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Standard model gauge group GSM = SU(3)× SU(2)× U(1)

SM running coulings (one loop level, without scalar fields):
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Special orthogonal group SO(n)

Definition
If B : V × V → F is a symmetrical positive definite billinear form. Then we define
Orthogonal group

O(n,F) := {M ∈ GL(V ) : B(Mv ,Mw) = B(v ,w) for v ,w ∈ V } ,

where F = R or C.

O(n) ∼=
{
M ∈ Rn×n : MTM = In

}
SO(n) = O(n) ∩ {M ∈ Rn×n : detM = 1}

SO(n) is connected and compact ⇒ expressed by an exponential of
generators from special orthogonal algebra so(n).

so(n) :=
{
X ∈ Rn×n : XT + X = 0,Tr(X ) = 0

}
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Definition
Representation (φ,V ) of a Lie algebra g is a linear map

φ : g→ gl(V )

which preserves Lie bracket:

[φ(X ), φ(Y )] = φ([X ,Y ])

for all X ,Y ∈ g. If 〈·, ·〉 is a Hermitian scalar product on V and

∀X ∈ g, v1, v2 ∈ V : 〈v1, φ(X )v2〉 = −〈φ(X )v1, v2〉,

then (φ,V ) is an unitary representation.

Representation of so(n) ←→ representation of a double cover Spin(n) ←→
(single, double valued) representation of SO(n)
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Spinor representation of so(2n)

Definition
Clifford algebra Cliff (2n,C) is an associative algebra generated by an identity 1
and vectors from an orthonormal basis of C2n satisfying

eiej + ejei = 2δij

for i , j ∈ {1, . . . , 2n}

Witt’s basis is for j ∈ {1, . . . , n}

wj :=
1
2

(e2j−1 + ie2j) w̄j :=
1
2

(e2j−1 − ie2j)

{wj ,wk} = {w̄j , w̄k} = 0, {wj , w̄k} = δjk
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Exterior algebra

ΛCn = Cn ⊕ Λ1Cn ⊕ Λ2Cn · · · ⊕ ΛnCn

where ΛCj is generated by

wk1 ∧ wk2 · · · ∧ wkj = sign(σ)wσ(k1) ∧ wσ(k2) · · · ∧ wσ(kj )

Spinor representation on exterior algebra ΛCn is given by an action

wj : ΛCn → ΛCn

wk1 ∧ · · · ∧ wkp 7→ wj ∧ wk1 ∧ · · · ∧ wkp

and

w̄j : ΛCn → ΛCn

wk1 ∧ · · · ∧ wkp 7→
p∑

s=1

δjs(−1)s+1wk1 ∧ . . .wks−1 ∧ wks+1 ∧ · · · ∧ wkp

dimΛCn = 2n
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so(2n) ⊂ Cliff (2n,C) is generated by

{wjwk , w̄j w̄k , w̄jwk}nj,k=1 = {[ej , ek ]}nj,k=1

Action of so(2n) preserves parity of the grades ⇒ spinor representation of
so(2n) is reducible ⇒ decomposition into irreducible subspaces:

ΛCn = ΛevenCn ⊕ ΛoddCn

where
ΛevenCn = Cn ⊕ Λ2Cn ⊕ . . .

and
ΛoddCn = Λ1Cn ⊕ Λ3Cn . . .

Kateřina Jarkovská () The SO(10) in the GUT Výjezdní seminář ÚČJF 7 / 14



fermionic annihilation and creation operators {f †j , fj}nj=1:

{f †j , f
†
k } = {fj , fk} = 0, {f †j , fk} = δjk

vacuum state |0〉: fj |0〉 = 0 for all j ∈ {1, . . . , n}
fermionic Fock space

F+
n =

〈
|0〉, f †j1 |0〉, f

†
j1 f
†
j2 |0〉, . . . , f

†
j1 f
†
j2 . . . f

†
jn |0〉

〉
Fermionic realization:

wj ←→ f †j
w̄j ←→ fj

so(2n) ∼= 〈wjwk , w̄j w̄k , w̄jwk〉 ←→
〈
fj fk , f

†
j f
†
k , f

†
j fk
〉

ΛCn ←→ F+
n

ΛevenCn ←→ F+
even :=

〈
|0〉, f †j1 f

†
j2 |0〉, . . .

〉
ΛoddCn ←→ F+

odd :=
〈
f †j1 |0〉, f

†
j1 f
†
j2 f
†
j3 |0〉, . . .

〉
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Standard model representation

For one generation (Q = T3 + Y ):(
νL
eL

)
←→ C⊗ C2 ⊗ C− 1

2
←→ (1, 2,− 1

2 )

(
uR
L uG

L uB
L

dR
L dG

L dB
L

)
←→ C3 ⊗ C2 ⊗ C 1

6
←→ (3, 2, 1

6 )

(
eR
)

←→ C⊗ C⊗ C−1 ←→ (1, 1,−1)(
νR
)

←→ C⊗ C⊗ C0 ←→ (1, 1, 0)(
uR
R uG

R uB
R
)

←→ C3 ⊗ C⊗ C 2
3

←→ (3, 1, 2
3 )(

dR
R dG

R dB
R
)
←→ C3 ⊗ C⊗ C− 1

3
←→ (3, 1,− 1

3 )

GSM = SU(3)× SU(2)× U(1)
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Fermion representation of one generation:

F = (1, 2,−1
2

)⊕ (3, 2,
1
6

)⊕ (1, 1, 0)⊕ (1, 1,−1)⊕ (3, 1,
2
3

)⊕ (3, 1,−1
3

)

Antifermion representation of one generation:

F ∗ = (1, 2,
1
2

)⊕ (3̄, 2,−1
6

)⊕ (1, 1, 0)⊕ (1, 1, 1)⊕ (3̄, 1,−2
3

)⊕ (3̄, 1,
1
3

)

Standard model representation of one fermion and antifermion generation:

F ⊕ F ∗

dimF ⊕ F ∗ = 32 = 25
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SO(10) in the Grand Unified Theory

dimF ⊕ F ∗ = 25 = dimΛC5

spinor representation on ΛoddC5, ΛevenC5

Left-handed Weyl spinors:

ΛevenC5 ∼=
(
ν̄L
)
⊕
(
e+L
)
⊕
(
uR
L uG

L uB
L

dR
L dG

L dB
L

)
⊕
(
ūR
L ūG

L ūB
L
)
⊕

⊕
(
νL
eL

)
⊕
(
d̄R
L d̄G

L d̄B
L

)
Right-handed Weyl spinors:

ΛoddC5 ∼=
(
e+R ν̄R

)
⊕
(
dR
R dG

R dB
R
)
⊕
(
eR
)
⊕
(
ūR
L ūG

L ūB
L

d̄R
L d̄G

L d̄B
L

)
⊕

⊕
(
uR
R uG

R uB
R
)
⊕
(
νR
)
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