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The basic problem with missing energy events

• A. Study the invariant mass distributions of the visible particles
– Kinematic endpoint methods
– Suboptimal? (do not use all available information, bumps easier to see than endpoints) 

• B. Use on-shell relations and the MET constraint to compute exactly
– Polynomial methods
– only applicable to (symmetric) events with long decay chains, extraneous solutions

• C. Use an ansatz which optimizes (min/max) a suitable function of the momenta
– MT2-Assisted On-Shell (MAOS) method determines pT and pz 
– M2-Assisted (MA?) method finds pT and pz simultaneously 2
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What to do about the 
unknown LSP momenta?
We have three options:
      A. Ignore
      B. Compute
      C. Guess
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MAOS momentum reconstruction

• Step 0: Adopt a test value for the LSP mass
• Step 1: fix the transverse invisible momenta

– obtained during the MT2 minimization

• Step 2: fix the longitudinal momenta from an 
additional kinematic constraint. 3 options:

– MAOS1: the known mass of the parent particle
– MAOS2: the event-wise value of MT2 
– MAOS3: the event-wise values of MT(1) and MT(2)

• The accuracy can be improved by a 
preselection cut on MT2
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which is a function of the trial LSP mass mχ, satisfying

mmax
T2 (mχ = mχ̃0

1
) = m̃ ≡ mother particle mass. (12)

In order to see how mT2 is determined for a given event, let us first consider the
minimization of mT over unconstrained trial LSP momentum pχ

T . Differentiating m2
T by

pχ
T , one finds
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This implies that mT has a stationary value when the trial LSP momentum satisfies
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This stationary point actually corresponds to the global minimum of mT for given values
of mvis and mχ:

(
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)

min
= mT

∣

∣
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χ
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T /mvis
= mvis + mχ, (15)

which is called the unconstrained minimum of the transverse mass [14].

Figure 2: A balanced mT2 solution.
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The MAOS pT value

only the near end-point events of MT2. On the other hand, the distribution of ∆k̃L is more

chaotic, partly because of the error propagation from ∆k̃T and also the two-fold degeneracy

of the longitudinal component. Still it is peaked at zero, although the width is significantly

broader, for a wide range of (mχ, mY ) which includes the case with mY = Mmax
T2 (mχ). As

an example, we depict in Fig. 1 the distributions of ∆k̃T,L (including both of k̃±

L ) for the

MAOS momenta of the SPS2 SUSY event set, which has been constructed with mχ = 0 and

mY = Mmax
T2 (mχ = 0). Fig. 1a shows the distributions of the full event set, while Fig. 1b is

for a subset including only the top 10% end-point events of MT2. We can see that the MAOS

momentum has a good correlation with the true momentum even for the full event set, and

the correlation becomes stronger for the near end-point events of MT2. This suggests that if

one has an enough statistics, it can be more efficient to do MAOS reconstruction using only

the near end-point events.
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FIG. 1: The distributions of k̃± − ktrue for (a) the full event set, and (b) the top 10% end-point

events of MT2. Here the MAOS momenta were constructed with mχ = 0 and mY = Mmax
T2 (mχ = 0).

If one could measure all final state momenta in the 3-body decay,

Y → q(pq)q̄(pq̄)χ(k), (7)

where Y = g̃ or g(1), and χ = B̃ or B(1), the spin of Y can be determined by the 2-D

invariant mass distribution dNdecay/dm2
qqdm2

qχ for m2
qq = (pq + pq̄)2 and m2

qχ = (pq + ktrue)2

or (pq̄ + ktrue)2. However, as the true WIMP momentum is not available, one could have

only the m2
qq-distribution, dNdecay/dm2

qq =
∫

dm2
qχdNdecay/dm2

qqdm2
qχ. In [8], it was found
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FIG. 1: The distributions of k̃± − ktrue for (a) the full event set, and (b) the top 10% end-point

events of MT2. Here the MAOS momenta were constructed with mχ = 0 and mY = Mmax
T2 (mχ = 0).
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Figure 3: Distributions of (upper frame) MT2 and (lower frame) the correlation between MT2 and

∆kT for (left panels) kmaos−b�
and (right panels) kmaos−�

.

and of thereby reconstructing the t and t̄ rest frames. The latter can be used to evaluate

top-polarization or tt̄ spin-correlation observables, to be studied in the next sections.

3 Top polarization

Top decay products obey angular distributions that are correlated with the parent-top spin.

This well known fact is, among quarks, a unique property of the top, and it is due to its large

mass. The latter is responsible for the top-quark’s small lifetime, ∼ 1/(GFm3
t ), much shorter

than the time, ∼ mt/Λ2
QCD, needed by QCD interactions to decorrelate the production-time

spin configuration [21].

