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Massless free boson in 2d: classical

euclidean action for φ(z , z̄) : C→ R

S =
1

2π

∫
d2z ∂φ ∂̄φ

δS=0
=⇒ ∂∂̄φ(z , z̄) = 0.

2d conformal symmetry: (z , z̄)→ (w , w̄) = (f (z), f̄ (z̄)), generated by

ln = −zn+1∂ , l̄n = −z̄n+1∂̄ ,

[lm, ln] = (m − n)lm+n , [l̄m, l̄n] = (m − n)l̄m+n , [lm, l̄n] = 0

EM tensor

T (z) = ∂φ(z) ∂φ(z) , T̄ (z̄) = ∂̄φ(z̄) ∂̄φ(z̄)

conformal Noether currents zm+1T (z), z̄n+1T̄ (z̄), charges (Laurent)

Lm =
1

2πi

∮
C(0)

dz zn+1T (z) , L̄m =
1

2πi

∮
C(0)

dz̄ z̄n+1T̄ (z̄)
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Massless free boson in 2d: quantum

propagator
〈φ(z , z̄)φ(w , w̄)〉 = − log |z − w |2

currents j(z) = ∂φ(z) =
∑

m∈Z
αm
zm+1 , j̄(z̄) = ∂̄φ(z̄) =

∑
m∈Z

ᾱm
z̄m+1

û(1) algebra

[αm, αn] = mδm+n,0 , [ᾱm, ᾱn] = mδm+n,0 , [αm, ᾱn] = 0

Hilbert space |m1, . . . n̄1, . . .〉 = α−m1 . . . ᾱ−m1 . . . |0〉⊗ |0〉, mi , ni > 0,

αm|0〉 = ᾱn|0〉 = 0 for all m, n > 0

normal ordering: all annihilation operators to the right

quantum conformal algebra

[Lm, Ln] = (m − n)Lm+n+
c

12
(m3 −m)δm+n,0 , [Virasoro]

with c = 1, same for L̄ms with [Lm, L̄n] = 0
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2d CFT: bootstrap approach

specify local fields φ(z , z̄), EM tensor T (z), T̄ (z̄), central charge c

operator–state duality |φ〉 = limz,z̄→0 φ(z , z̄)|0〉
field content organized into HWRs of conformal algebra

1 primaries φh,h̄ (HW states)

(L0, L̄0)|φh,h̄〉 = (h, h̄)|φh,h̄〉 , Ln|φh,h̄〉 = L̄n|φh,h̄〉 = 0 , n > 0

2 descendants |φ〉 = L−m1L−m2 . . . L̄−n1 L̄−n2 . . . |φh,h̄〉, mi , ni > 0

larger symmetry algebra W (e.g. û(1)) =⇒ HWRs w.r.t. W
key assumption (OPE): φi (z)φj(w)

z→w∼ sum of local fields at w

imposing conformal symmetry and consistency relations everything
else (non-perturbative (!) n-point functions) follows

akin to lifting oneself by pulling straps attached to one’s boots
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CFTs: beacons in theory space

CFT deformations S → S +
∫
d2z V [φ(z , z̄)] generally induce RG

flow to a new CFTIR with c ′ < c [Zamolodchikov]

→ CFTs as signposts in the QFT landscape

CFT1
UV

CFTIR

. . .

CFT1
UV

QFTs

CFTn
UV

. . .

universality class

CFTUV

CFTIR

. . .

another universality class
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Closed bosonic string in flat background

extremization of worldsheet area gives (µ, ν = 1, . . . ,D, a, b = 1, 2)

SPoly =
1

4π

∫
d2σ
√
−hhabηµν∂aXµ(σ)∂bX

ν(σ)

use BRST to fix Diff2 gauge invariance (cylinder → C: z = eσ
1+iσ2

)

Scg =
1

2π

∫
d2z ∂X · ∂̄X︸ ︷︷ ︸

=Sm , CFTc=D

+
1

2π

∫
d2z (b∂̄c + b̄∂c̄)︸ ︷︷ ︸

=Sgh , CFTc=−26

,

with QB = −c0 +
∑

n cnL
m
−n +

∑
m,n

m−n
2 : cmcnb−m−n : and

#gh(b, c) := ∓1 , bm|0〉 = cn|0〉 = 0 , m ≥ 0, n > 0

consistency Q2
B = 0 requires ctot = 0 =⇒ D = 26

Hphys = KerQB/ImQB at #gh = 1 with level matching

(creation ops.)|Ω, k〉 , |Ω, k〉 = e ik·X (0,0)c1|0〉 ⊗ c̄1|0〉
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Open bosonic string

strip worldsheet
exp−→ theory on UHP =⇒ need BCs

solution: Dirichlet/Neumann BCs (Dp-branes)
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BCFT: conformal boundaries I

