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3d  YANG-MILLS [MAXWELL GAUGE THEORIES

The gouge. ogu,\o\ivxﬂ is dimensionful i 3d:

[3‘2_]'—' M. > Dimensionloss Cob.puwg, _3.2_ .

e« LV (y.-»oo): super renormalizalde.  and weak\lﬂ coupled. . (i—»o)
— 'Abzlkah. 30;43@ +ao.o\r°ue.s are de ont:(:{w.A
— No upper bound. ow the number of matter fields

- IR (\L—-,o> : iw’@res\:ivﬁ c&jmmlcs) eg.

—  Inkerack iVS CFT (if enough. matter)
—  Mass gop | Confinement / SSB (v\o’c .emoak m:ﬂ:er)

Non-Per'tur\oo.’c'Ne, corrections due to Magwe’cic monopoles (instantons in 3d.). [Polyakov ‘#7]
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3d N=4 GAUGE THEORIES

e Lower dim cousins of 4d N=2 gauge theories (& e6d N=(|,o)) . i "
perchargs

GAUGE GROUP G —_— VECTOR MULTIPET

MATTER REPRESENTATION R — HYPER MULTIPEET

- Rick moduli spaces of SUSY vacua:

— HIGGS BRANCH (’H:) : c,lass'ic_atb axadk (WYPERKAHLER o.uo-nemj
O
),

— COULOMB BRANCH (C) qwa.vctuwg, corrected, (HYPERKKHLEQ)
SLU-(,Z)C_ (4-loop + mu-fer‘b.) [S—ubug ) Witten "6 -

Dorey ot ol '3, 98]

— MIXED BRANCHES



3d N=4 GAUGE THEORIES

e Mirror s\\jmmd.'rﬂ (Par’cic,le / vortaex dmu'\'j) [In{:Hli\ga:l:br) Seiberg '9¢]

Uv

IR

o Recent exact results:

'I) SuFers:jmw\ei'ric (ocalization [kapus{'in,wt\ke:lt,Yaa\cov '03; _]

.’9 A\gebro.ic clesc—riF’ciovx of the Coulomb branch
ESC,HQV\.O.V\;\" Zoffarent 'I3)' Nakqjima. '|S/‘ Bu.lﬁwuom) Dimoﬁ:e_’ Gaiotto 'IS]



3d N=4 GAUGE THEORIES: THE GOOD, THE BAD AND THE UGLY

[Gaiott‘o , Witten 'OS‘J

. Naive IR Uwt 8.2'“;)—-’-00: N=4 SCFT 7

. Unifarﬂy bound : NA=R* =

% +or chiral primary opo_ro:!.'ors of X=2 SCA.

Assume.  RiZ =R =R _+R, . Do wonopole. operators Vi, obey tha unitarity bound. ¢

"GOOD' THEORIES :

—

RG

Rf,';,(v.,‘]>% Ywm.

Interacﬁuj SCFT with Rﬁ:R:s )

"UGLY" THEORIES -

r—

RG

R&[\Im]z% ’dw\, =

Intzracﬁwj SCFT with R,S:=R:$ + $ree felds

“BAD" THEORIES

—

RG

R, (MJ<t ©0) for some wm.

¢




3d N=4 "U(N),N;" SGCD: THE GOOD, THE BAD AND THE UGLY

. G\OA&@Q Srwp: U(N). Matter : N_,._ kg‘;zrs i fundamental rep.

: Mov\opo\.c, oFeroE(.'or‘s V,. - Masr\,e_{"\c dno.rﬁtz, m=(m,, ..., m) € z'/S, .

sc 1 [Borokhov, Kapustn, Wu '02]
RW (VM] -7 ( N, %IMQ, -Eb |ma.°w‘b|) (Benna, Klebanov, Klos&'OSJ
[Bashkirov, Kapustin '0] ...

T 1

HYPERS W-ROSONS
© " it 1} . |
N-F = 2N : GOOD U(N) | N,_z 2N =" TU(N)' N, m‘t‘erachv\j SCFT

N.=2N-1: "valx’ UN), Np=2N-1 —— Tnteracting SCFT + free felds V,

+,9,...,0)

< IN-2: “RBAD U(N), N,g2N-2 = ?




