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Motivation
‣ Intense experimental activity to explore meson structure at LHC, BABAR, Belle, CLEO 

and soon at GlueX (Jlab) and PANDA (GSI)

‣ Search for exotic mesons (hybrids, glueballs, … maybe      ?) 

‣ Need to understand also “conventional”     -mesons in more detail

‣ Study production mechanisms, transition form factors  

(also important for hadronic contributions to light-by-light scattering)

qq̄

qq̄

Theory: a huge amount of work has already been done on meson structure (LQCD, BS/DSE, 
constrained dynamics two-body Dirac equation, BLFQ, relativized Schrödinger equation, …)
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‣ Search for exotic mesons (hybrids, glueballs, … maybe      ?) 

‣ Need to understand also “conventional”     -mesons in more detail

‣ Study production mechanisms, transition form factors  

(also important for hadronic contributions to light-by-light scattering)

qq̄

qq̄

Theory: a huge amount of work has already been done on meson structure (LQCD, BS/DSE, 
constrained dynamics two-body Dirac equation, BLFQ, relativized Schrödinger equation, …)

Guiding principles of our approach (CST - Covariant Spectator Theory):

Find      interaction that can be used in all mesons  
(unified model)

Must be relativistic (relativity necessary with light quarks), and 
reduce to linear+Coulomb in the nonrelativistic limit

Manifest covariance: strongly constrains spin-dependence of 
interactions

Learn about the Lorentz structure of the confining interaction

Quark masses are dynamic: self-interaction should be 
consistent with      interaction

qq̄

qq̄

Huge mass variation:

from pions (~0.14 GeV)

to bottomonium (> 10 GeV)

q q

q̄

Talk by Elmar Biernat on Friday
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CST equation for two-body bound states

3

Charge conjugation, denoted by the operator C, trans-
forms quarks into antiquarks and vice versa, accom-
plished by taking the transpose of the vertex function
and changing p1 $ �p2. The amplitude is invariant un-
der charge conjugation if it remains unchanged up to a
phase ⌘, with ⌘2 = 1. The required condition is therefore

C�1 �T
BS(�p, P ) C = ⌘ �BS(p, P ) , (8)

where we have used that p1 = p+ 1
2P $ �p2 = �p+ 1

2P
implies p $ �p. Performing this operation on Eq. (1),
and using C�1 �µT C = ��µ and the charge conjugation
invariant conditions

C�1VT (p, k;P )C = V(�p,�k;P )

C�1ST (k)C = S(�k) (9)

gives

C�1�T
BS(�p, P )C = i

Z

d4k

(2⇡)4
V(p,�k;P )S(�k2)

h

C�1�T
BS(k, P )C

i

S(�k1)

= i

Z

d4k

(2⇡)4
V(p, k;P )S(k1)

h

C�1�T
BS(�k, P )C

i

S(k2) , (10)

which shows that C�1�T
BS(�p, P )C satisfies the same

equation as �BS(p, P ) (and hence the two are equal up
to a phase), provided conditions for the propagators and
kernel, Eqs. (7) and (9), are satisfied. We will always
choose kernels that satisfy condition (9).

Note that a crucial step in the derivation was our abil-
ity to change the four-dimensional integration variable
k ! �k. This condition must be preserved when we
specialize to the Covariant Spectator Theory (CST).

B. Charge conjugation invariant CST equations

Next we introduce a charge conjugation invariant form
of the bound-state CST equations. For cases when we
want the correct limit as P ! 0 these are the “four-
channel” equations previously discussed [3].

To motivate the structure of these equations, begin
with the BS equation (1) and consider the k0 integration.
The dressed propagator of quark i with dressed mass m
and renormalization constant Z0 can be written

S(ki) ' Z0(m+ /ki)

m2 � k2i � i✏
(11)

near its poles at ki0 = ±Eki , where Eki ⌘ p

m2 + k2
i .

Figure 2 shows the positions of the four propagator poles
in the complex k0 plane in the bound-state rest frame
(note that k0 is the zero component of the relative mo-

mentum k, not of the individual particle momenta ki).
In the rest frame, the total momentum is Pr = (µ,0),
the quark and antiquark three-momenta ki are equal to
the relative three-momentum k, and therefore Eki = Ek,
with Ek ⌘ p

m2 + k2. However, in the following we will
continue working in an arbitrary frame with total mo-
mentum P in order to emphasize the manifest covariance
of our framework.

To perform the k0 integration we can close the contour
in the lower or upper half plane. In the CST framework
only poles of propagators are included, whereas the poles
of the kernel are moved to higher order kernels, and ne-
glected. As one can see in Fig. 2, in either half plane the

�Ek � µ
2 �Ek +

µ
2

Ek � µ
2 Ek +

µ
2

Im k0

Re k0

FIG. 2. (color online) The positive-energy poles (colored crosses

with positive Ek) and negative-energy (white crosses with negative

Ek) poles of the propagators of quark 1 (red with �µ/2) and quark

2 (cyan with +µ/2) in the complex k0-plane in the bound-state rest

frame.

respective two poles are separated by the bound-state
mass µ. If µ is large, the pole closer to the origin dom-
inates the integral, and the more distant pole can be
neglected. However, in the limit P ! 0 the two poles
move close together and the contributions of both must
be taken into account.
First we close the k0 contour in the lower half plane.

Introducing the on-shell momenta k̂i = (Eki ,ki) and us-
ing the form (11) for the dressed propagators permits the
two propagator pole contributions to the right hand side
of (1) to be written

�(p, P ) = �Z0

Z

k1

V(p, k̂1 � 1
2P ;P )(m+ /̂k1)

⇥�(k̂1 � 1
2P, P )S(k̂1 � P )

�Z0

Z

k2

V(p, k̂2 + 1
2P ;P )S(k̂2+ + P )

⇥�(k̂2 +
1
2P, P )(m+ /̂k2) , (12)

Integration over relative energy k0:

‣ Keep only pole contributions from constituent particle 
propagators

‣ Poles from particle exchanges appear in higher-order 

kernels (usually neglected — tend to cancel)

‣ Reduction to 3D loop integrations, but covariant

‣ Correct one-body limit

Symmetrize pole contributions from both half planes: charge conjugation symmetry
CST verticesBS vertex (approx.)

If bound-state mass    is small:

both poles are close together (both important)

µ

= + + +1
2
—{ }

Once the four CST vertices (with one quark on-shell) are all known, one can use this equation 
to get the vertex function for other momenta (also Euclidean).

clidean space, the dynamics in ladder-rainbow approxima-
tions is driven by a pure Lorentz-vector kernel, essentially
a dressed gluon propagator.

The CST belongs to the approaches related to the BSE,
but is similar in spirit to the DS-BS framework in that it
aims to incorporate the dynamical origin of the constituent
quark masses by dressing the bare quark propagators with
the interquark kernel in a consistent fashion. However,
the CST is formulated and solved directly in Minkowski
momentum space. This is advantageous over Euclidean
formulations (although a number of singularities have to
be handled numerically) because no analytic continuations
are needed to calculate, e.g., form factors [15, 16], even in
the timelike region. The reason is that in CST one only
needs to determine the quark propagator pole positions,
which are all located on the real axis, both for fixed or
running dynamical quark masses. The chosen interaction
kernel is a manifestly covariant generalization of the Cor-
nell potential, and the full Dirac structure of the quarks is
taken into account.

