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Witten Index and Deformation

¥ D-brane bound state problems via Witten index dE4 QMs

1 (y) = Iﬁi'm Tr (1 1)2sy2R+2Js¢g# fH

¥ As an integral quantity, it is insensitive to small deformations
but only tosmalldeformations

¥ E.g.Wall-crossing phenomena



Twisted Partition Function

¥ A gapless asymptotic [3at directisha real troubleunlike a
gapped one, which can be a nuisance.

¥ Non-compact dynamics is of the former type.

¥ To regularize this IR issue, turn on chemical potentials and
compute thetwisted partition function

1 (y) = Iﬁllm Tr (I 1)233y2R+2 Js ot BH

!

Oy, ;8) = Tr [(—1)2sy?Rt+27s g Gr o~0H]
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The Formula for{?
Localization of d=1IN=4 GLSM tori, kim, vi 14]

cf. [Benini, Eager, Hori, Tachikawa 13]

¥ The twisted partition function can be computed as

Q¢ (y,r) = —JK-Res,.c g(u) d"u

IW\

o U= X3+ iAg |zero are the zero-modes of the Cartan

o g(u) = gy(u) - gm(u) gets a factor from vectors and matters
1 | sinh(! =%) . prut (B2 1)z—|—Fa-,u)

B 3 sinh(— 5
- ZSinhr(é) | sinh(w) H H (2 ut+R2 24 Fy - i)

111 & 2 a=1 p! R, sinh 5

gy ()

where €/ = y andé" = x
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The Formula for{?
Localization of d=1IN=4 GLSM tori, kim, vi 14]

cf. [Benini, Eager, Hori, Tachikawa 13]

¥ The twisted partition function can be computed as
1

QC(Y@) — |—W\

JK-Resy.c g(u) d"u

o U= X3+ iAg |zero are the zero-modes of the Cartan
e g(u)=g,(u)-gn(u) gets a factor from vectors and matters
e | and! denote Fiipresentand auxiliary parameters

e JK-Res is the sum of OJeffe§irwan residuesO over singularities

" 1 . . e o o .
JK-Res l d"u — [det(Qiy,Qi, )]’ If (RS Cone(Qzl, 7@%)

L .
u=0 9:Qy p—q @i, " U 0, otherwise




7 viag) ?

¥ The two objects agree for a compact dynamics, but they do
not for a non-compact dynamics.

¥ Question #1: are these two related at all, and if so, can we
extract one from the other?

¥ Question #2: what if there remain asymptotic directions that
cannot be controlled by the [3avor symmetryZs
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¥ The two objects agree for a compact dynamics, but they do
not for a non-compact dynamics.

¥ Question #1: are these two related at all, and if so, can we
extract one from the other?

» Natural to think the 3avor-singlet sector of a twisted partition function may
reduce to the Witten index.Would this be true?

¥ Question #2: what if there remain asymptotic directions that
cannot be controlled by the [3avor symmetryZs
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A Free Chiral

/2! 1 11/ 2

¥ The free theory w/ a single chiral hag = * 931}/,2 __;'1/2 Y

¥ Flavor expansions
=y (y —y T ax s X+ 4
| :+(y! L y)ax' 1+ x' 2+ 44)

¥ One may attempt to interpret each expansion as suggesting a
single ground state.

¥ R-charges disagree. Further, the true count must be zero.
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¥ U(1) theory w/ N positive and K negative unit-charged chirals

¥ Non-compact directions controlled by U(1) Ravor symmetry,
under which all the chirals are positively charged.
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U(1) GLSM

¥ U(1) theory w/ N positive and K negative unit-charged chirals

¥ Non-compact directions controlled by U(1) Ravor symmetry,
under which all the chirals are positively charged.