HINTS FROM SUPERSYMMETRIC LOCALIZATION

A ) 3 J 1 '
. SUSY parh{nov\ function on S°: ZU(N), N - [Kapustin, Willett, Yaakov 0§7

= GOOD/ UGLY : ZU(N), N, COmverges. — BAD : Zo(u),m diverges.

@ Z-U(u),zu-l = Zuw--),zu-l ' Zz free chirals

UaLy (cele]pY FReE
UN), -1 —— Ty o + (1 Free tuisted hyper) \/
@ ZU(N), NeNes2N-2 | . F ZU(’*’:‘N), N ZZ@“’“&) Free chirals
BAD N GOOD FREE

SEIBERG DUALITY CONJECTURE [ Yaakov 137 :
+ (2N-N, Free tuisted hypers) f

U(N)) NeN, <2N-2 o] TU(Nf—N),N,F




We will See fﬁai':

@ is an exact R equinlevxco..

@ is not an exact (R equivO.lencg.; RHS is a local IR effective description
of LHS near a certain poirnt of its woduli space .

MAIN THEME :
IR, EFFECTIVE PHYSICS from. LOCAL GEOMETRY OF MODUL! SPACE .

PLAN : 'I) Moduli space of vacua of U(N), N, SacD
2) Sivxﬁular loci of CB, roocts of #B's, and [R SCFTs
3) Rewmarks on "Sei.\oe,rg dualii:\j 1 conjecture




MODULI SPACE OF VACUA
OF UN),N. SQCD




CLASSICAL MODUL\ SPACE OF VACUA

Q SU('Z.)“_ ' 2 3
HYPERS > H (a+) J mAL > Ay, (¢,05¢°)
V@, triplet
a Nxﬂf 3
Q « € (E ¢t € U.(N)
du“ e CN‘X“

. SCALAR POTENTIAL :

2 3 2 . 2 3 .
Ve LT L) ¢ T BT - Hldean]

o VACUUM EQUATIONS:

ha= 1, (M) =0 [4%, 4= 0 (¢ 81, H=0

A . - o-
=123 pk=,2,3 l=1,2,3



CLASSICAL MODUL\ SPACE OF VACUA

o VACUUM EQUATIONS:

pa= tr, (HH'e)=0 (¢2,4)=0 (d'®1,)H=0

A
=123 b= .
=44 J)k"‘1213 l=1,2,3

» CLASSICAL MoDULL SPACE -

wy X H: Union of MIXED BRANCHES
i O(N-l)xN‘_ A O -0) x
<¢ > d"oﬂ (chn ) N .Q ) ) B <Q‘> ( Q,Q_xN ) ) <@'*> T ( %l) Nt.)
s xNg
* Coulomb"” Htggs

compor\en‘t' c,ow\\:onen‘(:



HIGGS BRANCH

s <Veo‘tor mulEplet scqlars> =0 .

- C lassicallg exacl . [L\{-riusocbor) Se.l\ou:cj '96]

« N=4 laqquogg,: HYPERKAHLER QUOTIENT [Hi’cch‘m, Karlhede, Linds‘ter, Roéek '8?]

wlup ) = HY) o) = 76)/ v

. N; =2 language : cplx alge,\oralc varieky

H o), N ] = { Qe cV™ ec™™| al=0 A G'-T'F =o}/u(~)

~

o { Qe CNpr’ 8 e CNng Q@::O}/ GL(N'C)

~ {M:: aQ € (L',N'FKN‘F M%=0O , rk(M)& N }

)

70 BE IMPROVED



#N,) = {M=8a ¢ €% | Moo, i) 2 fmin (N, 14/2))] |
0

= g q'l"l ‘emax (N)N-F)

where Q{l = {M== QAQ < N MZ%= O , rk(M) = k} _ On ’H:l:

OE.OR,_ O K'OKZO O I\ « GAUGE:
Q= T 0 k, Qt- 1 %, 0 N U(N) — U(N-2)
> O SEESERRRSJEL & 3/ IRARERhmaans
v SUlN;) — SUN~22)
< >
Ne
/ 0 k>
00 2
oR,
-~ M= 00 . o Nilpotent orbit (28 1%2Y) of SL(N,, )
o

\C>o O/ dim,, T, = L(N-2)  massless hypers



CLASSICAL COULLOMB RRANCH

An <H3per multiplet scqlo.rs> =0 .