The Covariant Spectator Equation (CSE) is obtained
from the BSE [Fig. 1(a)] by carrying out the loop energy
integration such that only quark-propagator pole contri-
butions are kept [Figs. 1(b) and 1(c)]. This prescription
is motivated by partial cancellations between higher-order
ladder and crossed-ladder kernels, implying that a CST
ladder series e↵ectively contains crossed-ladder contribu-
tions which are necessary for the two-body equation to
reach the correct one-body limit [3].

In this work we are focussing on systems where one
quark is typically much heavier than the other, so we are
close to the one-body limit. The BS ladder approxima-
tion does not possess this limit, and it would not be a
good choice to describe these mesons. On the other hand,
heavy-light systems are ideal to apply a simplified version
of the CSE, the so-called one-channel spectator equation
(1CSE): the positive-energy pole of the heavier quark dom-
inates, such that the other three CST vertex functions can
be neglected. The 1CSE is shown in Fig. 1(c), inside the
solid rectangle.

This equation retains most important properties of the
complete CSE, namely manifest covariance, cluster separa-
bility, and the correct one-body limit. It is also a good ap-
proximation for equal-mass particles, as long as the bound-
state mass is not too small (this excludes the pion from its
range of applicability). In fact, in a properly symmetrized
form to account for the Pauli principle, it has been ap-
plied very successfully to the description of the two- and
three-nucleon systems [17, 18, 19].

A property the 1CSE does not maintain is charge-
conjugation symmetry. Therefore, heavy quarkonium states
calculated with the 1CSE have no definite C-parity. In
principle, this problem is easily remedied by using instead
the two-channel extension inside the dashed rectangle of
Fig. 1(c). However, we decided that the considerable in-
crease in computational e↵ort would not be justified for
the purpose of this work: of the quarkonia with JP = 0±

(a)

(b)

(c)

Figure 1: Graphic representations of (a) the BSE for the qq̄ bound
state vertex function �, where V represents the kernel of two-body
irreducible Feynman diagrams; (b) the BS vertex function approxi-
mated as a sum of CST vertex functions (crosses on quark lines indi-
cate that a positive-energy pole of the propagator is calculated, light
crosses in a dark square refer to a negative-energy pole); (c) the com-
plete CST equation. The solid rectangle indicates the one-channel
equation used in this work, the dashed rectangle a two-channel ex-
tension with charge-conjugation symmetry.

and 1±, only the axial-vector mesons (JP = 1+) come in
both C-parities, and these pairs are separated by only a
few MeV (5 to 6 MeV in bottomonium, 14 MeV in char-
monium). Thus, as long as we do not seek an accuracy
better than about 10-20 MeV, the use of the 1CSE also
for heavy quarkonia is perfectly justified. Consistent with
this level of accuracy, we also set mu = md throughout
this work.

We use a kernel of the general form

V =
⇥
(1� y)

�
11 ⌦ 12 + �5

1 ⌦ �5
2

�
� y �µ

1 ⌦ �µ2
⇤
VL

� �µ
1 ⌦ �µ2 [VOGE + VC] ⌘

X

K

VK⇥K(µ)
1 ⌦⇥K

2(µ) , (1)

where VL, VOGE, and VC are relativistic generalizations
of a linear confining potential, a short-range one-gluon-
exchange (in Feynman gauge in this work), and a con-
stant interaction, respectively. The confining interaction
has a mixed Lorentz structure, namely equally weighted
scalar and pseudoscalar structures, and a vector struc-
ture. The parameter y dials continuously between the two
extremes, y = 1 being pure vector coupling, and y = 0
pure scalar+pseudoscalar coupling. The OGE and con-
stant potentials are Lorentz-vector interactions. The signs
are chosen such that—for any value of y—in the static
nonrelativistic limit always the same Cornell-type poten-
tial V (r) = �r � ↵s/r � C is recovered.

2

      bound-state with mass    µqq̄Bethe-Salpeter equation for

2PI diagrams
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CST equations
Closed set of equations when external legs are systematically placed on-shell

Solutions: bound state masses μ and corresponding vertex functions Γ 

All have smooth one-body limit (Dirac equation) and nonrelativistic limit (Schrödinger equation).
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and 1±, only the axial-vector mesons (JP = 1+) come in
both C-parities, and these pairs are separated by only a
few MeV (5 to 6 MeV in bottomonium, 14 MeV in char-
monium). Thus, as long as we do not seek an accuracy
better than about 10-20 MeV, the use of the 1CSE also
for heavy quarkonia is perfectly justified. Consistent with
this level of accuracy, we also set mu = md throughout
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We use a kernel of the general form

V =
⇥
(1� y)

�
11 ⌦ 12 + �5

1 ⌦ �5
2

�
� y �µ

1 ⌦ �µ2
⇤
VL

� �µ
1 ⌦ �µ2 [VOGE + VC] ⌘

X

K

VK⇥K(µ)
1 ⌦⇥K

2(µ) , (1)

where VL, VOGE, and VC are relativistic generalizations
of a linear confining potential, a short-range one-gluon-
exchange (in Feynman gauge in this work), and a con-
stant interaction, respectively. The confining interaction
has a mixed Lorentz structure, namely equally weighted
scalar and pseudoscalar structures, and a vector struc-
ture. The parameter y dials continuously between the two
extremes, y = 1 being pure vector coupling, and y = 0
pure scalar+pseudoscalar coupling. The OGE and con-
stant potentials are Lorentz-vector interactions. The signs
are chosen such that—for any value of y—in the static
nonrelativistic limit always the same Cornell-type poten-
tial V (r) = �r � ↵s/r � C is recovered.
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4CSE

1CSE

2CSE

One-channel spectator equation (1CSE): ‣Particularly appropriate for unequal masses


‣Numerical solutions easier (fewer singularities)


‣But not charge-conjugation symmetric

Two-channel spectator equation (2CSE): ‣Restores charge-conjugation symmetry


‣Additional singularities in the kernel

Four-channel spectator equation (4CSE): ‣Necessary for light bound states (pion!)
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The covariant kernel

⇥K(µ)
i = 1i, �

5
i , �

µ
i

Our kernel:

‣Confining interaction: Lorentz (scalar + pseudoscalar) mixed with vector 
Coupling strength σ, mixing parameter y

Fa =
1

2
�a

color SU(3) 
generators

qq̄ color singlets1 for Dirac structuremomentum 
dependence

p

F a
1

F a
2

⇥K(µ)
1

⇥K
2(µ)

k
V(p, k;P ) =

3

4
F1 · F2

X

K

VK(p, k;P )⇥K(µ)
1 ⌦⇥K

2(µ)