¥ Flavor expansions

| i\l>,KO :K! PNFKE L NTKHL g 80 yNEKES L o NEK! 1)]+ O(x?)

l §|>’KO :(| 1)N+K! 1(y! N+ K +1 + 444 yN+K! 3_|_ yN+K! 1)]+ 0(1/)(2)

¥ The singlet sectors do not agree, yet again.



U(1) GLSM

¥ The L? cohomology for asymptotically conical geometry

[Hausel, Hunsicker, Mazzero 02]

wHO(M, I M) fn<d (= LdimgM)
H(M)= |, Im(H"(M,IM)! H"(M)) if n=d
S H (M) if n>d
leading to

0
I]C\r?K (y) =

(_1)N—|—K—1(y—N—|—K—|—1 4. .yN—K—l) N> K
otherwise
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Recovering the Witten Index?

¥ Observation: neither of the two Bavor-neutral sectors is the
correct index butthe intersection Is

Would this work for other theories?
|

Would things get better with more supersymmetrles?
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W J®I 4+ ®[Xq, X]



ADHM

¥ k D0OOs and N D40s
W1 JoI+ ®[X1, X))

¥ The only interesting part is the U(d)

k,N k,N
'_ ADHM (y Z)' ! ADHM (y Z, X)I
x! neutral



ADHM

¥ k D0OOs and N D40s
W1 JoI+ ®[X1, X))

O X1 Xol J
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ADHM

¥ k D0OOs and N D40s
W1 JoI+ ®[X1, X))

¥ Flavor expansions of single-instanton ADHM for U(N)

Moo (V.21 0)=1+ y?+ aaay™N'?
!:—k=1 N I 2N! 2)

onm (Y, Z = 00) =1+ y! 2 4 aaay

¥ The true L2cohomology is computed to be 1.



ADHM

¥ k D0OOs and N D40s
W1 JoI+ ®[X1, X))

¥ With k>1, however, more complicated structures arise and the
mantra does not work as nicdly
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Pure Yang-Mills

¥ N=4,8,and 16 Pure SYM QMsth G=ABCDEFG

©

¥ IIA/M duality: DO bound state problem for the case of G=A -

[Yi 97] [Sethi, Stern "97] [Green, Gutperle 97] [Moore, Nekrasov, Shatashvili 98] E



Non-compact Vector

¥ Again, the object in question is the twisted partition function.

¥ With gapless directions from ehiral
Chemical potential could lift all of them.

¥ With gapless directions from aector:

Further subtleties arise as the Rat directions cannot be lifted
completely.



Non-compact Vector

¥ Again, the object in question is the twisted partition function.

¥ With gapless directions from ehiral
Chemical potential could lift all of them.

¥ With gapless directions from aector:

Further subtleties arise as the Rat directions cannot be lifted
completely.

¥ What does the residue formula mean then?
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¥ If non-compact vectors cannot be controled by any means, one
must expect3 -dependence §n

¥ Absence of such a -dependence means that a certain limit has
been taken
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Pure Yang-Mills

Bulk and Boundary

¥ If non-compact vectors cannot be controled by any means, one
must expect3 -dependence §n

¥ Absence of such a -dependence means that a certain limit has
been taken, and it must be thmilk Indexz, . = Qlezz11 o
=: |

¥ Recall that the Witten index can split as
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‘N=4 Pure Yang-Mills

¥ Upon localization computation, the twisted partition function
can be reorganized as

/

1 ! 1
| G —
N =) wl det(y 1! yw)

where the sum is only oveglliptic Weylelements.

