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Scope today

New combinatorial approaches for multidimensional analyses of soft
diffraction and a demonstration of applying "Deep Learning" to
diffraction.

For some up to date (a priori/posteriori) information:
See [Mieskolainen, M., Orava, R. Observables of QCD diffraction. AIP Proceedings (Vol. 1819, No. 1,
p. 040002), 2017.] and references there.
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https://arxiv.org/abs/1612.00980
https://arxiv.org/abs/1612.00980


The classic case

Fraunhofer (far field plane wave) approximation : "Diffraction
pattern as the Fourier transform of the aperture amplitude."

Inverse is obtained (naively) by inverse transform of the Fourier
integral.

"Practical Problems": lost phase information, limited acceptance
⇒ invertability not unique neither well-posed. How about the high
energy case?
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The proton-proton case

Pomeron physics.

You can think also in terms of wee partons, soft color dipoles,
pomeron parton (ladder) structure etc., unfortunately there are yet
no truly solid experimental constraints from the LHC data for
inelastic diffraction. Basic Regge domain features, however, are
observed in data.

Essential fluctuating degrees of freedom: rapidity (predominantly
low x), pT , multiplicity and multidimensional correlations over the
full range of acceptance.

⇒ N-dimensional observables
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Q: Cannot I just count the large rapidity gaps?

Answer: A. Yes, if you want to measure rapidity gap distributions
(with different pT cutoffs) or tag a tail of diffractive events. B. No,
if you want to fully understand soft diffraction.

Q: Why?

Answer: Think about what would or should you
measure/characterize of classic diffraction with randomly varying
aperture geometry and wavelength of radiation.
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Basic questions of soft diffraction

- Unitarity, asymptotic energy behavior of total cross sections
- Transition between "different" Pomerons: soft . . . hard →
Pomeron intercept 1 + ∆P (∼ cross sections) and slope α′P ∼
"t-cone behavior" functional behavior
- p → N∗ Good-Walker spectrum of low-mass dissociation
- Gluonia/glueballs/soft central diffractive production
- Regge/QCD factorization properties
- + Correlations and fluctuations
...

Ultimately, the goal here is have a "unified" approach for
interpreting the data.
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Vector space FN2 view to the
soft pp Diffraction
So, usually the experimental definition when talking about soft diffraction
goes through large rapidity gaps ∆y & 3 and

σpp
inel ≡ σSDL + σSDR + σDD + σCD + σND

The decomposition above is not experimentally well posed!

So, instead, let us start with n = 2N − 1 partial cross sections

σpp
inel ≡ σ1 + σ2 + σ3 + · · ·+ σn, (1)

where each subcomponent corresponds to one particular final state
topology class over pseudorapidity.

"Slice the pseudorapidity space into N intervals"
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Defining the observables
α) The visible fiducial cross sections σ(vis)

i should be defined in terms of
(η, p⊥) acceptance of charged/neutral particles. This sounds completely
obvious, but it is still often done in a half-transparent way.

β) The separation of efficiency corrections on visible part versus the pure
extrapolation to outside of the fiducial acceptance region should be made
very clear. Again, done usually in a half-transparent way.

γ) Defining the measurement in terms of diffractive mass MX (or
ξ = 1− p′z/pz vs. ξ ' M2

X/s), one has no direct geometrical fiducial
definition, unless one takes η ' y and uses the average kinematical
relations for rapidity gaps

SD : 〈∆y〉 ' − log
(
M2

X

s

)
(2)

DD : 〈∆y〉 ' − log
(
M2

XM
2
Y

m2
ps

)
and 〈y0〉 '

1
2
log
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X

M2
Y

)
(3)

In practise, people use a full MC chain definitions of diffractive mass
acceptances. However, the SD/DD mass is not directly measured!
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Figure: The phase space domain for 2→ 2 with variable invariant masses
for 2 outgoing legs. Ω1 is for SD and Ω2 for DD with MX = MY . The
general case of DD (MX 6= MY ) is there between Ω1 and Ω2.
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E.g.: Geom.-kinem. ALICE phase-space span at Run 2
Not all subdetectors shown (∼ #20). Very good (η, p⊥) coverage for diffractive physics.
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How about r -subspaces,
0 ≤ r ≤ N
Those are encapsulated in the Grassmannian manifold Gr(r ,N,F), that
is, the object describing all possible r -dimensional subspaces in FN . This
is a very rich object of algebraic geometry with variety of applications
from coding theory to mathematical physics.

Put it more concrete

Gr(r ,N) = {r × N matrices with rank r} \ row operations , (4)

with dimGr(r ,N) = r(N − r).