VL(p, k;P ) =
⇥
(1� y)

�
11 ⌦ 12 + �5

1 ⌦ �5
2

�
� y �µ

1 ⌦ �µ2
⇤
VL(p, k;P )

y = 0

y = 1

pure S+PS

pure V

equal weight (constraint from chiral symmetry)
→ E.P. Biernat et al., PRD 90, 096008 (2014)

for correct nonrelativistic limit

‣One-gluon exchange with constant coupling strength  
+ Constant interaction (in r-space) with strength C

↵s Lorentz vector}
VOGE(p, k;P ) + VC(p, k;P ) = ��µ

1 ⌦ �2µ[VOGE(p, k;P ) + VC(p, k;P )]
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Nonrelativistic limit of the kernel

Linear confinement

confinement cannot be obtained from finite number of gluon exchanges ⇒
non-perturbative treatment of QCD necessary: e.g. lattice simulations of QCD

phenomenological ‘Cornell’ qq̄ potential
Eichten et al PRD 17, 1978,0 and 21, 1980; Richardson PLB 82, 1979

V (r) = −αs

r + σr + C

! good description of quarkonia (cc̄
and bb̄ mesons)

value σ = 0.85 GeV/fm at r ∼ 2 fm:
∃ enough energy to produce light qq̄
pair

light mesons require relativistic
treatment
e.g. “relativized” quark models
Godfrey, Isgur PRD 32, 1985

! good description of meson spectrum
not covariant
no off-shell propagation of quarks

Allton et al, UKQCD Collab., PRD 65, 2002

Elmar Biernat (CFTP/IST) Quarks and mesons in CST May 22, 2014 5 / 23

Allton et al, UKQCD Collab., PRD 65, 054502 (2002)

Static QCD potential from the lattice

(the form of the Cornell potential)

Leitão, AS, Peña, Biernat, PRD 90, 096003 (2014)

Gross, Milana, PRD 43, 2401 (1991)

Savkli, Gross, PRC 63, 035208 (2001)

For any value of the mixing parameter y:

The nonrelativistic limit of the kernel 

in r-space is

V (r) = �r � ↵s

r
� C

Using a confining kernel in momentum space is 
a bit tricky because of singularities

For details see:
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The One-Channel Spectator Equation (1CSE)

�(p̂1, p2) = �
Z

d3k

(2⇡)3
m1

E1k

X

K

VK(p̂1, k̂1)⇥
K(µ)
1

m1 + /̂k1
2m1

�(k̂1, k2)
m2 + /k2

m2
2 � k22 � i✏

⇥K
2(µ)

VL(p̂1, k̂1) = �8�⇡

"
1

(p̂1 � k̂1)4
� Ep1

m1
(2⇡)3�3(p1 � k1)

Z
d3k01
(2⇡)3

m1

Ek0
1

1

(p̂1 � k̂01)
4

#

Eik =
q

m2
i + k2

VOGE(p̂1, k̂1) = � 4⇡↵s

(p̂1 � k̂1)2
VC(p̂1, k̂1) = (2⇡)3

Ek1

m1
C�3(p1 � k1)

= V ��

p̂1 k̂1p̂1

p2 k2

PP

p2

We solve the 1CSE for heavy and heavy-light systems

‣Should work well for bound states with at least 
one heavy quark

‣Easier to solve numerically than 2CSE or 4CSE

‣C-parity splitting small in heavy quarkonia

‣For now with constant constituent quark masses  

(quark self-energies will be included later)

‣Momentum-dependence of kernels is also simpler

‣Linear and OGE kernels need to be regularized  
We chose Pauli-Villars regularizations with parameter ⇤ = 2m1
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CST vertex functions

Pseudoscalar mesons

Vector mesons

⇤(pi) =
mi + /pi
2mi

�P (p1, p2) = �P
1 (p1, p2)�

5 + �P
2 (p1, p2)⇤(�p1)�

5

+ �P
3 (p1, p2)�

5⇤(�p2) + �P
4 (p1, p2)⇤(�p1)�

5⇤(�p2)

�S(p1, p2) = �S
1 (p1, p2) + �S

2 (p1, p2)⇤(�p1) + �S
3 (p1, p2)⇤(�p2) + �S

4 (p1, p2)⇤(�p1)⇤(�p2)

Scalar mesons

�V Tµ(p1, p2) =�V
1 (p1, p2)�

Tµ + �V
2 (p1, p2)⇤(�p1)�

Tµ + �V
3 (p1, p2)�

Tµ⇤(�p2)

+ �V
4 (p1, p2)⇤(�p1)�

Tµ⇤(�p2) + �V
5 (p1, p2)⇢

Tµ + �V
6 (p1, p2)⇤(�p1)⇢

Tµ

+ �V
7 (p1, p2)⇢

Tµ⇤(�p2) + �V
8 (p1, p2)⇤(�p1)⇢

Tµ⇤(�p2)

Axialvector mesons

�ATµ(p1, p2) =�A
1 (p1, p2)�

Tµ�5 + �A
2 (p1, p2)⇤(�p1)�

Tµ�5 + �A
3 (p1, p2)�

Tµ�5⇤(�p2)

+ �A
4 (p1, p2)⇤(�p1)�

Tµ�5⇤(�p2) + �A
5 (p1, p2)⇢

Tµ�5 + �A
6 (p1, p2)⇤(�p1)⇢

Tµ�5

+ �A
7 (p1, p2)⇢

Tµ�5⇤(�p2) + �A
8 (p1, p2)⇤(�p1)⇢

Tµ�5⇤(�p2)

Pµ = p1 � p2 ⇢µ =
p1 + p2

2
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Numerical solution of the 1CSE

Eik =
q

m2
i + k2

= V ��

p̂1 k̂1p̂1

p2 k2

PP

p2

‣Define relativistic “wave functions”

‣Switch to basis of eigenstates of total orbital angular momentum L and of total spin S 
(not necessary, but useful for spectroscopic identification of solutions)

‣Use ρ-spin decomposition of the propagator

m2 + /k2
m2

2 � k22 � i✏
=

m2

E2k

X

⇢,�2

⇢
u⇢
2(k,�2)ū

⇢
2(k,�2)

E2k � ⇢k20 � i✏

‣Project 1CSE onto ρ-spin helicity channels

�+⇢0

��0 (p) ⌘ ū+
1 (p,�)�(p)u

⇢0

2 (p,�0)

‣Work in rest frame of the bound state P = (µ,0)

u+(k,�) ⌘ u(k,�)

u�(k,�) ⌘ v(�k,�)

ρ-spinors with 
helicity λ

The 1CSE becomes a generalized linear 
EV problem for the mass eigenvalues μ +⇢

��0(p) ⌘
r

m1m2

E1pE2p

⇢

E2p � ⇢(E1p � µ)
�+⇢
��0(p)

‣Expand wave functions in a basis of B-splines (modified for correct asymptotic behavior) 
and solve eigenvalue problem → expansion coefficients and mass eigenvalues
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Data sets used in least-square fits of meson masses 9

