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Computational challenges in 
nuclear energy density 

functional methods



Introduction
Nuclear Structure: 

Our aim is to describe whole nuclear chart 

 Approx. 2500 known isotopes 
               263 stable
               4000 not yet observed

Ab-initio models restricted to lighter 
nuclear systems… 



Introduction
“Domain“ of ab-initio models – taken from V. Soma, lectures of 28th Indian-Summer School 2016

http://rafael.ujf.cas.cz/school16/presentations/Soma/GFcourse_Soma_Prague2016.pdf



Introduction
Nuclear Structure: 

Our aim is to describe whole nuclear chart 

 Approx. 2500 known isotopes 
               263 stable
               4000 not yet observed

Density Functional Theory 

or

Nuclear Energy Density Functional 
(EDF)

suitable method for heavier nuclear 
systems → no restriction how heavy 
systems can be described with EDF



Energy Density Functional

Mean Field – generated by the HF method 
                                          from NN interactions
 

nucleons as 
non-interacting particles
in potential well

mutual interaction of 
nucleons creates “mean 
field“ → nucleons move in 
this field

Hartree-Fock method – mean-field is generated 
“by itself“ = self-consistence 

mean field

= ++
residual 
interaction



Energy Density Functional
Density Functional – possible to construct 
Mean Field without knowledge of NN interactions 

We define energy density 
functional as general 
scalar product of 
densities  

dependence on circa 10 
free parameters of the 
model  

Kohn-Sham eq. 
   equiv.
Hartree-Fock eq. 

mean field (single 
particle levels)



Random Phase Approximation

Nuclear excitations 
within 1 particle-hole
excitations  

RPA phonons 

Equation of motion 

RPA equation

RPA matrix – 
dimension (2D x 2D)



Photoabsorption Spectrum

Photoabsorption total cross section: 

The definition of stregth function:

Lorentzian

L = 21

too high density of states in 
the region of giant 
resonances → Lorentzian 
smoothes strength function



Basis - dimensions
HO oscillator basis # single particle states 

N
0

j-scheme m-scheme

0 1 2

1 3 8

2 6 20

3 10 40

4 15 70

5 21 112

6 28 168

7 36 240

8 45 330

9 55 440

10 66 572

11 78 728

12 91 910

13 105 1120

14 120 1360

15 136 1632

16 153 1938

17 171 2280

18 190 2660

19 210 3080

j-scheme: 
    # = (N

0
+1)*(N

0
+2)/2 

m-scheme: 
      # = (N

0
+1)*(N

0
+2)*(N

0
+3)/3

Spherical basis    <=>  j-scheme
Deformed basis   <=>  m-scheme



Random Phase Approximation

K
p 
– particle states

K
h 
– hole states

RPA matrix – dimension (2D x 2D)

D = (K
p
*K

h
)

D ~ (N
0
)2     … spherical 

D ~ (N
0
)3      … deformed

N
0

D - spherical D - deformed

0 - -

1 - -

2 9 96

3 21 256

4 36 496

5 54 832

6 75 1280

7 99 1856

8 126 2576

9 156 3456

10 189 4512

11 225 5760

12 264 7216

13 306 8896

14 351 10816

15 399 12992

16 450 15440

17 504 18176

18 561 21216

19 621 24576



“Quasiparticles“ in nuclei

particle-hole excitations

we need to distinguish 
occupied and unoccupied
levels

nuclei with semi-closed shell 

nucleons “jumping“ between 
energetically very close levels 

“smearing“ of Fermi energy

occupations of levels 
     0  <  V

i

2  <  1

becomes probabilistic

quasiparticle states - partially occupied orbits



Random Phase Approximation

K
 
– quasiparticle 

states

Quasiparticle formulation of 
RPA matrix – dimension (2D x 2D)