« N=4 lanquage <c|>‘>= dm%(cl):) 1 CID;) GALGE: U(N) — U()"
VA)" phatons 4, < > Periodic scalars y, ~y +2n
’;%*dAo.‘-' dy. ("Dual photons")

= CluW),N ] = (R®xs) /s,
/ 0\
P ¥a
e N=2 langmf.: cplx algdoralc \/ar'\dgg

Clum 4] ~ (€ x )"/,
/ 3 (¥2/8 +1%a) <t -

@ = rip? ut = oW u =1
(Abzliaw monopole oPera‘l'ors)




CLASSICAL MODULI SPACE : SUMMARY

The classical modult space of vocua of 34 N=4 U(N),N.F SQCH

is a union of mixed branches

‘emo,.(N; N‘-)

Mum), N, ) = Y (Cupx ™) R (N = min (N [Ng2))

on which e gouge symme’crg 1S broken U(N) — U('I)N-Q'
-(:lawour Sjw\me,trj ’r SU(NF)—-) SU(N‘F-ZQ; |

- NOE on 2=0,...:

— GOOD THEOR\ES . ’Q’Max= N .

Gawﬁe, group COMPLETELY HIGGSED on C, x H, (‘PURE HGaGS BRANCH),

— UGLY[BAD THEGRIES: R, =|N[2|<N.

ije group PARTIALLY HIGGSED on CN~ 2

X %lm (MxeD Bruwcu).

max



QUANTUM CORRECTED COULOMB BRANCH

Celass (VN), N;] = (C x C*)N/SN is inadequdlx if matter hypers / W-bosons are hﬁwrr
e HK wmekric ow C : 1-loop corrections + poss'\blj non-Pe.r't corrections (BAD ’c&eﬂrie's).

. [Bu,\\imore, DiMO’H—%, Gauistko 'ISJ:

The cplx a,ljdoraic dy.sor't\oﬁcw of C (N=2 langu.cxje,) has wo non-pert. corrections.
C is parawetrized by Weyl invariant polynswials of (@ ,us). Rulakions Fllow From

Ng
N
QUANTUM CORRECTED S eR| 11 (-w,,) v <— HYPERS
ABELIANIZED TIONS i T 2 -
s RN T @) | % < w-sosous

which are valid ouldde tRe discriminawt locs where W-bosons have zero cplx mass.



EXAMPLE: 3d N=4 SQED

. 4—LO0P exack mebric [In‘l.'r[l(jdk’or; Selbeg 'SGJ . mutti-Taub-NUT [Gibbons, Hawkin3 '78]

o~ Ng
o Alje,bra,tca.llj ) C [U(l), N;J = G/ZM U.+U-_ = TI. ((P - lMd)
£

® DULOJ. F"\O't-ow ‘6 s‘nrin\c.g f there are massless kgpers. [-_Dorej) '1'6\3 '39_]
. Sivﬂularitﬂ on Coulomb branch (l.'F wm = WLF> «> Root of H'ﬁgs branch .



COULOMEB BRANCH : GAUGE INVARIANT DESCRIPTION

Rew I".th. a.‘oelllo.n.\ze.d relaf\ous So 'l'ﬁat ﬂ-ﬁ .Qx{'avd 'bb ‘{:ﬁx_ o(is&lmimv\f,- locus:

(1T (o) J{ 12 T () ) = [T o] = ©

> [LuTew] [Zu e W[l z-wo] = -(fee) - T

a=|

U (2)

N-l

GENERATING POLYNOMIAL

OF CHIRAL RING RELATIONS:

-l‘.

U (z) a g(z)

N-l

N

Sd

a=\

N i

QN(Z) N= MOX (N_‘_.- N, N- 2.)

