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Brane Brick Models:  
 
2d N = (0,2) supersymmetric gauge theories  
on the world-volume a stack of D1-branes  
probing toric Calabi-Yau 4-fold conical singularities.

R1,1

X = C(Y) Y

2d cousin of 4d “brane tiling”



Outline

orbifolding, partial resolution, 
mirror symmetry, …

Classical

Quantum

classical moduli space of vacua
via “brick matching”

Gauge Theory CY Geometry

UV index IR index=

gauge theory sigma model



(0,2) multiplets

Multiplet s-field off-shell on-shell

Chiral F f, y+ f, y+

Fermi L l�, G l�

Gauge V Aµ, r� r�

“(0,2) super-potential”

W = Â
a

tr [L̄aEa(F) + La Ja(F)]

SUSY : Â
a

tr [Ea(F)Ja(F)] = 0

=) LF = �Â
a

tr
⇣
|Ea(f)|2 + |Ja(f)|2

⌘



From Geometry  
To Gauge Theory



The C4

theory in (0, 2) notation

Scalar : 8v ! 4+1/2 � 4̄�1/2

R-Fermi : 8s ! 4�1/2 � 4̄+1/2

L-Fermi : 8c ! 60 � 1+1 � 1�1

Decomposition under SO(8) � SU(4)⇥ U(1)

4 chiral + 3 Fermi + 1 gauge … interacting via

J E

Lx : Y · Z � Z · Y D · X � X · D

Ly : Z · X � X · Z D · Y � Y · D

Lz : X · Y � Y · X D · Z � Z · D

U(N) (8, 8) Super-Yang-Mills (dim. red. from 10d)

GaugeFermi



Periodic quiver

Y

Z
D

X

Ordinary quiver :

Periodic quiver :

“brane box”
[Uranga,Garcia-Compean ’98]

non-R U(1)3



Constructing D1-brane gauge theories

Partial resolution / “Higgsing”

“Orbifold reduction”

Orbifolds of C4 (projection, twisted sector)

Dim-reduction : CY
3

⇥ C

[Morrison,Plesser ’98]

Mirror symmetry
uv = P(x, y, z)
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C3/Z2 ⇥ Z2 SPP Conifold

Partial resolution [Morrison,Plesser 98]

Caveat:  take “Higgsing” as a classical operation



C4/Z2 ⇥ Z2 ⇥ Z2

Q1,1,1

4

3

2 4

1

3 1

2

1

3

2

4

4

131

4 2

4

3 1

2

1

2

1

13

x

y

z

1 2

34

1

4 3

2
G = 4, C = 10, F = 6Q1,1,1



D3

C4/Z2 ⇥ Z2 ⇥ Z2
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IIB string theory, toric CY n-fold, D(9-2n) branes

Unification via mirror symmetry

n dim, SUSY T-dual config Symmetry

2 6d, N=(1,0) necklace quiver -

3 4d, N=1 brane tiling Seiberg duality

4 2d, N=(0,2) brane brick GGP triality

5 0d, N=1 brane hyper-brick ? Quadrality !



Triality



Basic triality [Gadde,Gukov,Putrov 13]
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Triality loop

First example of triality 
without flavor nodes



From Gauge Theory 
To Geometry



From Gauge Theory to Geometry

Classical moduli space: 
        solution to all F-term and D-term relations.

FI parameters can resolve the singularity.

A combinatorial method, “brick matching”, 
solves the problem efficiently.

cf) “perfect matching” 
     of 4d brane tilingXi = ’

m
pBim

m



Consistency check

Partial resolution preserves                            . G � C + F = 0

“Higgsing” a scalar : DG = DC = 1

DC = DF = 1Chiral-Fermi decoupling :

dim(classical moduli space) 

= C � (F � 3)� (G � 1) = 4

Zn orbifolds : G = n, C = 4n, F = 3n
=) G � C + F = 0 .



Quantum Dynamics 
via Elliptic Genus



Quantum dynamics of gauge theories

Gauge theory

NLSM

CFT

UV

IR

RG flow

ea, mb ! •

ta =
qa

2p
+ ira ! (ta)⇤

[Gadde,Gukov,Putrov 14][Gadde 14]



Expected IR behavior

U(1) : classical moduli space X of the gauge theory

Gauge theory will flow to an NLSM
                          whose target space is …

U(N) : symmetric product orbifold, SN X = XN/SN

We will verify the claim for U(1) theories 
              by computing and comparing the elliptic genus.