¥ An elliptic Weyl elemenw ! W is debned by absence of a unit
eigenvalue, i.elet(1! w) =0



G W Elliptic Weyl Elements

SU(N) Sy (123---N)

SO(4) 7o % S (1)(2)

SO(5)/5p(2) | (Z2)° x S (12), (1)(2)

SO(6) (Z2)2 x S5 (12)(3)

SO(7)/Sp(3) | (Z2)° x Ss (123), (123), (12)(3), (1)(2)(3)

SO(8) (Z2)* x Sa (123)(4), (123)(4), (12)(34), (1)(2)(3)(4)
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‘N=4 Pure Yang-Mills

¥ Upon localization computation, the twisted partition function
can be reorganized as

/

1 | 1

G ' 1 « 1

I —_ %_E Yi 97][G , Gutperle 9
- N —_4()) ”Vl ) ] t( 1! w) W] det(1 W)[ 1 ] [Green, Gutperle 97]

IG:

G _ G _ ua'w _— U@'/w
Ibulk_!!I = 11 _Ibulk

where the sum is only over thelliptic Weylelements.

¥ An elliptic Weyl elemenw ! W is debned by absence of a unit
eigenvalue, i.elet(1! w) =0



‘N=4 Pure Yang-Mills

G=SU(p)

1
= _ thatsV® vy — Y~ Y 1
¥ For G=SU(p), one can see that;”? (y) =y R

¥ Such an expression appears naturally in the wall-crossing
algebra and leads tational invariant.

e We will see how this arises by computing the twisted partition functiomaf-
primitive quiver theories



‘N=4 Pure Yang-Mills

G=SU(p)

—1

h SU(p) _ y - y i
¥ For G=SU(p), one can see t ) = vy

¥ Such an expression appears naturally in the wall-crossing
algebra and leads tational invariant.

e We will see how this arises by computing the twisted partition functiomaf-
primitive quiver theories

e For a general gauge group G, one may attempt to u§e, (y) to form an
analogous object.

e In particular, for orientifold theories one could uniquely dePine quantity
G ®)
ZVLa(y) = Qe (y) for Gorenioa = O(20), O(2p + 1), Sp(p)



N=8 Pure Yang-Mills

¥ The twisted partition function computation leads to

1! 1 det(y' 1z1/2 —yz' 1/20)

| G = ——
' N=s (Y, T) W] y det(y' 1 —yw) det(ilil/2 — ' 1/2w)

¥ The above gives th&y=8 equivariant version of the asymptotic
contribution:

AJC\;f:zL(Y) = T

1 det(y1z'/2 — yx=1/2w)
-1 — yw) det(z1/2 — z=1/2w)




N=8 Pure Yang-Mills

¥ The twisted partition function computation leads to

(y.z) = ! 1 det(y' 1z1/2 —yz' 1/20)
ST detyT T—yw) | det(al/? — @' V2w

¥ The above gives th&y=8 equivariant version of the asymptotic
contribution:

AJC\;f:zL(Y) = ﬁ ” = | (|\;|:4 (y)

1 det(y1z'/2 — yx=1/2w)
G — ) — G
AN:S(Y7x) — |W‘ E :det —1 det(SI?l/Q —$—1/2w) | N =8 (y X)




N=16 Pure Yang-Mills

¥ The N=16 equivariant version of the asymptotic contribution

Is as straightforward:
I 1

G — = -1 6
AN:4(y) — ‘ ‘ . det(y_l —yUJ) " N =4 (y)
det(y_lml/2 — ya~2w)
G -1 G
Axr=s(y, @ |W\ Z det(y—! — yw) det(x1/2 — x=1/2w) ' N=s (Y, )

Ry—2 Fy Ry —2 Fy

ﬁdety > r2 —y z x 2 w)
w)

det(x% — x_%w)

AJC\:f:m(Y@) = W Z det(y—L —y

w a=1

¥ With N=16, we do expect a bound stategwever. (witten 95



N=16 Pure Yang-Mills

G=SU(p): DO bound state problem

¥ For G=SU(p), we can compute the twisted partition function
and express it as

SU
Ay, z) =1+ > Ay, z)

p'|lp, p'>1

¥ This can be thought of as the equivariant version for

1

1.1 p/Q
YL p’|p

SU
ek
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_ i — |SU(|O)I n _a|SU(p/p )l
- 2 N =16 ! N=16 |
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y x p'|p y!
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N=16 Pure Yang-Mills

G=SU(p): DO bound state problem

¥ For G=SU(p), we can compute the twisted partition function
and express it as

SU
Qo B(y,z)=1 + . Ay, z)

p'|lp, p'>1

¥ This can be thought of as the equivariant version for

QSU(p)

1 SU(p) | SU(plp ') |
FeAY — = (|O)I + Z —al (pp).

p_’2 N =16 N =16
—1,r—1
Yy y L p/|p y

|
p’|p, p>1 s

showing that ;%2 =1 for all ranks.