Data set
State JP (C) Mass (MeV) S1 S2 S3
⌥(4S) 1�� 10579.4±1.2 •
�b1(3P ) 1++ 10512.1±2.3 •
⌥(3S) 1�� 10355.2±0.5 • •
⌘b(3S) 0�+ 10337
hb(2P ) 1+� 10259.8±1.2 •
�b1(2P ) 1++ 10255.46±0.22±0.50 •
�b0(2P ) 0++ 10232.5±0.4±0.5 • •
⌥(1D) 1�� 10155
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TABLE I. List of the mesonic states and experimental mea-
sured masses used throughout this work. A bullet point in one
of the columns labeled S1, S2, and S3 indicates that the meson
state is included in the respective data set used in various fits.
The masses of B±,0, D±,0, B1(5721)

+,0, and D1(2420)
±,0 are

averages of the charged and uncharged states. The masses of
⌥(1D) and ⌘b(3S) are estimates taken from Ref. [61]. There
is weak evidence (at 1.8�) that ⌥(1D) has been seen [62, 63].

the corresponding open-flavor threshold. As exceptions,
a few states located slightly above threshold but with
very small widths are considered as well. We restrict
our analysis to mesons with JP = 0±, 1±, representing
already the vast majority of the experimental states.

There are two di↵erent ways how we quantify the rela-
tion between the masses µi({↵k(M)}), calculated from a
theoretical model M specified through a set of parame-
ters {↵k(M)}, and a certain set S of experimental masses

µexp
i (S) withNS elements. When S is the set of data used

in the least square fit of the model parameters, then the
rms di↵erence
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is the quantity that is being minimized, and its value is
therefore a measure of the quality of the fit.
On the other hand, we also want to be able to evaluate

the ability of a given model to predict states it was not
fitted to. For this purpose we also calculate rms di↵er-
ences with respect to data sets S0 that are di↵erent from
the set S a model was fitted to. To distinguish these dif-
ferences more clearly from the minimized values we use
the notation �rms(S0) whenever S0 6= S. Note that it is
quite possible that, for particular choices of S and S0, one
model has a higher �rms but a smaller �rms than another.
We chose three di↵erent sets of data to fit our model

parameters to: the set called S1 consists of pseudoscalar
meson states only (it is identical to the one used in [57]
to fit the model named P1), the set S2 includes pseu-
doscalar, scalar, and vector states, and the largest set,
S3, adds a number of axial vector states to the states
contained in S2. A list of these states and their masses
is given in Table I.
We constructed several interaction models by fitting

to these three data sets while, in some cases, placing
constraints on certain parameters. The results of our
fits are summarized in Table II. In all cases, the rms
di↵erence �rms is given with respect to the data set S3,
containing a total of 39 states.
Models M0S1 and M0S2, previously denoted in ref.[57]

by P1 and PSV1 respectively, were fitted with fixed val-
ues for the constituent quark masses and mixing param-
eter y = 0 [57]. They should be compared to the new
models M1S1 and M1S2, in which the quark masses and
y were allowed to vary freely. We see that the addition
of 5 free parameters leads to a lower minimum in �rms,
but the overall rms di↵erence �rms changes by very lit-
tle (it even increases from M0S1 to M1S1). Based on the
data set S1, the fit finds no improvement in varying y,
such that the new minimum is located again at y = 0.
This is not the case for data set S2, which prefers a finite
value of y of approximately 0.25. At the same time, the
quark masses change quite considerably, decreasing by
around 200 MeV (more moderately for mb), which is in
part compensated by a similarly smaller constant C. To
see that this compensating e↵ect makes sense, remember
that qq spinor matrix elements of �µ

1 ⌦ �µ2 are negative
in the dominant channel with ⇢0 = �. Because of the
overall minus sign in the definition of VC(p, k), lowering
C makes the kernel on the rhs of Eq. (34) smaller, and
lowering the quark masses reduces its lhs. The masses of
the light quarks tend to go as low as possible in these fits.
The final value of 100 MeV is actually the lower limit of
the range in which they were allowed to vary.
The bottomonium system is very rich in measured ex-

cited states. This poses a bit of a challenge for our cal-
culations, because describing higher excited states accu-
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Global fits with fixed quark masses and y=0

mb=4.892, mc=1.600, ms=0.448, mq=0.346 Constituent quark masses (in GeV)

First step: we perform global fits to the heavy + heavy-light meson spectrum

Model parameters not adjusted in the fits:

y = 0Scalar + pseudoscalar confinement

‣Model M0S1: fitted to 9 pseudoscalar meson masses only

‣Model M0S2: fitted to 25 pseudoscalar, vector, and scalar meson masses

Adjustable model parameters: � ↵s C

Leitão, Stadler, Peña, Biernat, Phys. Lett. B 764 (2017) 38

(Previously called models P1 and PSV1)
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Global fits with fixed quark masses and scalar confinement (y=0)
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        used in fit

        predicted

Pseudoscalar Vector Scalar Axialvector

Blue: 

model M0S1 
fitted to 9

0-(P) only

Red: 

model M0S2 
fitted to 25

P+S+V

JP
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Global fits with fixed quark masses and y=0

rms differences to experimental masses (set S3): 
The results of the two fits are remarkably similar!

‣Kernel parameters are already well determined through pseudoscalar states (JP = 0-)

Almost 100% L=0, S=0

(S-wave, spin singlet)

h0�|S1 · S2|0�i = �3/4

h0�|L · S|0�i = 0

h0�|S12|0�i = 0 Tensor force vanishes

Spin-orbit force vanishes

Spin-spin force acts in singlet only

Pseudoscalar states do not constrain spin-orbit and tensor forces, and cannot separate 
spin-spin from central force.

‣Good test for a covariant kernel:

But they should be determined through covariance.
Model M0S1 indeed predicts spin-dependent forces correctly!

Leitão, AS, Peña, Biernat, Phys. Lett. B 764 (2017) 38

Model � [GeV

2
] ↵s C [GeV]

M0S1 0.2493 0.3643 0.3491

M0S2 0.2247 0.3614 0.3377

Model �rms [GeV]

M0S1 0.037

M0S2 0.036



Light Cone 2017, Mumbai, September 18-22, 2017 Alfred Stadler

Importance of PS coupling in the confining kernel

S+PS

Confining interaction

(with y=0)
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Fits with variable quark masses and confinement (S+PS)-V mixing y

y held fixed, other parameters refitted

In a new series of fits we treat quark masses and mixing parameter y as adjustable parameters.

‣Quality of fits not much improved

‣Best model M1S3 has y=0.20, but 

minimum is very shallow

include AV states in fit

{

y and quark masses are not much 
constrained by the mass spectrum.