R .« =QBQ R+

U;_ : @) - PN4(Z) =0

¥zeC



GENERATING POLYNOMIAL

OF CHIRAL RING RELATIONS: | R (3 = Q) 555(.2) + LY @& -RE®=0 ¥z

N " | Nt b

* Q@=L ) 6,27 (4= Un@=Z (7 v, 2"
~ N L R Ne " N
%@L 0 8,7 Pe@= LN M " =2 todoy (w =0)
{O,;} = { ¢1sns am| V:snsu-\ )asosnsﬁ } GENERATORS ( GAUGE INVARIANT OP's)

~
N+N ~

S RN.\.“ (z) = “Z_,-o (_ 03\ Rn ZN-!-N-V\

=0 ¥z — N+4N+1 RELATIONS |R,(0)=O

Royy Rz =0 determine {§,}.
O : N relahions among 3N Szm.m'tors {43 ,\l:}.
(:SC) anang,Zaf'carohl 'ISJ

€.9. for BADTHEORES: R, = T ($, &, +ViV)-()* M =0

kT ek Ne-2N 424k



SINGULAR. LOCI OF CB,

ROOTS OF HB,
AND INFRARED SCFT's




SINGUWARITIES OF MODLLI SPACE AND IR SCET's

e What is the IR fdiT of 3d N=4 UN) N, SQCD -theories ?
It dzpeno(s... on N,N, and the vocuuwm .

. Interac’civxg SCFTs ot sivgulariﬁes of moduli space :
— Extra massless d.oL.

— Loca.llﬂ contcal 3e'°"‘etf_‘j R

L.

e Look Hor Smﬁu.lamhe,s of quar\JC'uM corrected COULOMB BRANCH. /% ?
They should include the ROOTS OF HIGGS BRANCHES . Where? / /

. Iden‘ﬁfy IR SCFT from local 3e0mei?3 of moduli space. neat o Stnﬂulo.rcb

~ | A \ '9¢
LOCAL GEOMETRY  __  MoDULl SPACE [Argyres, Plesser, Saiberg '3¢)

NEAR. SINGULARITY T ot SCFT



SINGULAR LOCI OF THE COULOMB BRANCH

. CoutoMB BeanCcH C  defined ba:

— GENERATORS : {0] = L& s VE, " )$w\éﬁ}
— RELATIONS: R (0:)=0 osns N+N
v MRy -
o JACOBWAN MATRIX : J= (J'“ )= (30-) -. rk(J) < N+N+1
« SINGULAR LOCUS : YK(J) not maximal .
Lax
~ _ ()
Csihj = {o| rk(J') < N+N+1} nC = H' Csmg :
(2) L Quakernionic) codim. £
wkzre, CSiV\ = {Ol Yk(J): N+N+1—¢Q’} (\C ! b( :q"“\ﬂr:(‘_:v:cawg T

Nested sequence: (= C(::;")c. ...€ C:‘:J < C—::Zj = Cs'm.j < C:ij =C .
Most sinqular Full c8



SINGULAR LOCI = ROOTS OF HIGGS BRANCHES

e We find Hot tfe CODIM. L SINGULAR LOCUS s given sz:

Q) o + 2
Cgivg T { ¢N-i = ‘P;;_;_ 5P ;Zlo nC
= Clu(N-2), N,-2¢]

obtained lay setting b zar0 £ 4ripls (g, uf uy).

. EXaci‘h Ha ij‘lf struckure 1o be i root CN-L of o HB 49 :

U(N-2)  unbroken Jomge s\gm»&:\]
SV (N;—QQ) unbroken. Flovour iﬂwxmdm

SINGULAR LOCUS Cgﬁi; ROOT C,,
ON CR E E OF HB %,




IR PHYSICS ¥ROM LOCAL GEOMETRY

» Zoom war o generic pownt of C(:ij (i.e. away from Cgf::;) _

LOCAL CB @7 - 2(N-2)
GEOMETRY u Cs'mg] C x  ClUW@),N]

@
Stv\j

Iv\cluch“ﬁ transverse WB direchions : '-H[U(Q), Ne] (and mixed loranclr\es)_

PARALLEL Teansverse +to C

I /\ C*
7 "
. FRARE 2 IR SCFT at ORIGIN
INFRARED Ta[cw | ( N-Q Free ) - Tu(z),N\e

SCFT sing ) T\ TWISTED HYPERS of moduli space
of @oop L), N,

CLAIM: UN), Ny ot a generic point of the codim. £ singular locus of its CB

2) .
flows to —I—\R[Cs(;i-\j] =T VO,N + QI—Q free twisted kg?zrs)_




REMARKS ON
SEIRERG DUALITY CONJECTURE




IR EFFECTIVE DESCRIPTION vs IR DUALITY

CLAM: U(N),N; ot a generic point of the codim. £ singular loass of its CB
flows to T [C(R,\ﬂ] = U(Q),Np + QJ—Q free twisted k_t,,aarg).

