 3. L a3e otk 2
= v | d°ri x .o x 3 [ dPryet &
spatially uncorrelated = random locations
] N

— [% [ d3rett o

re-write: & [ dPre®t =L [ d¥r[1— (1—e*h)] =1- 3 [, d3(1—e*T)
N-power: [1— 3 [, d®r(1 —e*f)]7 ~exp| ' d3r (1 — et for N>>1

Number density =N/V



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 . 1 | )
p(F) — V \/dd'r]_ X oeee X V\/d'{7'z\ro (F —_— ;fi)
Fourier transform

B(K) = [ BFERFp(F) = & [ diry x . x & [ diry [ FERFS(E 52, 1;)

— L1 (3, Lop g3, ik
spatially uncorrelated = random locations

— [% fds,mq:k-f] N

re-write: % de,reik'f — % fV d3,r[1 . (1 . e’ik'f)] — Il = % fV d3,r(1 . ez'kof)
N-power: [1— < [, d¥r(1— eik'f)]N ~exp|—n [, d@r(l—e*t)]  for N>>1

define: p(k) =n [, d3r(1 — e f)



A STATISTICAL METHOD  (HOLTSMARK 1919)

1 . 1 | )
p(F) = % /d"’m X v X V/d'*y-No (F _ ;fd)
Fourier transform

p(k) = [ dPFFp(F) = & [ dr1x . x & [ dry [ dPRFS(F - 37, £;)

— 1 3, Lo g3y otk 1
spatially uncorrelated = random locations
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