N=16 Pure Yang-Mills

General G

¥ One Is naturally led to try giving a similar interpretation for
other gauge groups.

¥ Presuming an analogous partial-bound-state structure, we can
read off the true Witten index by decomposing the twisted
partition function.



SO(5)/5p(2)

N=16 Pure Yang-Mills

General G

142 Ai/(i(ff);/sz)(l) I AJS\‘[Oz(fé/Sp@)

2+ 20573 4 AS2

1+ 36529 + (A529) " + AT 1+ AZD

2+ 3050, + (AF) + AFE, + ALY,

2 +4852% +2 (A329)" + (4329)" + 34520 + A32Y

2 +40520) +2 (AS20) " + 28500 + ARG ARG+ ATD + 42D

2
2+ 500 +2 (ARD) + 20575 + AR, - AT + AP + AT,



General G

N=16 Pure Yang-Mills

Witten Index obtained via twisted partition function!

50(5)/5p(2)
Qr=rs

Ga
Q =16

SO(7)
Q=16

Sp(3)
Q16

SO(8)
Vvl

SO(9
Q590)

Sp(4)
Q=16

20573
2855
+3AN,

- 3APY)

40370

44325,

Sp(1)
Q*‘ 5ANP=16

S03)/8p1) 4 ASO5)/5p(2)

N=16

G
+ A2 16
2
SO(3 SO(5 SO(7
+(8320) + a320 + a32%

2
(AT + %% + AT

+2(A350) + (8325) +3a

SO(5) SO(8)
N=16 T Dn=16

2
SO(3 SO(5 SO(3 SO(5 SO(7 SO(9
+ 2 (AN=(1t)s) + 2AN=(1()5 + AN=(1()5 : AN=(1f)s + AN=(1f)s + AN=(1¢)5

2
+2(A570) + 2050 + AT - AT + A + A3,



23

32

N=16 Pure Yang-Mills

General G

It is crucial that we have fully equivariant indices.

S0(5)/5p(2)
Qr=rg

) Aif(i(?()i/sp(l) 1 Ajb\‘f()z(lS()s/Sp@)

H2AY D) 4 AS2

F 30520 + (A520)" + 4520 + ARD

3O, + (A%0) + A%+ A%,

F 40590 12 (8529 + (A529)" +3A52%) + ATY

2
SO(3 SO(3 SO(5 SO(3 SO(5 SO(7 SO(9
+ 4AN=(1()5 + 2 (AN=(u)s) + 2AN=(1c)s + AN=(15)5 ' A.N’=(1()5 + A.N‘=(1()i + AN=(1¢)5

2
21 503705 +2 (AJE) -+ 20585 + AR - AR + AR + A%



SU(N) Nz D oIN B2
SO(4) 1 25
SO(6) = SU(4) 1 21
SO(8) 103 1004
SO(5) % g_g
SO(7) 11—258 i—g;
SO(9) 5018 Toa8
Sp(2) > 2
Sp(3) o 2
Sp(4) o 2048
G, v 4




cf.

[Moore, Nekrasov, Shatashvili 98]
[Kac, Smilga 99]

[Staudacher 0O0]

[Pestun 02]

N =4,8 N =16
SO(4) i T
SO(6) = SU(4) % %

SO(8) 105 1624
SO(5) > >
SO(7) = 18
SO(9) o 5048
Sp(2) = >
Sp(3) o 2
Sp(4) o 2048

G, v i



cf.

