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Theory

Principles

" ...the Standard Model has been "ruled in" because it was based
on principles, in particular the gauge principle and
renormalisability..."

Prof. Hassan, @PACTS 2018, June 18, Tallinn
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We'd like to build the theory of gravity on these principles. Thus
we'll adopt Cartan’s gauge geometry and will write down only
polynomial actions.




Theory

Cartan geometry

@ The idea: a distance can be measured by monitoring how
much a wheel has rotated when rolled without slipping.

@ The maths: generalise the tangent space R" by G/H
e Transitive action of the Lie group G
o Stabiliser H = {g € G|gx = x} given x € G/H

e Example: the SO(1,4)/S0(1,3)



Theory

Gravity with mere-er less variables

We'll gauge the SO(3,1) and break it. We'll need

@ the spin connection w”

o the symmetry-breaking field 7/

|

The standard approach assumes also the vierbein e

In e.g. Poincaré gauge theory, MAG, TEGR, etc., the relation of
the vierbein and the translational gauge potential 8 is

0' =€ — D7’

The 7/ is known as e.g. "the generalised Higgs field”, the
"Poincaré coordinates”, the " Cartan’s generalised radius vector”
etc but is (almost) always hidden in the gauge D7/ = 0 or 7/ = 0.
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Theory

The action

@ Products: with the A e.g. pr'pr! = pr! A D7 = D7/ Dy dx A dx”

@ The projector P,y = % (%EIJKL + %TIIKT’JL>

o €, is the completely antisymmetric SO(3,1) invariant
e 1), is the symmetric SO(3,1) invariant
e 7 is the Barbero-Immirzi -parameter
@ The curvature R” = %R”def‘ A dx?
e components: g/, ; 52%\““5\;31 +2wIK[a‘wKJW]
o The gradient: D' = D, 7'dx"

e components: p,r' = 9,7 + '), 7’




Theory
Equations of motion

SG[W,T] = /EG = P/JKL/DTIDTJRKL

1 1 1
= / “rlek — —mitkna | RYRKE
2 2 0%

The connection EoM
P[JLMRINTNDTJ - T[LPM]UKDTIRJK = 0

The scalar EoM

PUKLRJMTMRKL = 0




Theory

Summary of the theory

Variables: w" and 7/

Now the "vierbein” is D7/, and the "torsion” is DD7! = RIJTJ.

Field equations from the action Sglw, 7] = [ Py D7'DT/R**
Now the ¢, gives field equation, and the §, a Bianchi identity.

Symmetric solution

We immediately obtain an exact solution: 7/ = 0, Q~ = anything.

Solutions with spacetime
When D7/ # 0, we'll obtain a nonzero g, = DMTIDVT/.




Analysis

Gauge fixing

@ A partial gauge fixing:
D, =dr? + &% =0

where i,j, k are in SO(3) € SO(3,1).

@ Assume a time-like norm:

—?=77<0

This breaks SO(3,1) down to a residual SO(3) invariance.

The spatial triad appears within the connection

D% =dr, Dri=uWwioer®=E".




Analysis

Connection

The pullback @" of w" to surface X of constant 7:

0 1pi
~be (-3 (k- 26 )

VKT is the torsion-free E’-compatible SO(3)-connection

K; is the extrinsic curvature form

Set spatial coordinates x? on ¥, define h,, = (5UE;E{;:

o Kyp = %E(n“)hab where n* is the unit normal to
o Relation to the to the curvature form K; = K,,EPdx?

The metric part of @ describes distances on ¥

The metric part of @7 related to the intrinsic curvature

The torsionful part of & related to the extrinsic curvature



Analysis

GR recovered only when 72 = —1

With a general value of v, the equations of motion for the spatial
metric h,p are produced from the following Lagrangian

@ This is valid in the frame t = 7

@ R®) s the Ricci scalar corresponding to h,p

@ K,p is the extrinsic curvature

Iff 2 = —1 we recover the ADM Lagrangian with unit lapse.

Different from LQG
where the Barbero-Immirzi parameter is not fixed.




Analysis

The self-dual curvature

e Any SO(3,1) form can be decomposed as " = " 4 f~V
° erIJ — (fIJ l IJ fKL)
° f‘flj — (fU I /J fKL)

@ These are the self- dual and anti-self-dual pieces
° l ] Lf+KL — jftH
° %611 LffKL — _jfV

@ When v = +/, the P,JKL is the projector
° ,.Y — i: PIJ f'KL — IJ f+KL
° ’Y:il PIJ fKL_ IJ f‘ KL

If v =i, the action involves the self-dual curvature

SG[W,T] P/JKLfDT’DTJRKL EIJKLIDT/DTJR+KL




Analysis

Self-dual connection

The pullback @” of w" to surface X of constant 7:

% 0 1f
wo= e e"jk(rk—i(Kk—%Ek))

+i (- iK) + (1 F nE
2\ (F—ik) —aFnE (- i) +i(lF 1)eik Ek

- ' e -
BlecsKy = ( W dkr, )’ &ecsK) = ( 2 ) &

1 0 i(r -’
+1J +1J
w = - . . - =w 2

2 ( =i (= iKT) e (T — k) (ECSK) @



Analysis

1+3

@ Assume topology R x ¥ for some submanifold

@ X corresponds t = cst. where t(x*) is a global time function
e Introduce spatial coordinates x? covering ¥
o Introduce d the exterior derivative according to the x?