At hadron colliders, top quarks are produced predominantly as tt̄ pairs by QCD processes,

which a priori cause left and right polarizations to weigh equally in an event set. However, in

new-physics scenarios involving chiral couplings, top-quark polarizations may be produced

in unequal weights. Accurately measuring the top polarization is therefore considered as an

important clue for physics beyond the SM.
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The many faces of MAOS

• For the dilepton ttbar event topology, there are up to 12 
different MAOS schemes

– pT calculation: there are 3 possible MT2 subsystems
– pz calculation: there are actually 4 possibilities. 

• Beware: different number of inputs
– 1/0 in addition to the LSP mass

• Beware: different number of solutions (up to 4)
– MAOS3 is always unique

4

Ansatz for the invisible momenta

Method required inputs longitudinal No of transverse

components solutions components

MAOS1(ab) mA,mC eq. (3.6) up to 4

MT2(ab)
MAOS2(ab) mC eq. (3.9) up to 2

MAOS3(ab) mC eq. (3.12) unique

MAOS4(ab) mB,mC eq. (3.15) up to 4

MAOS1(b) mB,mC eq. (3.7) up to 4

MT2(b)
MAOS2(b)

mC
eq. (3.10)

unique
MAOS3(b) eq. (3.13)

MAOS4(b) mA,mC eq. (3.16) up to 4

MAOS1(a) mA,mB eq. (3.8) up to 4

MT2(a)
MAOS2(a)

mB
eq. (3.11)

unique
MAOS3(a) eq. (3.14)

MAOS4(a) mC ,mB eq. (3.17) up to 4

Table 1. A summary of the different possible MAOS schemes. The transverse invisible momenta

are fixed by the MT2 calculation in one of the three possible subsystems (ab), (a), and (b), while
the longitudinal invisible momenta can be computed from any one of the four conditions MAOS1,

MAOS2, MAOS3 and MAOS4 described in the text. The second column lists the required mass

inputs for each case.

for each parent) in order to determine the longitudinal momentum of the respective

invisible particle. Depending on the subsystem under considerations, the MAOS1

constraint reads

Subsystem (ab) : m2
Ai

= (pai + pbi + qi)
2, (3.6)

Subsystem (b) : m2
Bi

= (pbi + qi)
2, (3.7)

Subsystem (a) : m2
Ai

= (pai +Qi)
2. (3.8)

The first two relations will provide an ansatz directly for qiz, while the last one can

be solved for Qiz, after which qiz will be obtained from (3.3). In all cases, we have

to deal with a quadratic equation for each decay chain, thus we may end up with up

to four valid solutions, as indicated in Table 1.

• MAOS2: use the value of MT2 calculated in the event. The main disadvantage of

the original MAOS1 scheme is that one needs precise prior knowledge of the mass of

the parent particle, which may not be available immediately. In order to circumvent

this difficulty, an alternative proposal, which does not require the parent mass as an

input, was suggested in Refs. [67–70]. The idea is to use the numerical value of the

event-wise MT2 value in place of the parent mass. Depending on the subsystem, we

– 9 –

Kim,KM,Moortgat,Pape 2017

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

Burns,Kong,KM,Park 2008

ev
en

ts
 p

er
 2

.7
 G

eV

0

1

2

3

4

5

6

7
310!

data
signal
mistag bkg
tau decays
had. decays
non-ttbar bkg

 (8 TeV)-119.7 fb

CMS
Preliminary

 [GeV]"blM
100 150 200 250 300

da
ta

/m
c

0.5

1

1.5
uncertainties (stat.+syst.)

MAOS1(b)



M2-assisted invisible momentum reconstruction

• The MT2 idea can be applied to the (3+1)-dimensional parent masses
– it is straightforward to enforce the kinematic constraints

• The constraints are applied during the minimization
– an improved guess for the invisible momenta
– the global minimum is unique -> unique ansatz for the invisible momenta

• Publicly available software OPTIMASS
5
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Subsystem Mass Applied constraints for