Vector bundle for Fermi multiplet

A (0,2) NLSM (without J/E potentials) is specified by 

- vector bundle V for Fermi multiplets

- target space X for chiral multiplets

Absence of anomaly requires that

For our theories,

V is in the 6 rep. of SU(4) holonomy group.

c1(V) = c1(TX)

ch2(V) = ch2(TX)



Main result
Perfect (non-trivial) agreement  
                                        between GLSM and NLSM

GLSM

… abelian gauge anomaly and its cancellation

[Gadde,Gukov,Putrov][Benini,Eager,Hori,Tachikawa]

NLSM

Hints taken from [Lerche][Kawai,Mohri][Martelli,Sparks,Yau]

… a new formula based on triangulation of toric diagram



Main examples

C4

C4/Z2



Elliptic Genus - UV



Elliptic genus

I R/NS (q; x) = TrR/NS [(! 1)FqHL øqHR !
i

x fi
i ]

   R: Witten index 
NS:  superconformal index

Td

S1 ⇥ Sd�1

Chemical potential (fugacity) for global symmetries

q = e2pit

log(x

i

) =
I
(A

i

)
t

dt � t
I
(A

i

)
s

ds



Elliptic genus - UV

Computation from gauge theory by localization

[Gadde,Gukov,Putrov 13]
[Benini,Eager,Hori,Tachikawa 13]Idea : I =

Z

BPS

Z
1-loop

Complications :

- contour integral of a meromorphic function
- choice of residues : Jeffrey-Kirwan prescription



Elliptic genus - UV

1-loop contributions

Chiral:

Fermi:

Z

X

= ’
r2R

i

h(q)
q1(q, x

r)

Z! = "
! ! R

i
"1(q, x! )

#(q)

Gauge:
Z

G

=

✓
h(q)2

i

◆
r

’
a2root

i

q
1

(q, x

a)
h(q)

r

’
a=1

du

a

r = rank(G)ua =
I
(Aa)tdt � t

I
(Aa)sds



Theta functions

J[ab](t, z) = Â
n2Z

epit(n+a)2+2pi(n+a)(z+b)

Additive vs Multiplicative

q

2! i" , x = e

2! ix , etc.

q1(t, x+ y+ z) ! q1(q, xyz)

q1 = �J[1/2
1/2] , q2 = J[1/2

0 ] , q3 = J[00] , q4 = J[ 0
1/2] .



U(1) decoupling and modified index

All matter fields are adjoint or bi-fundamental.

The “diagonal” U(1) is decoupled and free.

We choose to keep the free gaugino, except the zero mode.

- No gravitational anomaly

- The q expansion begins with q0

- The poles, which reflect the non-compactness of the target,  
   is confined to the leading       term.q0

q1(t, z) ! ∂

∂z
q1(t, z)

����
z=0

⇠ h(t)3



The building block

s1 =
p

x/yz , s2 =
p

y/zx , s3 =
p

z/xy , s4 =
p

xyz .

IC4 =
�ih(q)3q1(q, x)q1(q, y)q1(q, z)

q1(q, s1)q1(q, s2)q1(q, s3)q1(q, s4)
,

IC4 =
(1 � x)(1 � y)(1 � z)p

xyz

F ,

F = � 1
’4

i=1(1 � s

i

)
q

0 + 1 · q

1 +

 
1 +

4

Â
i=1

(s
i

+ s

�1
i

)

!
q

2 +O(q3) .

poles



Elliptic Genus - IR



Elliptic genus of NLSM

They are elements of the sheaf cohomology

In the q ! 0 limit,

[Adams,Distler,Ernebjerg 05]
[Guo,Jia,Sharpe 15]

Hn (X,^mV)

where Q+ acts as the

¯∂ operator

the elements of Q+ cohomology are of the form,

O ı̄1,ááá,ı̄n ,ā1,ááá,ām(f)l̄
ā1� á á á̄lām� ȳı̄1

+ á á á̄yı̄n
+

(not quite !)



Elliptic genus of NLSM

For a compact Calabi-Yau 4-fold, 
  the q0 part of the elliptic genus would compute …

h1,1

1
0 0

00

0h2,1 h1,2

h3,1 h2,2 h1,3

h3,2

h3,3
h2,30

0
0

0

1 1

1

0
0

0

! 0



Dolbeault index of non-compact space

H0,0(CN ) = C[z1, . . . ,zN ] = { all monomials of zi }

H0,n(CN ) = ! (n > 0)

Dolbeault cohomology of CN

Equivariant index of CN

L(ti) =
N

!
i=1

1
1� ti

= 1+ "
i

ti + "
i<j

titj + · · ·



L! (ti ) = L0( ög! (ti ))

LX (ti ) = !
" ! TX

L" (ti )

[Martelli,Sparks,Yau 06]

The index as a sum over triangles,

Index from triangulation

L0(ti ) = L! 0(ti ) =
1

(1 ! t1)(1 ! t2)(1 ! t3/ t1t2)
vI

i =

!

"
1 0 1
0 1 1
0 0 1

#

$

D0

D = g · D0

g 2 SL(3, Z)

is independent of triangulation.



Index theorem for elliptic genus

Equivariant index theorem for the elliptic genus

I
X

(x, y, z) = J
X

(t
i

)|
t

i

=x

a
i

y

b
i

z

g
i

The result is modular invariant as long as 
all the tetrahedra lie in the CY hyperplane.