- LOCAL IR EFFECTIVE DESCRIPTION near (any) given point of CB C.
It holds for all N, N,. GOoOD[BAD[UGLY theories only differ in value of Lo

Goop: 2. (N,N)=N UGLY/BAD - £, (NNY=| 3¢ | <N

PURE HIGGS M\XED COULOMR-HIGGS
INTERACTING SCFT
INTERACTING / + FREE FIELDS
SCFT

# EXACT IR EQUIVALENCE (DUALITY):
moduli space and deformations are equal GLOBALLY.




free

o SUSY PARTITION FUNCTIONS watch on the nose.

EXACT IR
EQUIVALENCE :

e HIGGS BRANCH watches : ,em= N-1 for both vaLY and GOOD.

e COULOMR BRANCH watches:

~ _ P &% _ )P+ (1> _ GOOD
valy Q@ +Utu =B, <> Qua @y = U5 U5 = B R
QP= a V: deco u.Pl.ﬂ_d FREE

UD"‘:LF-V:Q
G =@ +3trms



BAD  U(N), N< N.<2N-2

SEIBERG DUALITY CONJECTURE [ Yaakov 3] :
+ (ZN—-N{_ free twisted l&,purs) ?

U(N)) NN, <2N-2 o TU(N{_—N), N

U(NY, N,  and  U(N-N) N, + (2N-N, -P.‘c.k.) are not IR equiva\evd:!
BAD GOODb FREE

e SUSY PARTITION FUNCTIONS onl3 match upon mﬂulariza{ﬁov\ of Z_‘ml .

o HIGGS BRANCH differs : &0 =| Ne o g3 o .

o COULOMR BRANCH differc: no Ffree fackor CZ(ZN-N‘) for bad ’cﬂ,qor:ﬂ




BAD  U(N), N< N.<2N-2

— Js the e_quali(:j of rejulariz.wl parl‘i’don funckions just a coincidence 2

— Putative 'dual’= IR effeckive deserighion of the bod 'l'e\o.og nar C(::f;). \o\)kg?

e SYMMETRIC VACUVUM P Unique vacum preserving oll the 3lo|oa.l sﬂmme'bw

UMy x SU(N.) x V(). x u(),
lies on C‘;‘;f;’ of te bad thaory (ond F # N,<N).

. Loca.ll:) nar P the modulk Spoces agree (avxo\ ol deformations are o.va'tlab\n.) i

. Qo.gularizihﬂ SUSY pf. requires Fagek—l\io‘aou.los Pa.rauetef' +0:
—> C is lifted : onlj P survives .
— H s Po.?ﬁo.llﬁ Ufted. : T*Gr(N) Ne) = T*Gr(—NF'N; N,)
BAD Goob



CONCLUSIONS




- MODUL| SPACE OF VACUA of 3d N=4 U(N) N, SQCD:
Classica% 2xack H‘isgs branches are 3|uzd to quan‘kuwy corrected Coulomb branche

ot its singu.lor loca .

e The gauge 'Ekeor\cj Hows to an IR SCFT  which depeuds on the choice of vacuuwm .
The IR SCFT 1S identified From the local 3eomeh3 of e moduli space, near the vacuuw.

e UGLY = GOOD + ¥ReE — Full--Fledse.d IR d.uali{:\j.

« TBAD =/= GQOOD + FREE — Moduli spaces are different .
RHS is local IR effeckive dzscx'tptiow of LHS mear the SYMMETRIC vacuuM P .

: " 2N-1 2N N
: : st :
IR THEORY /3/ P I o)
@P TonpryF RN FER) ger



SOME OPEN QUECTIONS:

« Whot s Special about ¥ when we put the SQFT in curved space. ¢

— Ov\lj of P are all deformations available .

— Are other Coulomb vacua Ufted (for F1=0) ?
— Or ’ckg arent ; but Goldstone bosons make Z ill-defined?

e Derive N=2 dualibies from N=4 IR offective "th.og ot P +mass deformation?
~ [Arg yres, Plesser, Selberg '9¢)

« Ciralar quivers have holographic cascading RG Hows . [Mharony, Hashimeto, Hirano, Oujang ©03;..]
— Cascade explaaned @ IR physics of S\t,mm'(?hc. vocauw P?  ~ [Benini Bertolini Closset, SC'O?J