Variable type inputs parents relatives

M2XX(ab) (ab) mC — —

M2XC(ab) (ab) mC — mB1 = mB2

M2CX(ab) (ab) mC mA1 = mA2 —

M2CC(ab) (ab) mC mA1 = mA2 mB1 = mB2

M2XR(ab) (ab) mB,mC — mB1 = mB2 = mB

M2CR(ab) (ab) mB,mC mA1 = mA2 mB1 = mB2 = mB

M2XX(b) (b) mC — —

M2XC(b) (b) mC — mA1 = mA2

M2CX(b) (b) mC mB1 = mB2 —

M2CC(b) (b) mC mB1 = mB2 mA1 = mA2

M2XR(b) (b) mA,mC — mA1 = mA2 = mA

M2CR(b) (b) mA,mC mB1 = mB2 mA1 = mA2 = mA

M2XX(a) (a) mB — —

M2XC(a) (a) mB — mC1 = mC2

M2CX(a) (a) mB mA1 = mA2 —

M2CC(a) (a) mB mA1 = mA2 mC1 = mC2

M2XR(a) (a) mB,mC — mC1 = mC2 = mC

M2CR(a) (a) mB,mC mA1 = mA2 mC1 = mC2 = mC

Table 2. A summary of the 6× 3 = 18 variables of type M2 defined in the text. For each of the

three subsystems (ab), (a), and (b), one may choose to apply (or not) the parent constraint (3.22),

and then choose to apply (or not) one of the relative constraints (3.23) or (3.24).

(later) in the list. As indicated by the entries in the third column of Table 2, four of

the variables within each subsystem require a single input mass parameter, namely the

hypothesized mass of the daughter particle for this subsystem. These 12 variables, of

type M2XX , M2CX , M2XC , and M2CC , are precisely the on-shell constrained M2 variables

discussed in [44]. The remaining 6 variables in Table 2 require an additional mass input

— the mass of the relative particle. In this sense, they are the analogues of the MAOS1 or

MAOS4 schemes for invisible momentum reconstruction, which also required an additional

mass input, see Table 1.

The pros and cons of the different types of M2 variables from Table 2 will be discussed

in our numerical examples below (see Section 4.2). The exact definition for each variable

should be clear from our earlier discussion (see also [44]), but at this point it may still be

instructive to give a few specific examples, particularly for the newly introduced variables

M2XR and M2CR which employ the stricter constraint (3.24).

For concreteness, let us consider the dilepton tt̄ realization of the event topology of

Fig. 1, in which the visible particles are: a pair of b-quarks (a1 = b, a2 = b̄) and a pair

of leptons (b1 = �+, b2 = �−). One could imagine that the leptons are still the result of

leptonic decays of SM W -bosons to neutrinos, so that mBi = mW and mCi = 0, while the

– 13 –
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∆qx,y(GeV )

Comparison of ansatze for the invisible momenta
• Which of the two methods gives a better approximation for the invisible momenta?
• For fairness, make the same set of assumptions

– in the example below, use the known value of the top mass

• Both methods seem to work well
– The transverse components are determined slightly more accurately
– The M2 method seems to work better

6
Debnath,Kim,Kim,Kong,KM 2017
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The sharpness of reconstructed peaks: top
• Use the ansatz for invisible momenta to reconstruct a mass peak, e.g. top 
• Two-fold combinatorial problem: use both combinations on the plots
• Consider separately the methods which

– do NOT rely on a known value of some particle’s mass
– rely on the known value of some particle’s mass
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The sharpness of reconstructed peaks: W
• Use the ansatz for invisible momenta to reconstruct a mass peak, e.g. W 
• Two-fold combinatorial problem: use both combinations on the plots
• Consider separately the methods which

– do NOT rely on a known value of some particle’s mass
– rely on the known value of some particle’s mass
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BSM applications: a “good” study point
• Consider the general mass parameter space of “top”, “W”, “neutrino”
• Do we always get the reconstructed peak in the right place?

– most of the time, especially if (approximately) MA*MC=MB*MB
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BSM applications: a “bad” study point
• Sometimes it does not work so well

– however, recall the MAOS preselection cut trick: keep only the top 5, 10, 20, 50%

10

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

500 450 50



BSM applications: a “bad” study point
• Sometimes it does not work so well

– however, recall the MAOS preselection cut trick: keep only the top 5, 10, 20, 50%

10

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

500 450 50



BSM applications: a “bad” study point
• Sometimes it does not work so well

– however, recall the MAOS preselection cut trick: keep only the top 5, 10, 20, 50%

10

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

A1 B1 C1

A2 B2 C2

a1 b1

a2 b2

(a)
(b)
(ab)

500 450 50



Summary and Outlook
• The momenta of the invisible particles can be obtained from an educated guess

– Two possibilities are: MAOS and M2-assisted reconstruction

• There are many versions of MAOS 
• There are many versions of M2-assisted reconstruction
• M2-assisted reconstruction seems to work better

– gives a better guess for the invisible momenta
– leads to more narrow reconstructed invariant mass peaks

• In either case, a preselection cut helps (at the cost of decreased statistics)
• Possible future applications

– resolving the combinatorics problem (see yesterday’s talk by KC Kong)
– spin measurements
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