CFT on UHP instead of C: need to specify BCs on Im z = 0

not all BCs consistently preserve conformal symmetry!

open–closed duality for partition function

Zab = 〈〈Bb||e−βH ||Ba〉〉 , H = Lcyl0 + L̄cyl0 = L0 + L̄0 −
c

12

→ boundary state ||B〉〉: formal limit of bulk states
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BCFT: conformal boundaries II

condition for conformal symmetry

(Ln − L̄−n)||B〉〉 = 0

1-1 correspondence with spinless bulk primaries φh,h [Ishibashi]

||B〉〉 =
∑

h∈Spec

Bh|φh,h〉〉 , gB := B0

further non-linear sewing constraints on Bh [Cardy & Lewellen]

symmetry algebra W ⊃ Vir: allow gluing automorphism Ω s.t.

(Wn − ΩW̄−n)||B〉〉 = 0 , ΩLn = Ln , ΩL̄n = L̄n

for W = û(1): Wn = αn, D/N BCs ⊂ free boson BCs (û(1)-breaking)

φ(z , z̄) singular as z → z̄ =⇒ ∃ boundary fields φ(x)

BCFT deformations S → S +
∫∞
−∞ dx V [φ(x)] generally induce RG

flow to a new BCFT′ with g ′ < g [Affleck, Friedan, Konechny]
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φ(z , z̄) singular as z → z̄ =⇒ ∃ boundary fields φ(x)

BCFT deformations S → S +
∫∞
−∞ dx V [φ(x)] generally induce RG

flow to a new BCFT′ with g ′ < g [Affleck, Friedan, Konechny]
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for W = û(1): Wn = αn, D/N BCs ⊂ free boson BCs (û(1)-breaking)
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Cubic OSFT: stringy background

free ends from now on (WLOG): most general state (string field)

|Ψ〉 =

∫
d26k

(
φ̃(k) + Ãµ(k)αµ−1 + B̃µν(k)αµ−1α

ν
−1 + . . .

)
e ik·X (0)c1|0〉

φ,Aµ, . . . have action (free string)

S2 =
1

2
〈Ψ|QB|Ψ〉 =

1

2
〈I ◦Ψ(0)QBΨ(0)〉 δS2=0

=⇒ QBΨ = 0 ,

gauge freedom δΨ = QBχ

3-string vertex [Witten]

S3 =
1

3
〈Ψ|Ψ ∗Ψ〉 =

1

3
〈f1 ◦Ψ(0)f2 ◦Ψ(0)f3 ◦Ψ(0)〉 δS3=0

=⇒ Ψ ∗Ψ = 0 ,

OSFT action

SOSFT = S2 + S3
δSOSFT=0

=⇒ QBΨ + Ψ ∗Ψ = 0

with gauge freedom δΨ = QBχ+ Ψ ∗ χ− χ ∗Ψ
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J. Vošmera (Prague Inst. Phys.) OSFT Techniques in Condensed Matter Malá Skála, 2017 13 / 23



Outline

1 Preliminary notions
Conformal Field Theory
Bosonic string, BCFT and OSFT

2 OSFT in condensed matter
OSFT/BCFT relation
QSHI: a case study
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Boundary states from OSFT: free boson

OSFT is in fact a theory of D-branes

Conjecture (A. Sen)

Classical solutions of OSFT contain all possible open string BCs, including
closed string vacuum.