Counting just rapidity gaps integrates Grassmannian data out! This loss
of information can be huge, depending on the measurement.
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The framework allows probing
the Regge (vertex) factorization

d3σDD

dM2
XdM

2
Y dt

∼ d2σSD
dM2

Xdt

d2σSD
dM2

Y dt
/
dσEL
dt

(5)

How? Well, directly comparing spesific component cross sections σi with
a simple algorithm (using the Grasmannian data). This is the best we
can do, given the (lacking) differential measurement capabilities of M2

X

and t at the LHC.

Naturally, several different algebraic (multiplicative and additive) tests
can be done for, e.g., "multi-Regge" type factorization.
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How about FNq , with q > 2?
This can be done1, and will be directly related doing the combinatorial
construction of partial cross sections over different bins over multiplicity
per rapidity interval, for example.

Details vary, but one can immediately see how this starts to probe AGK
rules (the density of particles over rapidity intervals with cut Pomerons).

1For a real valued vector space RN construction, see [MM., Bayesian
Classification of Hadronic Diffraction in the Collider Detector at Fermilab, MSc
Thesis (2013)]
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http://dspace.cc.tut.fi/dpub/bitstream/handle/123456789/21965/Mieskolainen.pdf
http://dspace.cc.tut.fi/dpub/bitstream/handle/123456789/21965/Mieskolainen.pdf
http://dspace.cc.tut.fi/dpub/bitstream/handle/123456789/21965/Mieskolainen.pdf


Algebraic representations
The probability vector p (2N -dim), the components of ordinary moments
mk and the components of central moments δk below are defined using
the Kronecker (tensor) products

p =

〈(
1 −1
0 1

)⊗ N ( 1
XN

)
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(
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)
⊗ · · ·
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〉
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k
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(Xi - 〈Xi 〉)
ki

〉
=

〈(
1

XN - 〈XN〉

)
⊗
(
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⊗ · · ·
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1

X1 - 〈X1〉

)〉
k
,

where we use k = 1 +
∑N

i=1 ki2
i−1 (little endian binary expansion),

1 ≤ k ≤ 2N and ki ∈ {0, 1}. The central moments describe the
correlations (# 2N − N − 1) between any 2 or more subspaces (rapidity
slices). Xi are the corresponding random variables.

[Teugels, Jozef L. "Some representations of the multivariate Bernoulli and binomial distributions."
Journal of multivariate analysis 32.2 (1990): 256-268.]
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http://www.sciencedirect.com/science/article/pii/0047259X9090084U
http://www.sciencedirect.com/science/article/pii/0047259X9090084U


Diffraction analysis technique++
To summarize, we utilize different detector combinations over η → vector signals →
partial cross sections + multidimensional model fitting to extract σSD , σDD etc.

This latest vector space combinatorial construction goes beyond
multidimensional fitting, and is compatible with discussion about
multigaps, gap destruction and rescattering and short/long range
y -correlations:

Figure: (a) Multigap event, (b) Gap destruction, (c) Correlation coeff. R2
Figure from: [Khoze, Martin, Ryskin, Shuvaev, J. Phys. G: Nucl. Part. Phys. 36 (2009) 093001]
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http://iopscience.iop.org/article/10.1088/0954-3899/36/9/093001/pdf


Some Combinatorics
or "mathematics of rapidity slices"
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One example: AGK Cutting Rules
Regge field Combinatorics

The total cross section for exchange of µ Pomerons, σtotµ , partial

cross section σ(ν)
µ of a final state with a number of ν cut Pomerons

and their ratio

σ
(ν)
µ

σtotµ
= (−1)µ−ν

µ!

ν!(µ− ν)!
(2µ−1 − δ0ν), (6)

[Abramovski, Gribov, Kancheli, Sov. J. Nucl. Phys. 18, 308 (1974)], [E. Levin, hep-ph/9503399]

µ r ν 0 1 2 3 4 5 6
1 0 1 0 0 0 0 0
2 1 -4 2 0 0 0 0
3 -3 12 -12 4 0 0 0
4 7 -32 48 -32 8 0 0
5 -15 80 -160 160 -80 16 0
6 31 -192 480 -640 480 -192 32

Table: AGK factors for µ = 1, 2, . . . , 6 exchanged Pomerons. Summing
over µ requires some explicit (Regge/Eikonal etc.) model in addition to
these.
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http://arxiv.org/pdf/hep-ph/9503399.pdf


Poisson ⊗ Multinomial Vector Model

ŷi =
1

1− e−µ

∞∑
k=1

µk

k!
e−µWik , i = 1, . . . , 2N − 1 = n

=
e−µ

1− e−µ

∞∑
k=1

µk

k!

∑
Ωik

k!∏n
j=1 xj !

n∏
j=1

p
xj
j

 (7)

The multinomial term and its values of xj ∈ N are evaluated over all valid
combinations for probabilities yi from the set of n-tuples Ωik , that is,
those which are allowed by poset combinatorics:

Ωik =

(x1, . . . , xj , . . . , xn) | ∨
j

xj cj = ci and
∑
j

xj = k

 , (8)

where
∨

operator takes care of "summing" the binary vectors cj of
multiplicity xj and thus evaluating the "pileup" compositions.