10

Model Symbol � [GeV2] ↵s C [GeV] y mb [GeV] mc [GeV] ms [GeV] mq [GeV] N �rms [GeV] �rms [GeV]
M0S1 0.2493 0.3643 0.3491 0.0000 4.892 1.600 0.4478 0.3455 9 0.017 0.037
M1S1 � 0.2235 0.3941 0.0591 0.0000 4.768 1.398 0.2547 0.1230 9 0.006 0.041
M0S2 0.2247 0.3614 0.3377 0.0000 4.892 1.600 0.4478 0.3455 25 0.028 0.036
M1S2 0.1893 0.4126 0.1085 0.2537 4.825 1.470 0.2349 0.1000 25 0.022 0.033
M1S20 4 0.2017 0.4013 0.1311 0.2677 4.822 1.464 0.2365 0.1000 24 0.018 0.033
M1S3 0.2022 0.4129 0.2145 0.2002 4.875 1.553 0.3679 0.2493 39 0.030 0.030
M0S3 0.2058 0.4172 0.2821 0.0000 4.917 1.624 0.4616 0.3514 39 0.031 0.031

TABLE II. (color online). Summary table of the kernel parameters of the di↵erent fitting models considered in this work. The
masses calculated from the models labeled with the symbols � , 4, and are shown in Fig. 4. N is the number of states in
the data set used in fitting the model. �rms indicates the minimized root mean square di↵erence with respect to the data set
used in the fit, and �rms is the root mean square di↵erence with respect to data set S3, including both fitted and predicted
states. The values in boldface were held fixed.

FIG. 4. (color online). Masses of heavy-light and heavy mesons with JP = 0± and 1±. The points depicted by the symbols
� , 4, and represent the 1CSE results calculated with the models with matching symbols of Table II. Solid horizontal
lines are the measured meson masses [64]. The two dashed levels are estimates taken from Ref. [61]. There is weak evidence
(at 1.8�) that the ⌥(1D) has been seen [62, 63]. Both models predict a so far unobserved ⌥(2D) between ⌥(3S) and ⌥(4S).
Dashed horizontal lines across the figure indicate open flavor thresholds.

rately requires a larger number of spline functions. In
particular, the ⌥(4S) appears in our calculations as the
5th excited state in the vector bb system, but increasing
the number of basis spline functions accordingly would
be too time-consuming to perform our 8-parameter fits.

To test whether the M1S2 fit might have been distorted
by trying to reproduce the ⌥(4S) mass with insu�cient
numerical accuracy, we performed another fit where this
state was omitted from the fitted data set. To distinguish
from the previous one we denote it by S20. However, the

Parameters in bold are not varied during fit

rms difference to fitted masses

39 states

25 states

9 states

14

the relativistic components are already quite significant,
and a nonrelativistic description is no longer adequate.

Comparing Figs. 5 and 6 one can also see that the
momentum-space wave functions of bottomonium are
much more spread out, which means that in configura-
tion space they are more compact than the heavy-light
cq mesons.

Figure 5(d) contains another interesting detail: the 1+

ground state is dominated not by one, but by a mixture
of two P waves, a spin triplet and a spin singlet. The
role of these two P waves is interchanged in the first
excited state (not shown in the figure). As already dis-
cussed in the previous section, in a relativistic description
both spin triplets and singlets can contribute to either C-
parity eigenstate. However, the plot in Fig. 5(d) may give
an exaggerated impression of the weight of the singlet P -
wave: its contribution to the total norm is actually only
about 7 %. Nevertheless, the fact that in the almost non-
relativistic �b1(1P ) the singlet component is not smaller
is probably in part due to the lack of charge conjuga-
tion symmetry of the 1CSE. We can speculate that this
singlet wave function will be more suppressed when a
charge-conjugation symmetric two- or four-channel CST
equation is solved. In addition, the presence of a pseu-
doscalar confining kernel also enhances its weight. When
it is turned o↵, the norm integral of the singlet P -wave
is reduced by roughly one half.

The vector meson spectrum of bottomonium is partic-
ularly interesting because of the large number of excited
states below or slightly above threshold that have been
measured. In Fig. 7 we show the wave functions of the
first six vector states of bottomonium. According to the
figure, the first two states are mostly S waves, followed
by alternatingD and S states. The ⌥(1D) is listed in [64]
as a 2++ state, but there is some evidence that 1�� was
also possibly seen. There is, however, no experimental
evidence yet for the predicted ⌥(2D). The figure shows
that there is a small mixture of 2S in our ⌥(1D), and a
small 3S component is present in the ⌥(2D). Apart from
the increasing number of nodes, one can also clearly see
the wave functions are the more concentrated at lower
momenta the higher excited a state is, which means that
they are increasingly spread out in configuration space.

Whereas the structure of the ground state is deter-
mined mostly by the OGE interaction, the higher excited
states should be more sensitive to the confining interac-
tion. We have already seen in the previous section that
the masses of these states can be well described by our
models. To test the importance of the confining inter-
action for the description of the bottomonium excitation
spectrum, we performed fits using the OGE and con-
stant kernels only. The quality of these fits turned out
significantly worse, with rms di↵erences above 100 MeV,
compared to about 30 MeV when the complete kernel is
used. Moreover, the sequence of S- and D-wave domi-
nated states is altered in the bottomonium vector meson
spectrum: the ⌥(2D) and ⌥(4S) swap places. This find-
ing suggests that, once the ⌥(2D) is observed, finding
its mass below or above the mass of ⌥(4S) can tell us
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□□
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FIG. 8. (color online). Variation of �rms in a series of fits
where the parameter y has been held fixed while all other
parameters were fitted. The solid line shows the result of fits
to data set S1 of Tab. I, the dashed and dotted lines refer
to data sets S2 and S3, respectively. The symbols �, 4, ,
and indicate the results of models M1S1, M1S20 , M1S3, and
M0S3 of Tab. II.

whether a linear confining interaction is indeed needed
or not.

C. Constraints on fit parameters

Our model fits of Tab. II show some variation in the
values of the best-fit parameters, depending on which
data set the model is fitted to. In this section we want to
investigate this sensitivity in more detail and determine
how well some of the parameters are actually constrained.
We begin with the parameter y that determines the

mixing between the scalar+pseudoscalar and vector con-
fining interaction. We perform a series of fits, where in
each case y is held fixed at a di↵erent value while all
other parameters are allowed to vary. We restrict y to lie
in the interval between 0 and 0.45. For higher values, the
equation becomes unstable and no physical solutions can
be found—a well-known phenomenon that was observed
with many di↵erent relativistic equations [59, 65].
Figure 8 shows the obtained minima of �rms as a func-

tion of y, using three di↵erent data sets. As already dis-
cussed in Sec. III A, the data set with exclusively pseu-
doscalar mesons prefers y = 0, whereas optimum values
of y between 0.20 and 0.27 are obtained when more data
are included. However, Fig. 8 also shows that, except
for the smallest data set, the minima are very shallow.
In fact, when using data set S3, no particular value of
y seems to be clearly favored over any other. Instead
of accepting the value y = 0.20 of the fit M1S3, we
could choose arbitrarily another value without deterio-
rating the fit significantly.
Figure 9 shows how the constituent quark masses ad-

just when y is changed, and Fig. 10 displays the cor-
responding variations of the couplings strengths param-
eters �, ↵s, and C. For the larger data sets, a trend
is visible that connects smaller y with somewhat higher
masses, whereas the variations in the coupling strength
parameters are rather mild. Overall, the heavy quark
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Mass spectra of heavy and heavy-light mesons

