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Five formulations of GR: EG

SEG(g) = ZN

∫
d4x

√
|g|R where ZN =

1
16πG

.

Invariant under DiffM
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Five formulations of GR: DG

SDG(g, φ) = SEG(ḡ) where ḡµν = α
ZN
φ2gµν

SDG(g, φ) = α

∫
d4x

√
|g|
[
φ2R − 6φ∇2φ

]

Invariant under Diff n Weyl

gµν → Ω2gµν , φ→ Ω−1φ .
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Five formulations of GR: UG

√
|g| = ω

SUG(g) = ZN

∫
d4x ωR .

Invariant under SDiffM
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Five formulations of GR: UD

SUD(g, φ) = α

∫
d4x ω

[
φ2R − 6φ∇2φ

]
.

Invariant under Diff ∗M
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Five formulations of GR: WTDiff

φ = φ0

(
|g|
ω2

)− 1
8

.

SX (g) = ZN

∫
d4x |g|

1
4 ω

1
2

[
R +

3
32

(
|g|−1∇|g| − 2ω−1∇ω

)2 ]

Invariant under SDiffM n Weyl
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Five formulations of GR: summary

DG
(g, φ); Diff n Weyl
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φ = φ0
√
|g| = ωφ = φ0

(
|g|
ω2

)− 1
8

UDEG WTDiff
(gU , φ); Diff ∗(g); Diff (g); SDiff n Weyl
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√
|g| = ω φ = φ0

√
|g| = ω

UG
(gU); SDiff
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Hamiltonian formulation

DG EG UG
fields qij ,Ni ,N,φ qij ,Ni ,N qij ,Ni
momenta pij ,P i ,P,π pij ,P i ,P pij ,P i

# can. variables 22 20 18
primary constr. P i , P, C P i , P P i

secondary constr. Hi ,H Hi ,H Hi ,HΛ

# 1st cl. constr. 9 8 7
# canonical d.o.f. 4 4 4

R. De Leon Ardon, S. Gielen, R. P., arXiv:1805.11626 [gr-qc]
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Which is best?

Gauge invariances needed in order to deal with local d.o.f.
The gauge group of all except UG is unnecessarily large.

On the other hand:
1. extending the gauge group is useful to recognize

equivalences between different formulations
2. larger gauge group means that certain singular

configurations could only be gauge artifacts (e.g. big bang)
3. suggest route to unification
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Further extension to GL(4)

GL(4)-invariant formulation:

gµν = θa
µ θ

b
ν γab

θ 7→ Λ−1θ , γ 7→ ΛTγΛ

Different gauge fixings of GL(4):
θa
µ = δa

µ metric formulation
γab = ηab vierbein formulation
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Reformulation of GR

S(θ, γ) = SEG(g)

This is the linking theory for metric and tetrad gravity.

Shows that θ and γ are Goldstone bosons.
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Higgsless Higgs mechanism

Reconcile mass with gauge invariance
Goldstone bosons σ ∈ G/H coupled to G-YM fields Aµ.

−1
2

Dσ2 where Dσ = ∂σ + AiKi(σ)

L(G) = L(H)⊕ P A = A|L(H) + A|P
In unitary gauge σ = σ0
Dσ0 = Ai |PKi(σ0)

T. Appelquist, C.W. Bernard, Phys.Rev.D22:200,1980.
A.C. Longhitano, Phys.Rev.D22:1166,1980.
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Higgsful Higgs mechanism

Higgs field φ ∈ V , and σ parametrize orbit of G in V
W = λ

4 (ρ2 − ρ2
0)2, with ρ = |φ|.

limλ→∞W with ρ0=const

for p � mρ, ρ = ρ0 (Higgsless model as low energy EFT)
for p � mA, A|P = 0 or Dσ = 0
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Independent connection

Allow dynamical connection:
Palatini and Einstein-Cartan are off-shell reformulations of EG:
Connection is dynamically set equal to Levi-Civita.

Consider more general dynamics,
e.g. curvature squared terms.
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GL(4)-Gravity with independent connection

Spacetime manifold M, dimM = 4
E real vectorbundle with fiber dimension 4
local bases {∂µ} in TM and {ea} in E

pseudo-fiber metric in E , γab signature +,+,+,−
soldering form θa

µ, detθ 6= 0
linear connection in E , Aµa

b
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Induced structures in TM

gµν = θa
µ θ

b
ν γab

Γλ
µ
ν = θ−1

a
µAλa

bθ
b
ν + θ−1

a
µ∂λθ

a
ν
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Torsion and Nonmetricity