The idea in a nutshell: We measure probabilities y, and want to solve p
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The principle of inclusion-exclusion
General math framework: Incidence algebras [Gian-Carlo Rota, MIT, 60’s]

The principle of inclusion-exclusion is the Möbius inversion for
subsets. Now let different rapidity slices and their signals be
represented with subsets D1,D2, . . . ,DN ⊂ D. Then

P(
N⋃
i=1

Di ) =
N∑

k=1

(−1)k−1
∑

I⊂{1,...,N},|I |=k

P(DI )

 . (9)

One can wrap that thing above into a matrix. Notice the (−1)k−1

factor, that gives the essential structure:

[D. Spector, Commun. Math. Phys. (1990)], "We show that the
Möbius inversion function of number theory can be interpreted as
the operator (−1)F in quantum field theory."

20 / 31

http://link.springer.com/article/10.1007/BF02096755


Uniform input p = 1 case, N = 3
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Figure: A solution. On x-axis the Poisson µ and on y-axis the
components of the vector y.

Starting with very elementary definitions, interesting distributions
emerge from combinatorics.
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Figure: Poisson model ⊗ Dirichlet distribution drawn probabilities as a
statistical mixing operator (matrix) S : p 7→ y, N = 6. Fractal structure,
due to the Boolean vector space, is the Sierpinski triangle. (Dark blue =
0 . . . Yellow = 1)
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Conclusions
The vector space measurement model allows a mathematically self
consistent way to do combinatorial analysis of soft diffraction, plus also
to extract σSD , σDD , σND etc. via multidimensional Bayesian/Frequentist
fitting (given the MC model).

AGK cutting rules and (say) eikonals could be incorporated into the
combinatorics inversion framework. Leading the way to completely new
analyses of, e.g., gap survival S2(Ω) discussion. This framework works
directly for pile-up inversion of gap topologies (multiple pp interactions
per bunch crossing).

The vector space itself can be studied in the context of kinematics,
diffraction models and Regge theory, together with tools from
combinatorics and algebraic geometry (Grassmannian).
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Deep Learning Diffractive Mass
The first application of deep learning to high energy diffraction
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DeepMind

"In a Huge Breakthrough, Google’s AI Beats a Top Player at
the Game of Go"

[D. Silver et al., "Mastering the game of Go with deep neural networks and tree search," Nature 529,
484-489 (2016)]
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https://www.nature.com/nature/journal/v529/n7587/full/nature16961.html
https://www.nature.com/nature/journal/v529/n7587/full/nature16961.html


Figure: Inside a convolutional network. From a review paper: Yann
LeCun, Yoshua Bengio, Geoffrey Hinton, Deep Learning, Nature 521,
436-444 (28 May 2015).

Intuitively renormalization group flows of type "Kadanoff’s
block-spin" are close to the structure of deep networks.
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http://www.nature.com/nature/journal/v521/n7553/full/nature14539.html
http://www.nature.com/nature/journal/v521/n7553/full/nature14539.html
http://www.nature.com/nature/journal/v521/n7553/full/nature14539.html


High Mass Single Diffraction (SD)?
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Figure: The "coherence condition" ξ < 0.05 ∼ xF > 0.95 ∼ 〈∆y〉 > 3 is
only semi ad-hoc.

Triple Pomeron limit gives under t → 0: dσ
dM2

X
∼ 1

(M2
X )1+∆P

.

Low-mass (resonance region) and high mass cutoff not known.
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How to measure invariant mass of the system,
without forward proton kinematics, or in the case of double dissociation?

As a baseline a kinematic pseudorapidity gap estimator

∆η ' − ln
(
M2

X

s

)
⇔ MX '

√
s exp(−1

2
∆η),

which of course neglects fluctuations in the fragmentation, is
directly biased if the pseudorapidity is used instead of true rapidity
and pT is not utilized. One could also write a bit more
sophisticated estimators, but I will skip those now.
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DeepMass

What follows, is a convolutive "regression" neural network trained with
Pythia 8 single diffractive events. We call this DeepMass (DM) MX

estimator. We use total multiplicity and sum of pT over N bins of
pseudorapidity

2× N -dim input→ [3-layer convolution net]→ MX

Let’s see how the deep convolution net "learns
relativistic kinematics":
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Figure: [Acceptance cutoff pT > 100 MeV]. Rapidity gap estimator
(black) versus DM (red) mass resolution. A clear bias & variance
improvement over the baseline. 30 / 31



This was a demonstration. Perhaps one should try deep learning for
discriminating between DGLAP versus BFKL dynamics at the LHC?

Thanks for listening!

Different types of code to be available at
www.github.com/mieskolainen
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https://www.github.com/mieskolainen