JP
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Bottomonium ground-state wave functions
Calculated with model M1S3
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Radial excitations in vector bottomonium

Υ(��)(�)

���

���

���

���

���

���

���

ψ
(�
)

� � � � �

Υ(��)(�)

���

���

���

���

���

� � � � �

Υ(��)(�)

���

���

���

���

���

���

ψ
(�
)

� � � � �

Υ(��)(�)

-���

���

���

���

���

���

���

� � � � �

Υ(��)(�)

-���
-���
���
���
���
���
���
���
���

ψ
(�
)

� � � � �
� [���]

Υ(��)(�)

-���
���
���
���
���
���
���

� � � � �
� [���]

��

η�(��)

η�(��)

η�(��)

Υ (��)

Υ (��)

Υ (��)
Υ (��)

χ��(��)

χ��(��)
��(��)
χ��(��)

��(��)
χ��(��)

χ�(��)

Υ (��)
��

��

��

��

��

�π

��

�π

η�(��)

η�(��)

�/ψ (��)

ψ (��)
ψ (����)

χ��(��)

χ��(��)

��(��)
χ��(��)

��

��(��)

��� ��*
���(����)�

� �*

��
��

*
��

*(����)
���(����)

�
�*

�- �- �+ �+

�

�

�

�

�

�

�
��
�
(�
��

)

Model M1S3

Υ(��)(�)

���

���

���

���

���

���

���

ψ
(�
)

� � � � �

Υ(��)(�)

���

���

���

���

���

� � � � �

Υ(��)(�)

���

���

���

���

���

���

ψ
(�
)

� � � � �

Υ(��)(�)

-���

���

���

���

���

���

���

� � � � �

Υ(��)(�)

-���
-���
���
���
���
���
���
���
���

ψ
(�
)

� � � � �
� [���]

Υ(��)(�)

-���
���
���
���
���
���
���

� � � � �
� [���]

S

Ps (spin singlet)
Pt (spin triplet)
D

Partial waves

Wave functions of excited states look reasonable



Light Cone 2017, Mumbai, September 18-22, 2017 Alfred Stadler

Importance of relativistic components

Mesons in a Covariant Quark Model Sofia LeitãoISU, February 1, 2017 31

SL et al., (in preparation)Using model PSVA we calculated several ground state wave functions

pseudoscalar

scalar

Ground-state wave functions of model M1S3.
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Importance of relativistic components
Ground-state wave functions of model M1S3.

Mesons in a Covariant Quark Model Sofia LeitãoISU, February 1, 2017 32

SL et al., (in preparation)Using model PSVA we calculated several ground state wave functions

vector

axial vector
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CST light-front wave functions

Comparison of CST and BLFQ wave functions

Calculated CST-LFWF, mapped with the Brodsky-Huang-Lepage prescription (map.)
5

where Ek is the on-shell energy (14). In the rest-frame the x

variable should in principle be identified as [35]

x =
k+1
P+

=
Ek + k3

M
=

√

m2 + kkk2
⊥+(k3)2 + k3

M
. (24)

Consequently,

kkk2 =
1
2
(kkk2

⊥+m2)+

(

xM

2

)2

+

(

kkk2
⊥+m2

2xM

)2

. (25)

From Eq. (24) one verifies that,

minx = lim
k3→−∞

x = 0, maxx = lim
k3→+∞

x =+∞. (26)

The last limit poses a difficulty because x can be outside the
region 0 ≤ x ≤ 1. How to properly deal with this issue cer-
tainly requires further investigation and it is beyond of the
scope of this article. Recent work has been done in that di-
rection, investigating the formal relation between the light-
cone and CST box diagrams for a scalar theory [35]. In any
case, we expect that the contribution to the wave function for
values of x > 1 should be small, and that it vanishes exactly
in the non-relativistic limit [10].

We circumvent this difficulty by adopting the Brodsky-
Huang-Lepage (BHL) prescription [20], where x is automat-
ically limited between 0 and 1, and investigate to what extent
such a prescription gives reasonable results.

For the equal mass case of quarkonium mq = mq̄ = m,
the BHL prescription provides
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From Eq. (27) it is straightforward to derive
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We thus identify the “CST LFWFs" as:
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up to some normalization factors.
In Fig. (1) we compare the CST amplitudes for one of the

dominant wave function components of J/ψ after using the
change of variables expressed in (24) (left panel) vs. the one
in (27) (right panel). The visualization scheme is explained
in detail in Sec. 3.3.

The CST amplitude on the left panel spreads beyond the
physical region 0 ≤ x ≤ 1, but for x > 1 it is fairly small
for the illustrative case of charmonium, where relativity is
no longer negligible. On the right panel, the wave function
mapped using the BHL prescription is symmetric with re-
spect to x = 0.5 and is restricted to 0 ≤ x ≤ 1, consistent
with longitudinal light-front momentum conservation.
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Fig. 1 CST amplitudes for the triplet component of J/ψ(1S) state with
λ = 0 using two different changes of coordinates: (a) using the defini-
tion of x given in Eq. (24) and (b) using the BHL prescription.

2.6 Definition of physical observables and distribution
functions

Both the LFWFs and the CST amplitudes allow us to calcu-
late a variety of observables. But with the LFWFs obtained
from the BHL mapping, one also gains direct access to quan-
tities such as light-cone distributions, whose extraction is
not as straightforward in approaches relying on Euclidean
formulations. In this section we apply the LFWFs to the cal-
culation of decay constants and leading-twist parton distri-
bution amplitudes and parton distribution functions.

2.6.1 Decay constants

Decay constants are very important quantities to probe short-
range physics. In practice they will be sensitive to the effec-
tive short-range potential. This implies that for any realistic
model of quarkonia, having a correct implementation of the
one-gluon exchange interaction is essential for a good de-
scription of the decay constants.

In the absence of a proper renormalization procedure,
decay constants could develop dependence on the regular-
ization scheme adopted. By construction, any UV regulator
estimate within BLFQ is tied to the basis truncation Nmax. In
fact, previous studies indicate that the cut-off scale is very
well approximated by ΛUV ≡ κ

√
Nmax. On the other hand,

in CST there is no dependence on any basis, but αs has been
kept fixed in the CST calculations. Furthermore, in CST the
regularization of the integral over kkk in Eq. (13) is governed
by the Pauli-Villars cut-off parameter Λ and for that reason
it will be taken as the CST estimate for the UV regulator.
Later we will come back to this point when analysing the
results obtained for the parton distribution functions. The
choice of ΛUV ≈ 1.7m in BLFQ and ΛUV ≈ 2m in CST, per-
mits a good description of the decay constants, with models
just fixed by spectroscopy. For the remainder of the work
in BLFQ results this scale cut-off is ensured by choosing
Nmax = 32 for bottomonium and Nmax = 8 for charmonium,
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range physics. In practice they will be sensitive to the effec-
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model of quarkonia, having a correct implementation of the
one-gluon exchange interaction is essential for a good de-
scription of the decay constants.
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by the Pauli-Villars cut-off parameter Λ and for that reason
it will be taken as the CST estimate for the UV regulator.
Later we will come back to this point when analysing the
results obtained for the parton distribution functions. The
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2.6 Definition of physical observables and distribution
functions

Both the LFWFs and the CST amplitudes allow us to calcu-
late a variety of observables. But with the LFWFs obtained
from the BHL mapping, one also gains direct access to quan-
tities such as light-cone distributions, whose extraction is
not as straightforward in approaches relying on Euclidean
formulations. In this section we apply the LFWFs to the cal-
culation of decay constants and leading-twist parton distri-
bution amplitudes and parton distribution functions.