[Moore, Nekrasov, Shatashvili 98]
[Kac, Smilga 99]

[Staudacher 0O0]

[Pestun 02]

[SJL, Yi “16]

[Hwang, Yi 17]
G \/. G
ZN,matriX model X > I./\/,bulk

N =4,8 N =16

SU(N) L Son &
SO(4) L 25
SO(6) = SU(4) L 2
SO(8) 103 o
80(5) % g_g
SO(7) % %
SO(9) S0 Tone
Sp(2) % g_g
Sp(3) o e
Sp(4) o 2048



N=16 Pure Yang-Mills

Generating Functions for SU, SO, Sp
! "'OO
LAY = e
N n=1

SU(N),N 1
> It = 1 .
N
ZISP:(]l\QtQN _ H(l—l-t%)
N n=1




N=16 Pure Yang-Mills

Generating Functions for StO, Sp
! | oo
T2t = (1t
N n=1

SU(N),N 1
> It = 1 .
N
ZISP:(]l\QtQN _ H(l—l-t%)
N n=1




N=16 Pure Yang-Mills

Bound states of D-particles via M/IIA duality

! | "o
T2t = (1t
1 N n=1

SU(N),N
N
ZISp:(Jl\g)tQN _ H(1_|_t2n)
N n=1

M on Sl | R9,1 Sl | RO,l ! RQ/ZQ
1A on R R%1 1 R?/Z,

M-theory origin of IlA forming an inPnite tower of multi D-particle boundistatess]



N=16 Pure Yang-Mills

Bound states of D-particles via M/IIA duality

I | OO
T2t = (1t
1 N n=1
ZISZ(IJ\Gf)tN = —
N 0
ZIsz(Jl\g)tQN _ H(1+t2n)
N n=1

¥ IIA must remember the M theory
origin by forming an inPnite tower of
D-particle bound statesioving freely
along R%1
[Yi 97] [Sethi, Stern 97] [Gutperle; Green 97]
[Moore, Nekrasov, Shatashvili 98] E
[SJL, Yi “16]



N=16 Pure Yang-Mills

Bound states of D-particles via M/IIA duality

%:I

SU(N) N
=16

1 -1

I | OO
N n=1

ZISp:(Jl\g)tQN _ H(1_|_t2n)
N n=1

(1 4 t2n—1)

¥ IIA must remember the M theory

origin by forming an inPnite tower of
D-particle bound statesioving freely

along R%1

[Yi 97] [Sethi, Stern 97] [GutperleEGPeen "97]

[Moore, Nekrasov, Shatashvili 98]

[SJL, Yi “16]

¥ IIA must remember the M theory
origin by forming an inPnite tower of
D-particle bound stateslong Pxed
points of the orbifold
[Dasgupta, Mukhi "95] ,
[Kac, Smilga "99] [Kol, Hanany, Rajaraman 99] E
[SJL, Yi “17]



NON-COMPACT BHIRALS!
Free Chiral; U(1); ADHM

PURE YANG-MiILLS !

DO mechanics
I

RQUIVERS!
Rational invariants and nonprimitive dynamics

J




BPS Quivers

¥ BPS states d3-branes wrapping various cycles.
¥ Low-energy D-brane dynamics by a quiver gauge theory.

¥ E.g.1IB on C¥ one-particle BPS states seen as a D3-brane
wrapping a SLag.
I D=0+1 quiver theory for particle-like BPS st@bes8#1l [Denef 02]



BPS Quivers

¥ BPS states d3-branes wrapping various cycles.
¥ Low-energy D-brane dynamics by a quiver gauge theory.