D = K*(K-1)/2
D ~ (N

0
)4     … spherical 

D ~ (N
0
)6      … deformed

N
0

D - spherical D - deformed

0 - -

1 3 28

2 15 190

3 45 780

4 105 2415

5 210 6216

6 378 14028

7 630 28680

8 990 54285

9 1485 96580

10 2145 163306

11 3003 264628

12 4095 413595

13 5460 626640

14 7140 924120

15 9180 1330896

16 11628 1876953

17 14535 2598060

18 17955 3536470

19 21945 4741660

Quasiparticle formulation



Random Phase Approximation

Quasiparticle formulation of 
RPA matrix – dimension (2D x 2D)

D = K*(K-1)/2
D ~ (N

0
)4     … spherical 

D ~ (N
0
)6      … deformed

N
0

D - spherical D - deformed

0 - -

1 3 28

2 15 190

3 45 780

4 105 2415

5 210 6216

6 378 14028

7 630 28680

8 990 54285

9 1485 96580

10 2145 163306

11 3003 264628

12 4095 413595

13 5460 626640

14 7140 924120

15 9180 1330896

16 11628 1876953

17 14535 2598060

18 17955 3536470

19 21945 4741660

Quasiparticle formulation

Matrices ~ (107 x 107) 

→ methods to solve the eigenvalue 
problem only for a subset of states 
without generating the full RPA matrix 



Arnoldi Diagonalization Method

Arnoldi Diagonalization Method – an iterative method to calculate RPA 
strength functions without construction and diagonalization 
of the full RPA matrix



Arnoldi Diagonalization Method

Arnoldi Diagonalization Method – an iterative method to calculate RPA 
strength functions without construction and diagonalization 
of the full RPA matrix

RPA phonon operator

We start with a pivot vector

E1 strength function 

 (we can choose other J)

We only need to know a product of the RPA matrix with a vector  



Arnoldi Diagonalization Method

Arnoldi Diagonalization Method – an iterative method to calculate RPA 
strength functions without construction and diagonalization 
of the full RPA matrix

Iterations:  if we have set of k vectors, we can add (k+1)th vector by the following 

where the elements a
ik
, b

ik
 are defined as: 

Moreover – we orthogonalize 
the (k+1)th state to all the k 
previous states in each 
iteration 



Arnoldi Diagonalization Method

Arnoldi Diagonalization Method – an iterative method to calculate RPA 
strength functions without construction and diagonalization 
of the full RPA matrix

In each iteration we have d vectors which form Krylov subspace of full 

RPA space (RPA matrix with a dimension 2D). 

d << D

We solve an RPA equation problem in the Krylov subspace (of dimension d) in 
each iteration… 

We obtain the eigen-energies and calculate strength functions until the 
convergence is reached… 



Arnoldi Diagonalization Method



Arnoldi Diagonalization Method
Arnoldi Diagonalization Method – is meaningful only if the convergence is 

reached for dimension of the Krylov subspace d << D !

In the test calculations of the paper PRC 81, 034312 (2010) the convergence usualy 
reached (within reasonable precision) for ~ 100 iterations…

Application → systematic study of Giant Monopole Resonances (GMR) in most of 
spherical nuclei of the chart:  Phys. Rev. C 86, 024303 (2012)

convergence of centroid 

centroid of GMR 

m
0
, m

1
 moments 

of giant resonance 



Arnoldi Diagonalization Method
Arnoldi Diagonalization Method – is meaningful only if the convergence is 

reached for dimension of the Krylov subspace d << D !

But important is also the reduction of the time needed for RPA calculation – useful 
for large systematic calculations (calculations of whole nuclear chart, fitting of 
parametrizations)… 

RPA calculation ~ 101 sec → allows large scale calculations...



Systematic Calculations of Nuclear 
Properties

S. Ebata, T. Nakatsukasa, T. Inakura, Phys. Rev. C 90, 024303 (2014)



Systematic Calculations of Nuclear 
Properties



Systematic Calculations of Nuclear 
Properties

Thank you for 
your 

attention!!
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