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Scattering Amplitudes from Eigenstates

• With	great	improvements	in	computational	power	over	the	years,	perhaps	we	
are	at	a	point	that	we	can	directly	diagonalize	the	Hamiltonian	and	calculate	
the	scattering	amplitude	directly	from	the	eigenstates.
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The Hamiltonian
• In	order	to	do	this,	we	need	to	first	Legendre	transform	the	Lagrangian	to	the	
Hamiltonian,	plug	in	the	field	definition	in	terms	of	the	creation	and	
annihilation	operators,	and	discretize	momentum	space.		For	example,	for	λ𝜙4	
theory,
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Hilbert Space Size
• Even	after	discretizing	momentum	space,	the	Hilbert	space	is	still	infinite	
dimensional.		If	we	used	an	energy	cutoff,	it	would	still	grow	way	too	quickly.

Diagonalizing the Hamiltonian of ��4 Theory in 2 Space-Time Dimensions Part II

Neil Christensen, Joshua Henderson, Santiago Pinto and Cory Russ
Illinois State University

We follow up on our previous paper investigating the diagonalization of ��4 theory in two space-
time dimensions...

I. MONTE-CARLO GENERATION OF
DOMINANT BASIS STATES

In [1], after discretizing momentum space, the Hilbert
space was truncated by setting an upper limit on the free-
particle energy of the basis states. A limit on the number
of particles to a maximum of two was also imposed. The
reason this was done is that, even with a cuto↵ on the
free energy of the basis states, the Hilbert space grows too
rapidly and quickly overcomes the ability of computers
to diagonalize. Indeed, it quickly overcomes the ability of
computers to even store the Hamiltonian or the Hilbert
space itself. For illistration, for a bare mass of 1 GeV, we
have plotted the size of the truncated Hilbert space as a
function of the cuto↵ on the free-particle energies of the
basis states in the top plot of Figure 1. We have done
this for several momentum step sizes. For example, if we
set the momentum step�p = 0.05GeV, the Hilbert space
already contains over 100 million state with a cuto↵ of
only 12GeV. We have also fit straight lines to the results
on a log-log plot. As expected, we find that the slope
of these lines increases as �p becomes smaller. We have
further plotted the slopes of these lines on the bottom
plot of the same figure and fit a straight line to them on
a log-log plot. We find that the slope grows roughly as
1/

p
�p
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which makes sense, since as �p ! 0, the slope should
become infinite.

On the other hand, in [1], we showed that for reason-
able results, �p should be much smaller than m while
E

cut

should be much larger. This means that, in order
to achieve good results with a reasonably small �p and
a reasonably high cuto↵ energy, while including multiple
free particles in the basis states, we must find an alter-
native to diagonalizing the Hamiltonian while keeping
all basis states below the cuto↵. Such an alternative was
outlined in [2] and is called the Quasi-Sparse Eigenvector
(QSE) method.

Since the QSE method has been described in detail
in [2], we will review it here in the context of our own
calculations and invite the reader to read [2] for more
details on the method itself. Since we are interested in
perturbative coupling, each eigenstates is dominated by
one basis state (see Appendix B). For example, the vac-
uum approaches the 0-free-particle basis state in the limit
� ! 0. As the coupling constant turns on, other states
begin to contribute.

Still working on this....

5.0 7.5 10.0 12.5 15.0 17.5

0.1

10

1000

105

107

109

Ecut(GeV)

N

Truncated Hilbert Space Size

N(0.5)∝Ecut4.9
N(0.25)∝Ecut7.4

N(0.1)∝Ecut11.6

N(0.05)∝Ecut14.9

FIG. 1: The number of basis states in a Hilbert space trun-
cated by an energy cuto↵ on the basis states in the top plot.
The dots are calculated and the lines are fit to the dots. The
slopes on a log-log plot are determined and plotted in the
lower plot. They are fit to a straight line, determining the
slope as a function of �p.

Appendix A: The ��4 Theory

We already worked out the discrete Hamiltonian of our
theory in two dimensions in Section I of [1]. However, we
make one modification in the present paper. We renor-
malize the mass in order to cancel the second term of
Eq. (10) in that paper. We review the derivation and
explain the modification here.



Important Basis States
• Although	the	Hilbert	space	is	way	too	big	to	diagonalize	directly,	only	a	very	
small	handful	of	the	basis	states	are	important	to	a	particular	eigenstate.			
• If	we	could	determine	just	the	important	basis	states	for	a	particular	scattering	
state,	then	we	could	diagonalize	the	much,	much	smaller	reduced	Hilbert	
space	with	just	the	important	basis	states.

 (12,�12) = 0.999999|12,�12i

�0.000254|12, 0, 0, 0, 0, 12i+ · · ·
�0.000262|12,�5,�4,�3i � 0.000262|� 12, 5, 4, 3i



Cyclic Random Process
• Instead,	we	use	a	random	approach	based	on	Physics	Letters	B503	(2001)	223-235.	

1.Begin	with	the	lowest	order	perturbative	solution.			
• Quick	and	a	good	seed	for	our	method	

2.Remove	basis	states	below	cutoff.		Call	remaining	basis	states	the	reduced	
Hilbert	space.	
• The	cutoff	sets	the	precision	of	the	calculation	for	that	dp.	

3.Randomly	add	new	basis	states	to	the	reduced	Hilbert	space.			
• Choose	a	random	basis	state	from	the	reduced	Hilbert	space.		Act	on	it	with	a	
random	operator	from	the	Hamiltonian.	This	produces	a	random	new	basis	
state	“close”	to	the	reduced	Hilbert	space.	

4.Diagonalize	the	Hamiltonian	in	the	new	reduced	Hilbert	space.	
5.Repeat	steps	2-4	until	the	eigenstate	is	achieved.
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Conclusions
• We	are	exploring	a	new	method	for	calculating	the	scattering	
amplitude.	
• We	use	a	cyclic	random	procedure	for	determining	the	most	important	
basis	states	for	a	scattering	eigenstate.	
• We	have	shown	preliminary	results	for	a	scattering	eigenstate	and	for	
an	inner	product	between	eigenstates	(the	S-Matrix).	
• We	have	compared	our	results	with	perturbation	theory.		Higher	
orders	in	perturbation	theory	get	closer	and	closer	to	our	results.	
• Our	code	appears	to	be	more	efficient	than	higher	orders	of	
perturbation	theory.
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