¥ E.g.1IB on C¥ one-particle BPS states seen as a D3-brane
wrapping a SLag.
I D=0+1 quiver theory for particle-like BPS std@beS8#1 [Denerf "02]

Ayw = <’Yv77w>

X X2 X3
U(nl) X U(ng) X U(ng)

1,2,...,412 1,2,...,Q23

VAV 4%




BPS Quivers

H1
O, ..
W O—(—C—0O



Wall Crossing

Phenomenon

¥ BPS objects (dis)appear as the relevant CY geometry Is
deformed across a wall

1 | 1+ 12

P2 o+ 14

3 Y1+ 3




Wal I C rOSSi n g [Kontsevich, Soibelman 08]

Algebra and Formula [caiotto, Moore, Neitzke “08]

Y v, vil=0 " 0w, where 1!, = edm' # m e
!! oy
! n=1 n2
' 1+ 1o
2 o+ 13

3 Y1+ 3




Wal I C rOSSi n g [Kontsevich, Soibelman 08]

Algebra and Formula [caiotto, Moore, Neitzke “08]

Y v, vil=0 " 0w, where 1!, = edm' # m e
!! oy
! n=1 n2
' 1+ 1o
2 o+ 13

3 Y1+ 3




Wall Crossing

Examplel

¥[M17‘42]:! W1+!2 <’717/72>:1

Kn sz — sz K71+72 K%




Wall Crossing

Example

¥ [V’h? Vﬂ’z] — 2V71-|—72 !
—2

Koy Ky, = Ko Ky oy, Koy 43y, K’n-l—vz

- 1,2 =

T K3fy1-|-2’Y2 K271-|-’Y2 K’Yl



Wal I C rOSSi n g [Kontsevich, Soibelman 08]

Algebra and Formula [caiotto, Moore, Neitzke “08]

¥ Vi, Vii]=(! 1) U8 L where !, = edm' # m e

KI"®O = k!'®  where K, ! Exp Vn!




Wal I C rOSSi n g [Kontsevich, Soibelman 08]

Algebra and Formula rcaiotto, Moore, Neitzke “08]

¥ Vi, Vii]=(! 1) U8 L where !, = edm' # m e

L "
¥ Kk ®O= Kk O where K, I Exp Vi)

! ' n=1

|

O @) ! )
[T« @ =T](")* @ where 1(")! | (pgp)

Y Y p|!




Wal I C rOSSi n g [Kontsevich, Soibelman 08]

Algebra and Formula rcaiotto, Moore, Neitzke “08]

¥ Vi, Vii]=(! 1) U8 L where !, = edm' # m e

L "
¥ k! = k! ) where K, ! Exp Vn!

O o) ! "
lzl(evw)w(v) — lzl(evw)w‘(v) where |1 (") | ) I (pép)

rational invariants



Rational Invariants

Quiver dynamics

w(vy) =D I(v/p; y*) - Y Y

p(yP —y~P)
plYy



Rational Invariants

Quiver dynamics

1

L —y-
¥ ) Ce) w(v;Y)E%I(v/p; yp)°p(§,p_yy_p)

¥ Rational invariants naturally appear also in susy vacuum
counting of quiver QM
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Quiver dynamics
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L —y-
¥ ) Ce) w(v;Y)E%I(v/p; yp)°p(§,p_yy_p)
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Rational Invariants

Quiver dynamics

p|!

¥ Rational invariants naturally appear also in susy vacuum
counting of quiver QM




Rational Invariants

Quiver dynamics

(1 /p) | e . P\ 4 y'y !
AN - (5 y)! IoE“jl(!/lo,y)ap(yp.. D

¥ Reproduces the indexi( ! ) for primitive cases



Rational Invariants

Quiver dynamics

T g Yy
AN - (5 y)! IoE“jl(!/lo,y)ap(yp.. D

¥ Reproduces the indexi( ! ) for primitive cases

¥ Proposed to be the twisted partition function in generals, vi - 16;
1

s y) = T /pi y?) - e




Rational Invariants

Quiver dynamics

1 (1 p) , y'y !
1 (1)1 ! w(!: . § | /p: vP
¥I(I)I p|! p? v p|! Gy )ap(yp "y P)

¥ Reproduces the indexi( ! ) for primitive cases

¥ Proposed to be the twisted partition function in generals, vi - 16;
1
y -y
QI y) = Z(I'/p; yP) -
(I y) pzw: (T'/p; y*) > (y? —y7)

¥ Witten index can thus be extracted from the localization even
for nonprimitive quivers

' yly*
p(yP! y'P)

1(;y)= wp) & (Mp;yP)a
p|!



