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Analytical description of 

spin dynamics 
noncontinuous and 

nonaligned fields 
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Is it possible to describe a spin motion without a 

calculation of beam dynamics? 

Probably not, but some steps ahead can be made  

First of all, a standard description of spin motion 

relative to detectors can be used, i.e., an equation of 

spin motion in the cylindrical or Frenet-Serret 

coordinates can be applied.  

Equation of spin motion in the Cartesian coordinates: 
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Equation of spin motion in the cylindrical coordinates: 

Equation of spin motion in the Frenet-Serret coordinates: 
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We can derive the equation of spin motion in storage 

rings in the cylindrical coordinate system with allowance 

for field misalignments and imperfections and also for 

fields which are orthogonal to main ones. Besides this, 

we can consider spin motion in periodical external fields 

and can solve the spin motion equations. 
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The (pseudo)-vector of angular velocity (i.e., stable spin axis) 

becomes tilted. The instantaneous plane of particle motion does 

not coincide with the horizontal plane, and the instantaneous 

plane of rotation of vector N=p/p is not horizontal. The angle Φ 

between two positions of the rotating vector N in the tilted plane 

is not equal to the angle ϕ between two corresponding 

horizontal projections. Therefore, the instantaneous angular 

velocity of particle motion is changed. The infinitesimal angle 

of particle rotation in the xy plane, dϕ, is given by 
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As a rule, o is a rather small correction. These equations are 

exact. 

The instantaneous angular velocity of spin rotation in the 

horizontal plane,   , is characterized by the change of angle ψ 

determining the spin orientation in this plane.  
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As a rule, O is a rather small correction. These equations are 

exact. 
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Analytical description of 

spin dynamics  

oscillating transverse fields 



11 



12 

 0 0 , cos .zB t   B e B

Constant vertical magnetic field and oscillating 

horizontal magnetic field 

Spin-dependent part of the classical Hamiltonian is 

given by 
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In the rotating frame, the total angular velocity of the 

spin rotation is equal to 

We can derive exact formulas for spin dynamics in the 

rotating frame and then pass to the lab one. 

When the initial spin direction is defined by the 

spherical angles θ and ψ, 

the final result is given by 
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Both the vertical and horizontal initial polarizations 

are useful 
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At frequencies far from resonance, effects of two magnetic 

fields rotating in opposite directions are comparable 
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We have also given the quantum-mechanical 

description of the magnetic resonance 
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Resonance EDM experiments 

with a rf electric-field flipper 

and a rf Wien filter 
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rf flipper/filter 

A distinguishing feature of storage ring EDM 

experiments is a discontinuity of perturbing fields 

l<<C 

l is the rf flipper/filter length,  

C is the circumference   

Since lengths of the flipper and the filter are small as 

compared with the ring circumference, an 

approximation of the noncontinuous perturbing field by 

the delta function is permissible. An expansion of the 

delta function into the Fourier series is defined by 
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More adequately, the electric fields of the flipper and the filter 

can be defined as oscillating fields on the finite length l: 

In this case, an expansion into the Fourier series has the form 

Angular velocity of the spin rotation is given by 
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Important distinguishing features of storage ring EDM 

experiments are also a simultaneous influence of external 

fields on the electric and magnetic dipole moments and the 

existence of a resonance effect even when the stimulating 

torque acting on the EDM is equal to zero. 

For a more precise Fourier expansion, one can use real 

parameters of the resonator fields. 
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1. ``Resonance’’ stimulated by the oscillating vertical 

magnetic field in the storage ring with the main 

magnetic field B0 

The angular velocity of the spin rotation in the cylindrical 

coordinates is given by (β=βeϕ) 

In the considered case, 
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Any resonance effect does not exist: 
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Figure 1. Magnetic-field ``flipper’’. 
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2. Resonance stimulated by the oscillating radial electric 

field in the storage ring with the main magnetic field B0 

The horizontal spin polarization at the initial vertical spin 

direction is given by 



Figure 2. Electric-field 

flipper. 
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3. Resonance stimulated by the rf Wien filter in the storage 

ring with the main magnetic field B0 

The angular velocity of the spin rotation takes the form 

( )

0 0 0.oscB E 

   ( ) ( )

0 0cos , cos .osc osct t      E E B B

There is not any oscillating force acting on a particle: 

Oscillating fields should be synchronized: 

There is not a resonance field acting on the EDM! 

However, eϑ and ez are not collinear 
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To determine the resonance effect, it is convenient 

to pass to the axes eϑ and eζ: 

, .z r r z     e e e e e e

In this case, 

The resonance EDM effect is provided by the 

oscillating torque acting on the MDM 

where 



Figure 3. rf 

Wien filter. 
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It can be checked that 

If bz<<1, the general equations obtained for the magnetic 

resonance can be used. In this case, 

When the initial spin direction is horizontal,  

This equation agrees with previous results. 

sin(ψ-χ)=1 in the experiment planned 
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The more precise derivation of the beam polarization 

along the eϑ  axis during one spin revolution: 

We can apply properties of the Bessel functions (n is integer): 

We obtain the following exact formula: 

As a result, the average build-up of the vertical spin 

polarization is given by 

When δ<<1,  J0(δ)+J2(δ)≈1− δ2/8. 



32 

Systematical errors in an 

experiment with the rf Wien 

filter 
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The vertical electric field and the radial and longitudinal 

magnetic fields may create a resonance effect imitating the 

presence of the EDM. This effect can take place due to 

misalignments and imperfections of the oscillating 

fields in the rf Wien filter. Similarly directed constant 

imperfection fields can also exist in the storage ring. 

However, they do not create any resonance effect. 
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To decrease systematic errors, it is necessary to avoid any 

dependence of the particle motion on the fields of the rf Wien 

filter. This means canceling the Lorenz force in both radial 

and vertical directions. We obtain the formula 

 ( )

0 0 0.osc

z
  E β B

In general, 
( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0 .osc r z r osc

r zB 

     B e e eB B B B B

For the vertical electric and the radial magnetic fields, we 

obtain the formula 

This defines the corresponding systematic error. 

In agreement with Morse, Orlov, and Semertzidis work   
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The longitudinal magnetic field causes the resonance effect 

defined by 

The longitudinal magnetic field turns the spin around the 

longitudinal direction while the EDM effect consists in the 

spin rotation around the radial direction. As a result, phases 

of rotating horizontal spin components appearing due to the 

longitudinal magnetic field and the EDM effect differ on π/2. 

What is a difference between the two systematical errors? 

( )B

r( )B
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Summary 
 General description of spin dynamics at the magnetic 

resonance has been carried out. Formulas have been 

obtained for all polarization components, an arbitrary initial 

beam polarization, an arbitrary phase of a perturbing field, 

and also for the spin evolution at frequencies far from 

resonance 

 The results obtained can be effectively used for a 

quasimagnetic resonance in storage ring EDM experiments 

with allowance for their distinguishing features 

 Spin dynamics in resonance EDM experiments with a rf 

electric-field flipper and a rf Wien filter has been theoretically 

described in detail 

 Systematical errors in resonance EDM experiments with 

the rf Wien filter have been calculated 
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