@ Decompose the fields and their exterior derivatives as:

wIJ — CL)IJdt + (I)U
dr' = Opr'dt + dr'
dw” = 0,0" ,dtdx® + dw"dt + dx"”

Le= PIJKLdt<2DTJRKLa '+ Dr! DTJa —KL >

T Pygdt (2Q’MTM257’R>“ QD (mm) )




Analysis

The 1+3 Lagrangian

o Introduce the momenta for 7° and 7':
T = 2POJ-KLEJRKL
i = 2P E/R*
@ Force them with multipliers, vary wrt them and obtain:
moT; — 7iTo = 0
iy} =0

@ Use these and obtain:

1 o
Lc L 5dte,-jKLE’ E 0wotitdx® + FoldT
70

+ dtQ% eou DT (E'EX) + P; (E' — D7)
+ A(mo — 2Poji ELR¥) + N (7 — 2Py, EL R*Y)




Analysis
The Hamiltonian

Renaming things:
e Introduce P via mg = (70/7)P
@ Introduce N via A = Ndt
o Introduce N’ via \' = N'dt

e Use 7 instead of 70 = /72 + 7i7;

The result becomes:
Sc¢ g /dt (EUkEiEjat@+Oakan + PO — H)
where the Hamiltonian three-form H is:
H = Q% ;DY (E/EX)
+ N(P\/1+ 0970,7 + ejE' R™¥)

+ Ni(Pa,'T -+ 26;jkEjR>+0k) .

Covariant Ashtekar's self-dual gravity coupled to rotationless dust. ]




Analysis

Summary of the analysis

The symmetry-broken phase

The spatial triad appears in the connection: D7° = d7, D7/ = E'.

The action is completely fixed: Sglw, 7] =i [ € DT'DT/RTH

We need to consider a complex Lorentz group SO(3,1,C).

Covariant Ashtekar's self-dual gravity coupled to rotationless dust.

The matter coupling:

Chiral Ss[w, 7] = i [ € DT' DT/ DT*W%,c*AADHW 4 is consistent.




Applications

Dark matter

The solutions to the EoMs from Sg[w, 7] include those from

1
Scle, 70l = 5 / ﬁd4X(R — p(0"78,T + 1))

So does
@ "Mimetic dark matter” (the minimal version)

@ "Projectable Horava-Lifshitz gravity” (without a kinetic term)

There is no necessity that 7 forms a global time coordinate. It is
sufficient that the theory leads to field equations that can be
evolved in physical situations of interest. The ability of 7 to "tilt"
from timelike to null values may be of importance in terms of its
ability to evolve past "caustic” situations.




Applications

Singularities

A problem with mimetics:

With the shift symmetry 7 — 7 + cst., inflation dilutes the ppp.

A possible solution: break the symmetry

We could add kinetic terms to 7, or non-minimal matter couplings.

A more interesting possibility: reconsider the Big Bang & inflation

Recall the trivial solution 7/ = 0, w™ =anything. Can we
(more/less smoothly) join this with the expanding dust solution?




Applications

Extensions

@ Enlarging the gauge group
@ Double relativism SO(3,1) — SO(4, 1): invariance of both ¢ and Mpj,,ck
@ Conformalism SO(4,1) — SO(4, 2): rid of absolute scales

@ et cetera SO(4,2) — SO(N, 14 — N): towards GraviGUTs &la Percacci
@ Changing the gauge group

@ Unitary geometry: SO(4) ~ SU(2) ® SU(2)
@ Hermitian geometry: SO(3,1) ~ SL(2,C)

@ Spinorial Khronon: = \If'yI\U

2
ale) b ala) s g(a) 4= 4(a)

sl(2,C)" A 8 —- si(2,C)~
a-‘ Lie f




Applications

Modifying gravity: a universal recipe

@ An example: vector

@ Take e and a vector V? L =g R R + by RUT + copT°T
+ dgpeaR*Pe%e® + dlpeg RUDV DV
@ Write down the polynomials (many are abed b abed b
redundant) +egpc T’ + en, T*DVDVE
b d b
@ Obtain: the Horndeski when V), = 0, ¢ +dlzbcdRa e DV + E:LbcTae DV* (31)

+ Fapeae®e’e%e? + fhpcqe’e’eDV?
+ fohea®e?DVDV? + fir 1 DVPDVDV?
+ feaDVDVPDV DV,

@ If e = D77 we'll get "mimetic Horndeski” ?

@ Example with 2-form = the "generalised Proca” terms
e Example with two tetrads: bigravity (next talk)

@ The potential interactions: €,pcqe?e?eSf?, e pcqe?e?FFd, e pege? FOFEFd

@ New kinetic interactions? Mimetic bigravity? Chiral bigravity?

The universal recipe

to obtain all the consistent actions with any field content:
covariant, generalised (with torsion) and complete. [arxiv:1807.xcd.




Applications

Summary: "the Cartan Khronon”

@ Principle: a 1) minimal 2) polynomial 3) gauge theory

The theory Sglw, 7] =i [ € DT' DT/ RT*" is chiral GR + dust
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@ Next

e Resolution of singularities?

o Complete model of the universe?
@ Then

e Unification?

e Quantisation?
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