Rational Invariants

Quiver dynamics

! " 1
¥i()! | I(:Oép) L w(y)! |Z|('/p y") & p(yP "y y' P)
pl! 2

¥ Reproduces the indexi( ! ) for primitive cases

¥ Proposed to be the twisted partition function in general, vi 16}

¥ Witten index can thus be extracted from the localization even
for nonprimitive quivers

! 11
(y) = (WE)a (tips yP) A (yp,y 5
pl! Moebius functlorP y




20,

Nonprimitive Dynamics

Example: n-Kronecker quivers

! , c yly™
1 (Qn;Y) = N 1(p) & (Qnp 5 Y™ SIRED
1(Q3;y)=0
1(Q%;y)=0

I(Q3; y) = —xs12(y°)
1(Q2;y) =1 1ga(y?)! 1sa(y?)
1(Q3;y) =1 1 1z2(Y?) ! 20 ga(y?)! ! s2(y?)

b —b

y? —y
where Xo_1)/2(y°) =

X(b—1)/2(Y") —




O=G+0G

Nonprimitive Dynamics
Example: 3-node chain quivers

—1

Y Y
nay Z“ n/p§ p)a

o p(y? —y~?)
1(Qz%y)=0
T(Qy% y) =0
(9% Y) = —xs5/2(Y?)
(954 y) = —! g/a(y?) — ! 52(57)

1(Q2°% Y) = ! x132(¥D) ! 2xer2(¥?) ! x512(Y?)
7(95% y) = —xs12(¥%) — xz2(¥%) — x1/2(y?)

T(Q5% y) = ! Loy ! Laa(yD) ! 3 s2(y?) ! Vaya(y®)! 1 ya(y?)



Nonprimitive Dynamics
Example: triangle quivers

1

T k,l,m; _ 0 k,l,m; Y Y
Q5 ) =0
Q5N L) =) Tapn(yD)! ipy?)

| (Q31 7% y) = —xs5/2(¥°)

Z(Q3% 7 y) = —Xo/2(¥?) — X7/2(¥?) — 3x5,2(y%)
L1 go(y2) ! ya(y?)

Z(95 ™% y) = —x02(y%) — X7/2(¥) — 3x5,2(y7)
120 500y 1 ya(y?)



Summary and Outlook

¥ Witten indef{ ) of susy QMs can address bound state problems.

¥ For non-compact dynamics, one may systematically compute the
twisted partition functfbr) instead.

¥ Twisted partition functionslifferfrom the true indices in general.
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¥ With a chiral Rat direction:
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¥ With a vector Rat direction:
- I naturally receives varioustionacontributions.
- one can extractl from there to address threshold bound states.

¥ Rational invariants of orientifolded theorihave been suggested
and their role in wall-crossing algebra is to be explored.



Summary and Outlook

¥ Witten indef{ ) of susy QMs can address bound state problems.

¥ For non-compact dynamics, one may systematically compute the
twisted partition functfbr) instead.

¥ Twisted partition functionslifferfrom the true indices in general.

¥ With a chiral Rat direction:
- I has anntimateconnection with |

¥ With a vector Rat direction:
- I naturally receives varioustionacontributions.
- one can extractl from there to address threshold bound states.

¥ Rational invariants of orientifolded theorihave been suggested
and their role in wall-crossing algebra is to be explored.

Thank Vou!