2.6.1 Decay constants

Decay constants are very important quantities to probe short-
range physics. In practice they will be sensitive to the effec-
tive short-range potential. This implies that for any realistic
model of quarkonia, having a correct implementation of the
one-gluon exchange interaction is essential for a good de-
scription of the decay constants.
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decay constants could develop dependence on the regular-
ization scheme adopted. By construction, any UV regulator
estimate within BLFQ is tied to the basis truncation Nmax. In
fact, previous studies indicate that the cut-off scale is very
well approximated by ΛUV ≡ κ
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in CST there is no dependence on any basis, but αs has been
kept fixed in the CST calculations. Furthermore, in CST the
regularization of the integral over kkk in Eq. (13) is governed
by the Pauli-Villars cut-off parameter Λ and for that reason
it will be taken as the CST estimate for the UV regulator.
Later we will come back to this point when analysing the
results obtained for the parton distribution functions. The
choice of ΛUV ≈ 1.7m in BLFQ and ΛUV ≈ 2m in CST, per-
mits a good description of the decay constants, with models
just fixed by spectroscopy. For the remainder of the work
in BLFQ results this scale cut-off is ensured by choosing
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Example: wave function of J/ψ (1S) with λ=0

Leitão, Li, Maris, Peña, AS, Vary, Biernat, arXiv:1705.06178
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Table 2 CST model parameters with Nsplines = 12: L is the Pauli-
Villars cut-off parameter, used to regularize the UV behavior of both
the Coulomb and linear potentials. s is the linear potential strength, y
is the mixing parameter defined in Eq. (15), as is the fixed quark-gluon
coupling and C is the Lorentz vector constant of Eq. (18). mq is the
constituent quark mass and nstates is the number of states used in the fit
(an extra b̄c state was also included in the fit).

L s [GeV2] y as C [GeV] mq [GeV] nstates

cc̄ 2mq 0.217 0.049 0.393 0.097 1.431 8
bb̄ 2mq 0.217 0.049 0.393 0.097 4.786 7

they were not included in the fit. We observe a large rela-
tive deviation of cc1 and hc when compared to other states.
Both approaches predict consistently similar results for the
yet unobserved states such as 31S0 and 13D1 and 23D1 in the
bottomonium spectrum.

Finally, in order to quantify the agreement of the predic-
tions with the experimental measurements, we determined
the root-mean-square difference to the measured states be-
low threshold and shown in blue in Fig. 2. The results are
drms (BLFQ)=39 MeV and drms(CST)=11 MeV for 11 bot-
tomonium states. The results for charmonium are drms (BLFQ)=33
MeV and drms(CST)=42 MeV with 7 states.

3.2 Decay constants

Using the previous definitions we calculate the bottomonia
and charmonia decay constants for pseudoscalar and vector
states. The results are shown in Fig. 3 and compared with ex-
perimental PDG values [45], as well as lattice QCD [47–50]
and Dyson-Schwinger equations (DSE) [8, 13] predictions.

In BLFQ the results were obtained with Nmax = 8 for
charmonium and Nmax = 32 for bottomonium, in order to
guarantee the aforementioned UV cut-off of 1.7mq. The nu-
merical uncertainty is estimated by varying the scales: for
charmonium D f = 2| fmax=8 � fmax=16|; for bottomonium
D f = 4| fmax=24 � fmax=32|. As estimates for the numerical
uncertainties of the CST calculations we took the difference
between the results obtained with 12 and 8 splines.

Overall, both CST and BLFQ results reproduce the data
quite well and are consistent with other approaches, where
available. In the CST approach the pseudoscalar decay con-
stants are closer to experiment than the vector meson decay
constants. It is worth emphasizing that these results are pure
predictions in the sense that none of them were included
in the fits. For that reason the agreement with experimen-
tal data for decay constants (where available) could be im-
proved by incorporating those data in the model parameter
fits. The only notable discrepancy comes from the D-wave
vector mesons y(3770) and 13D1 where the decay constants
are very small in both approaches, as is also observed from
some other approaches but not all (see Ref. [51] and the ref-

Table 3 Decay constants with CST amplitudes as LFWFs (map.) and
original CST amplitudes (dir.) and absolute difference d in units of
MeV.

map. dir. d map. dir. d

hc 359(10) 343(9) 16 hb 655(14) 664(15) 9
h

0
c 277(2) 251(2) 26 h

0
b 427(21) 432(23) 5

h

00
b 372(9) 373(15) 1

J/y 295(4) 280(3) 15 ° 480 (10) 480(17) 0
y

0 259(3) 229(3) 30 °

0 351(18) 347(20) 4
°

00 316(2) 309(6) 7
y(3770) 38(1) 12(1) 26 13D1 12(1) 4(1) 8

erences therein). In principle, these decay constants are only
non-vanishing due to the mixing with the S-wave in the non-
relativistic case. However, y(3770) is just above the open-
charm threshold. It will be interesting to resolve the theoret-
ical speculations in 13D1 from experimental measurements.

Next we discuss an important test of the map adopted
and described in section 2.5. The CST solutions as functions
of k as in Eq. (20) are first expressed in terms of x and k?
using Eq. (27), and then we use the light-front definitions of
Eqs. (36–37) to recalculate the decay constants.

These new “CST-mapped” results (indicated by “CSTmap”)
are presented in Fig. 3 as well. For bottomonium states, shown
in the right panel of Fig. 3, the difference between the two
sets of calculations is smaller than the numerical errors. For
charmonium, on the left panel, the decay constants deter-
mined with the CST-LFWFs are slightly larger. The abso-
lute differences d are listed in Table 3. The largest deviation
(disregarding the D-wave vector states which have tiny de-
cay constants) does not surpass 30 MeV (about 10% in char-
monium) and 9 MeV (2% in bottomonium), confirming that
the BHL prescription we use works better as one approaches
the non-relativistic limit. Nevertheless, this test provides a
reasonable justification for the procedure we follow in CST
to obtain heavy quarkonia LFWFs, which we will review in
more detail in the next section.