D = g · D0 , g 2 SL(4, Z) =) JD(t) = J0(ĝD(t))

JX(t) = Â
D2TX

JD(t)

R-symmetry fugacity 
turned off

J0(t) =
�ih(q)3q1(q,

p
t4/t2t3)q1(q,

p
t4/t3t1)q1(q,

p
t4/t1t2)

q1(q, t1)q1(q, t2)q1(q, t3)q1(q, t4/t1t2t3)



Gauge anomaly 



C4/ Z 2(1, 1, 1, 1) (1,1,1)

(1,0,0)

(0,1,0)

(0,0,1)

Toric diagram has volume 2, but 
cannot be triangulated with two unit tetrahedra.

Gauge theory is anomalous.

NLSM lives on a non-CY geometry.

Anomalous example
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Orbifold CFT method

The C4

/G theory is likely to flow to (free CFT)/G

The C4

theory is a free CFT.

The Z
2

(1, 1, 1, 1) acts as

(�1) on chiral fields,

(+1) on Fermi fields.

Iorbi =
1

2

4

!
a= 1

(! 1)a+ 1i ! (q)3"
1

(q, x)"
1

(q, y)"
1

(q, z)
" a(q,

!
x/yz)" a(q,

!
y/zx)" a(q,

!
z/xy)" a(q,

"
xyz)



Geometric formula (subtraction)

= +

-

+

Igeo =
ih(q)3q

1

(q, x)q
1

(q, y)q
1

(q, xy/z

2)
q

1

(q, z)q
1

(q, x/z)q
1

(q, y/z)q
1

(q, z/xy)

+
ih(q)3q

1

(q, y)q
1

(q, z)q
1

(q, yz/x

2)
q

1

(q, x)q
1

(q, y/x)q
1

(q, z/x)q
1

(q, x/yz)

+
ih(q)3q

1

(q, z)q
1

(q, x)q
1

(q, zx/y

2)
q

1

(q, y)q
1

(q, z/y)q
1

(q, x/y)q
1

(q, y/zx)

� ih(q)3q
1

(q, xy)q
1

(q, yz)q
1

(q, zx)
q

1

(q, x)q
1

(q, y)q
1

(q, z)q
1

(q, 1/xyz) Iorbi = Igeo

!



Anomaly cancelling factor

Gauge anomaly breaks modular invariance of

Assume that there exists an extra factor “W” such that

is modular invariant and leads to the correct index.

Z

matter

1�loop

=
2pih(q)4q

1

(q, x)2q
1

(q, y)2q
1

(q, z)2

! 4

i=1

[q
1

(q, s

i

u)q
1

(q, s

i

/u)]

Zmatter

1�loop

⇥ W(q, u2)



Anomaly cancelling factor

1. Normalization and parity

2. Quasi-periodicity

3. Modular property

W(q, u = 1) = 1 , W(q, 1/ u) = W(q, u)

W(q, e2piu) = W(q, u) , W(q, qu) = e�2pi(t+2u)W(q, u)

W(! + 1,u) = W(! , u) , W(! 1/ ! , u/ ! ) = e2" iu2/ ! W(! , u)



Anomaly cancelling factor

A family of solutions:

independently of the parameter v !

completes the gauge theory index 

W(q, u; v) =
q1(q, vu)q1(q, v/u)

q1(q, v)2

Igauge =
4

Â
i=1

"
ih(q)3q

1

(q, x)q
1

(q, y)q
1

(q, z)

[’
j 6=i

q
1

(t, s

j

/s

i

)]q
1

(t, s

2

i

)
W(q, s

2

i

)

#

= Iorbi = Igeo

(s1, s2, s3, s4) = (
!

x/yz,
!

y/zx,
!

z/xy,
p

xyz)



Generalization

Anomaly matrix/polynomial

A ij = Trchiral (Qi Qj ) ! TrFermi(Qi Qj )

A(u) = Â
i,j

Aijuiuj

Anomaly cancelling factor

If we can write, by a change of variable,

then

Wn(ui ; v) = ! i ! 1(q, v ÷ui ) + ! i ! 1(q, v/ ÷ui )
! 1(q, v)n

A (u) =
n

!
i= 1

÷u2
i ,

n

!
i= 1

÷ui = 0 ,



More examples 

Orbifolds Non-orbifolds

D3

H4

C4

C4/Z2(1, 1, 1, 1)

C4/Z2(0, 0, 1, 1)

C4/Z3(1, 1, 2, 2)

C4/Z2 ⇥ Z2(0, 0, 1, 1)(1, 1, 0, 0)

C4/Z4(1, 1, 1, 1)

GGP Triality !



Summary



Brane Brick model

Gauge Theory CY Geometry

The map is many to one … GGP triality!

Quantum effects do not ruin the correspondence.

Mirror symmetry unifies duality, triality, quadrality.

[Aharony,Razamat,Seiberg,Willett 16]

[Gadde,Gukov,Putrov 13]



Further directions

Physical derivation of anomaly cancelling factor

“Non-crepant” resolutions for CY4

Detailed derivation of geometric formula

… anomalous (breaking CY condition) NLSM ?

Generalization to U(N) and comparison to DMVV
[Dijkgraaf,Moore,Verlinde,Verlinde 96][Kologlu 16]

Quantum probe beyond elliptic genus? 
[Closset,Gu,Jia,Sharpe 15]



Thank you