→ given QBΨ0 + Ψ0 ∗Ψ0 = 0, then ∃ D-brane with gB = SOSFT[Ψ0]

stronger statement seems to hold

Conjecture

Consistent BCs for free boson are in 1-1 correspondence with classical
solutions of OSFT.

can reconstruct ||B〉〉 from Ψ0 [Kudrna, Maccaferri & Schnabl]

convincing numerical evidence in level truncation
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Boundary states from OSFT: general background

can write consistent OSFT for general BCFTm
26 backgrounds

→ can investigate BCs in general CFTc by writing

BCFTm
26 = BCFTc︸ ︷︷ ︸

a starting BC of CFTc

⊗ BCFT26−c︸ ︷︷ ︸
identity BC

string field written using φj ∈ BCFTc

|Ψ−ΨTV〉 =
∑
j

∑
I ,J,K

ajIJKL
c
−I |φj〉 ⊗ L26−c

−J |0〉 ⊗ Lgh−Kc1|0〉 ,

Conjecture

Consistent BCs for any CFTc are in 1-1 correspondence with classical
solutions of OSFT for any BCFTc background.

can use KMS to identify BCs given a solution Ψ0 −ΨTV and

systematically search for new consistent BCs

similar picture to BCFT deformation: BCFTc
OSFT−→ BCFT′c , but

OSFT can go against RG flow [Kudrna, Rapčák & Schnabl]
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Helical spinful TLL at criticality

correlation length diverges at criticality → conformal symmetry

in infinite 1d quantum wire, electrons behave as a spinful
Tomonaga-Luttinger liquid with gρ, gσ
with weak-link (impurity) at origin has BCFT description
quantum point contact in QSHI: helical STLL with gρ = g = 1/gσ,
experimental realisation in HgCdTe quantum well structures
bosonised fields: φρ, φσ compactified on twisted torus with

R1 = R2 = R =
√

(1 + g2)/(2g) , tan(θ/2) = (1/g)

φρ

φσ

2πR

2πR

θ

√
g/2

√
1/(2g)
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QSHI boundary conditions

BCs determine critical conductivity in charge and spin

Neumann – perfect (Fermi) conductivity e2/h: C
Dirichlet – perfect insulator: I

→ conductivity phases correspond to D-branes wrapped on the torus!

II = D0 brane, CC = D2 brane

mixed phases = D1 branes
φσ

φρD1

(a) CI phase

φσ

φρD1

(b) IC phase
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Intermediate boundary state

unstable exotic fixed point P [Kane & Teo]

interpolates between IC and CI for 1/2 < g < 2

analytical predictions for critical conductivity

G ∗ρ =


1/2 +O(ε3) , g = 1− ε
(
√

3− 1)/2 , g = 1/
√

3
π2ε , g = 1/2 + ε

can determine critical conductivity from BCFT as G ∗ρ = f (B∂X )
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G ∗ρ : level truncation results

OSFT level truncation G ∗(g) data (levels 11, 12, 13)
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P is a W = ŝu(2)1 WZW boundary state at g = 1!
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Summary and outlook

conformal field theories are
1 complex enough to capture interesting physics
2 symmetric enough to be solved non-perturbatively

string theory = 2d worldsheet CFT, need to specify BCs at
boundaries (ends)

OSFT on general background should capture all consistent conformal
BCs for given bulk CFT

→ tool for classification and characterisation of BCs for use in cond-mat

TODO:

excitation spectrum at Ψ0: cohomologies of

QΨ0 = QB + [Ψ0, • ]

→ critical exponents!

other applications: junctions of quantum wires, impurities, . . .
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J. Vošmera (Prague Inst. Phys.) OSFT Techniques in Condensed Matter Malá Skála, 2017 22 / 23



Summary and outlook

conformal field theories are
1 complex enough to capture interesting physics
2 symmetric enough to be solved non-perturbatively

string theory = 2d worldsheet CFT, need to specify BCs at
boundaries (ends)

OSFT on general background should capture all consistent conformal
BCs for given bulk CFT

→ tool for classification and characterisation of BCs for use in cond-mat

TODO:

excitation spectrum at Ψ0: cohomologies of

QΨ0 = QB + [Ψ0, • ]

→ critical exponents!

other applications: junctions of quantum wires, impurities, . . .
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Summary and outlook

conformal field theories are
1 complex enough to capture interesting physics
2 symmetric enough to be solved non-perturbatively

string theory = 2d worldsheet CFT, need to specify BCs at
boundaries (ends)

OSFT on general background should capture all consistent conformal
BCs for given bulk CFT

→ tool for classification and characterisation of BCs for use in cond-mat

TODO:

excitation spectrum at Ψ0: cohomologies of

QΨ0 = QB + [Ψ0, • ]

→ critical exponents!

other applications: junctions of quantum wires, impurities, . . .
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