3.3 Light-front wave functions

Having new sets of light-front wave functions for quarko-
nia derived from the CST approach opens the door for sev-
eral calculations. As already mentioned, the CST equation
solved in this work does not respect charge-conjugation sym-
metry, and thus the CST wave functions do not have a defi-
nite C parity. A direct comparison with the BLFQ solutions,
which do have definite C parity, allows for a better identi-
fication of the axial-vector states obtained from CST. From
the BLFQ side, a direct comparison with LFWFs from a dif-
ferent approach also offers benefits. As mentioned earlier,
in BLFQ the inevitable basis truncation breaks the rotational
symmetry. The total angular momentum J is not well defined

Charmonium Bottomonium

Comparison between two calculations of quarkonia decay constants:

1. Calculated with CST-LFWF, mapped with the Brodsky-Huang-Lepage prescription (map.)

2. Calculated directly in the CST formalism (dir.)

Decay constants in MeV  ( δ = map.-dir. )
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Quarkonium spectrum with BLFQ and CST
Charmonium Bottomonium

Rms differences (in MeV) between calculated and experimental masses shown in blue
Charmonium Bottomonium

BLFQ 33 39

CST 42 11
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Quarkonium decay constants with BLFQ and CST

Charmonium Bottomonium
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Comparison between BLFQ and CST light front wave functions
BLFQ: Basis Light Front Quantization


Y. Li, P. Maris, J. Vary, PRD 96, 016022 (2017)

Vector bottomonium wave functions,

dominant components (S=1)
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We investigated LFWFs of all states below open fla-
vor thresholds and with J < 2 (cf. Fig. 2) and for all non-
vanishing spin configurations. The obtained wave functions
exhibit close correspondence between CST and BLFQ in
their dominant structures for all states and spin alignments.

To visualize the rich structures of the wave functions, we
adopt the scheme of Ref. [43]. We note that for a particular
polarization λ and spin alignment ss̄, the LFWFs can be ex-
pressed as

ψss̄ (kkk⊥,x) = Φss̄ (k⊥,x)exp(imℓφ), (46)

where k⊥ = |kkk⊥| and φ = argkkk⊥. This is valid because the
orbital angular momentum projection mℓ = λ − s− s̄ is def-
inite (λ ≡ mJ). In order to visualize these wave functions,
we drop the phase exp(imℓφ), while retaining the relative
sign exp(imℓπ) = (−1)mℓ for negative values of k⊥. More
precisely we plot

Ψ (k⊥,x)≡
{

Ψ (k⊥,x) , k⊥ ≥ 0,
Ψ (−k⊥,x)(−1)mℓ , k⊥ < 0.

(47)

This scheme essentially takes a slice of the 3D wave function
ψss̄(kkk⊥,x) at ky = 0.

Let us begin the discussion of the LFWFs with the inter-
esting case of the vector bb̄ because from all the systems this
is the one with the largest number of states below its open
flavor threshold, the BB threshold. These systems admit a
mixture of S- and D-wave components (as long as there is a
tensor force). In Fig. 4 we show the dominant triplet compo-
nent of the ground state and several radial excitations. The
states ϒ (1S), ϒ (2S), and ϒ (3S) are clearly S-wave domi-
nated and in both cases an increasing number of nodes in
both transverse (k⊥) and longitudinal (x) directions is ob-
served. As a consequence, and for our particular choice of
the coordinate range, a nesting ring pattern emerges. This
is consistent with the non-relativistic interpretation, where
the radial excitation is homogeneous in all three directions.
Prior to the map described in Eq. (27), CST amplitudes ex-
pressed as functions of kkk show precisely this behavior (see
Fig. 3 of Ref. [34]). The 13D1 wave function resembles the
shape of the the spherical harmonic Y 0

2 (k̂kk). The same hap-
pens for 23D1, where the complicated inner structure is also
compatible with a Y 0

2 (k̂kk) but now with an extra node in both
k⊥ and x.

In Fig. 5, in addition to the dominant triplet component,
other sub-dominant components of purely relativistic origin
are shown. Here, significant differences appear between the
CST and the BLFQ LFWFs. While in BLFQ there is only
one ψ↓↓ component, in CST two extra components compat-
ible with a quantum number ℓ= 1 and with spin alignments
ψ↓↓ and spin singlet ψ(↑↓−↓↑) appear and are presented in the
last row of Fig. 5. These components emerge from the CST
amplitude’s ψ++ component [cf. Eq. (20)] and are absent

Fig. 4 Dominant triplet component of the BLFQ-LFWFs and CST-
LFWFs for several bottomonium vector meson states. Both plots have
the same scale and the region outside x= 0.2 and x= 0.8 is not depicted
because it is structureless.
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BLFQ and CST distribution amplitudes

Charmonium Bottomonium

Leading twist distribution amplitudes from BLFQ and CST (map.) wave functions
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Fig. 7 Distribution amplitudes for pesudoscalar and vector states.

hb states. In BLFQ, preliminary studies show that the pseu-
doscalar PDAs also approach the pQCD asymptotics as the
cut-off scale increases, although larger LUV calculations are
needed to confirm this point (cf. Fig. 9).

Also, connected to the scale dependence, it is interesting
to note that approaches with a smaller cut-off, typically of
the order of the constituent quark mass or even smaller (DSE

results), lead naturally to distributions with lower moments,
as shown in Table 4. CST and BLFQ, both have a larger cut-
off, roughly of 2m (cf. section 2.6), resulting in larger and
comparable moments.

We also show the parton distribution functions (PDFs)
in Fig. 10. Once again the results of the two approaches are
consistent. In particular the first moments (displayed in Ta-
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hb states. In BLFQ, preliminary studies show that the pseu-
doscalar PDAs also approach the pQCD asymptotics as the
cut-off scale increases, although larger LUV calculations are
needed to confirm this point (cf. Fig. 9).

Also, connected to the scale dependence, it is interesting
to note that approaches with a smaller cut-off, typically of
the order of the constituent quark mass or even smaller (DSE

results), lead naturally to distributions with lower moments,
as shown in Table 4. CST and BLFQ, both have a larger cut-
off, roughly of 2m (cf. section 2.6), resulting in larger and
comparable moments.

We also show the parton distribution functions (PDFs)
in Fig. 10. Once again the results of the two approaches are
consistent. In particular the first moments (displayed in Ta-
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Summary

Next steps:

‣ Study other constraints on Lorentz structure of confining interaction

‣ Calculation of tensor mesons (spin ≥ 2)

‣ Inclusion of running quark-gluon coupling 

‣ Extension of current model to the light-quark sector (requires 4-channel eq.)

‣ Calculation of parton distribution functions

‣ Calculate relativistic quark-antiquark states with exotic JPC

‣With the simplest, one-channel CST equation and a few global parameters, 
we get a very nice description of the heavy and heavy-light meson spectrum

‣ (S+PS) confining kernel with ~ 0%—30% admixture of V coupling is 

compatible with the data 

‣ In heavy quarkonia, we find remarkable similarities between CST LFWF (with 

BHL prescription) and BLFQ LFWF by Li, Vary, Maris, even in excited states