Θµ
a
ν = ∂µθ

a
ν − ∂νθa

µ + Aµa
b θ

b
ν − Aνa

b θ
b
µ

∆λab = −∂λγab + Aλc
a γcb + Aλc

b γac
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Gravitational Higgs mechanism v.I

Sm =

∫
d4x

√
| det g|

[
Aµa

νρ
b
σΘµ

a
νΘρ

b
σ

+Bµabνcd ∆µab∆νcd +Cµ
a
νρcd Θµ

a
ν∆ρcd

]
expanding around flat background: A = 0, θ = 1, γ = η

Θµ
a
ν = Aµa

ν − Aνa
µ

∆µab = Aµab + Aµba

S contains

Sm =
1
2

∫
d4x

√
| det g| Qµ

a
bν

c
d Aµa

b Aνc
d
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Levi–Civita Connection

given θ, γ, there is a unique Ā such that Θ̄ = 0, ∆̄ = 0

Ā =
1
2
(
θ−1

c
λ ∂λκab+θ−1

a
λ ∂λκbc−θ−1

b
λ ∂λκac

)
+

1
2
(
Cabc+Cbac−Ccab

)
where Cabc = γad θ

d
λ

(
θ−1

b
µ ∂µθ

−1
c
λ − θ−1

c
µ ∂µθ

−1
b
λ
)
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Gravitational Higgs mechanism v.II

Any connection A can be split uniquely in A = Ā + Φ

then S(A, γ, θ) = S(Ā(θ, γ) + Φ, θ, γ) = S′(Φ, θ, γ)

Θµ
a
ν = Φµ

a
ν − Φν

a
µ

∆µab = Φµab + Φµba

therefore

Sm =
1
2

∫
d4x

√
| det g| Qµ

a
bν

c
d Φµ

a
b Φν

c
d

For p � m, Θ = ∆ = 0 and therefore A = Ā(θ, γ)
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Lesson and questions

The fact that the connection is a composite of the
metric/vierbein is a feature of the low energy EFT.

Main questions for quantum theory of spacetime:

why is the metric nondegenerate?
what is the dynamical origin of the Planck scale?
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Grand Unification to do list

i. identify GUT group G
ii. fit particles in irreps of G
iii. write G-invariant action
iv. explain symmetry breaking (select order parameter, orbit,

potential)
v. check that new particles not seen at low energy have high

mass
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GraviGUT II

G1 = SO(1,3), G2 = SO(10), G = SO(1,13) or G = SO(3,11)

keep dimM=4, enlarge fibers of E to have dimension N > 4
order parameter is soldering form

γ =

[
η 0
0 1N−4

]
, θ is 4× N matrix, e.g. 〈θ〉 =

[
14
0

]
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GraviGUT III

Gravitational Higgs phenomenon:

A =

[
A(4) H
HT A(10)

]
kinetic term of θ gives mass to A(4), H, SO(10) remains unbroken

R.P. Phys. Lett. B 144, 37 (1984), Nucl. Phys. B 353, 271, (1991).
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Fermions I

SO(3,11) has Majorana-Weyl representation 64R that
decomposes under SO(3,1)× SO(10) as

64R = 2C × 16C

Remark: SO(1,13) has Weyl 64C
decomposing as 64C = 2C × 16C + 2C × 16C

F. Nesti, R.P., Phys. Rev. D 81, 025010 (2010) arXiv:0909.4537 [hep-th]
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Fermions II

DµψL+ =

(
∂µ +

1
2

Aij
µΣ

(3,11)
L ij

)
ψL+

let Σ†ijA = −A Σij

then ψ†L+(Aγ i)LDψL+ is one-form in 14 of SO(3,11)

S =

∫
ψ†L+(Aγ i)LDψL+ ∧ θj ∧ θk ∧ θ` φijk` .
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Fermions III

Assuming the following VEVs:{
φmnrs = εmnrs
φijk` = 0 otherwise

{
θm
µ = Mem

µ

θa
µ = 0 otherwise

we find after some work

S =

∫
d4x η†σµ∇µη ,

where now ∇µ = D(10)
µ = ∂µ + 1

2Aab
µ (10)Σ

(10)
ab
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Status of GraviGUT

kinematics well understood
bosonic action for broken phase can be written
fermionic content and dynamics ok
hard to write action that works in both phases

K. Krasnov, R.P., CQG (to appear) arXiv:1712.03061 [hep-th]
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Conclusions

Recent work seek dynamical origin of Planck scale in a
scale-invariant theory
View m−2

P as the VEV of the metric, which is clearly an
order parameter distinguishing phases
The low energy EFT presents a “Higgsless Higgs
phenomenon” giving mass to the connection
This suggests a unification of the SM and gravitational
interactions
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