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What is the Standard Model?
The SM is

>

>

>

>

>

— the most successful physical model ever

— constructed within the Quantum Field Theory (QFT)
— based on symmetry principles

— minimal

— a model with an enormous predictive power

But we do not understand why it works so well... .

Questions to the SM:

v

v

v

v

v

Is the SM a fundamental theory?

If not, where is the limit of its applicability?

Are the fields and interactions of the SM fundamental?
Can it be joined with gravity?

Does it give hints where to look for anything beyond it?
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Particle (field) content of the SM (1)
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Courtesy to Wikipedia: "Standard Model of Elementary Particles" by MissMJ - Own work by uploader, PBS NOVA

[1], Fermilab, Office of Science, United States Department of Energy, Particle Data Group.
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Particle (field) content of the SM (fermions)
So we have (i.e. observe)
fermions (spin = 1/2) and bosons (with spin =0 or 1)
Fermions are of two types: leptons and quarks. They are:
— 3 charged leptons (e, u, 7);
— 3 neutrinos ve, v, v, (Of 11, 12, 13, see lect. by S. Davidson)
— 6 quarks of different flavors, see lect. by M. Beneke;

Each quark can have one of three colors, see lect. by
K. Melnikov;

Each fermion has 2 degrees of freedom, e.g. can be left or right
Each fermion particle has an anti-particle, f # f
N.B.1. The later was not yet verified for neutrinos

N.B.2. Traditionally fermions are called matter fields



Particle (field) content of the SM (bosons)

In the SM we have a few boson fields:

— 8 vector (spin=1) gluons

— 4 vector (spin=1) electroweak bosons: v, Z, W*, W~
— 1 scalar (spin=0) Higgs boson

Gluons and photon are massless* and have 2 degrees of
freedom (polarizations)

Each gluon has one color and one anti-color

Z and W bosons are massive** and have 3 degrees of freedom
(polarizations)

N.B.1. Gluons and EW bosons are gauge bosons which
transmit*** interactions between matter fields

N.B.2. Electrically neutral bosons (H, v, Z, and gluons)
coincide with their anti-particles, e.g. vy =%



Interactions in the SM (l)

How many fundamental interactions are there in Nature?

How many interactions are there in the Standard Model?

To answer the last question we have to look at the SM
Lagrangian.

i
e
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the SM (Il)
The complete SM Lagrangian look quite long and cumbersome
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Our task is to derive the long expression and realize that it is

nothing else but the short one. Question

t be so?

But why can i
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Principles and symmetries of the SM
Principles (keep in mind SM C QFT):

v

correspondence: to QM, QED, Fermi model etc.
minimality: only observed and/or unavoidable objects
unitarity: 0 < P <1 and P(Q2) = 1

renormalizability: finite predictions for observables
gauge interactions between fermions and vector fields
SYMMETRIES

v

v

v

v

v

Symmetries:

v

the Lorentz symmetry

the CPT symmetry

the gauge symmetries: SU(3)¢c ® SU(2), @ U(1)y
Global symm. in the Higgs sector (spontaneously broken)

v

v

v

v

unrevealed symmetries (between generations, for anomaly
cancellation, conformal, etc.)
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Elements of Quantum Field Theory
Assume that we remember the basics of Quantum Mechanics.
But QFT can be constructed on its own. We just have to check
the correspondence.

Let us fix the notation: lh=1andc=1]|
w=40,1,2,3} is a Lorentz index (Greek letters)
p,. is a four-momentum, p = (py, P2, p3) is a three-momentum

Pg = Puqu = PoGo — P1G1 — P2G2 — P3qs is a scalar product of
two vectors, which is a relativistic invariant

1 0 0 0
0o -1 0 0
Guv 0 0 -1 o0 s GuwPv =Py, Guu =4
0 O 0o -1
0

Xo = tis time, py = E is energy
p? = pp = p2 — p? = E?2 — p? = m? is the on-mass-shell

condition (valid for any free particle)
10/38



QFT: scalar field
Postulate a scalar quantum field as

1
‘P(X) 27T 3/2 \/ﬂ
[a(p).a"(P)] =d(p-p'), [a (p).a (p)]=[a"(p),a"(p")] =0

Its Lagrangian reads

(e7a (p) + e™™a"(p))

1
L= E(au(/’au@ - m2902)

Variation (¢ — ¢ + d¢) of the corresponding action should be
equal to zero in accord with the least action principle:

5/dx£ /dx<—6 + @)5(5M30)) =0

EXERCISE: Check that this gives the Klein-(Fock)-Gordon
equation of motion

(m* + 33)e(x) =
Check that the postulated above field ¢(x) satisfies it
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QFT: the Fock space

a (p) and a™(p’) are annihilation and creation operators. They
act in the Fock space which consists of vacuum |0)

a (p)|0) =0, (0la(p)=0, (0/0)=1

and field excitations, i.e. states of the form

f) = [dp fP)a"(P)IO),  |0) = [dpdag(p.a)a’(P)a"(@)0)....

The most simple excitation a*(p)|0) = |p) is used to describe a
single on-mass-shell particle with momentum p. Then
at(p)at(q)|0) is a two-particle state etc.

N.B. The Fock space is co-dimensional

EXERCISES: 1) Find the norm (p|p), 2) check that the operator
N = [dpa'(p)a (p) acts as a particle number operator.
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QFT: charged scalar field
A charged scalar field is defined as

1

= @
1

P (x) = (27)3/2 \/%(
[a(p),a"(p")] = [b~(p),b"(P")] = d(p—p), [a",b"]=0

(e"Pa (p) + e""b* (p))

e Pb™(p) + e"a" (p))

at and b* are creation (and annihilation) operators of particles
and anti-particles, respectively (or vice versa)

The Lagrangian reads
L= 0up"Oup — Mot

N.B.1. ¢ and ¢* are related by generalized conjugation

N.B.2. ¢ and ¢* are NOT particle and anti-particle
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QFT: massive vector fields (1)
A massive charged vector field (remind W boson*) is defined as

Un(x) = en(p) (e " a, (p) + €™ by (p))

2773/2/ \/2p0n 123

X

Uil 27r3/2/\/2130n123

[a, (). &/ (P")] = [b; (). b/ (P")] = dwd(p — P), [a*,b%]=0

(p) (e~ P by, (p) + " a} (p))

e;,(p) are polarization vectors

eZ(p)eL(p) = —0n/, pueﬂ(p) =0
EXERCISE: Using the above orthogonality conditions, show

that
D,
3 el(p)el(p) = —<guy - B >
n=1,2,3
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QFT: massive vector fields (ll)
For a massive charged vector field
L= —%(GMU: — 0,U;)(0,U, — 0,U,) + mPU; U,
The corresponding Euler-Lagrange equation reads
9,(0,U, —d,U,) + m*U, =0

EXERCISE: Using the above equation, show that 9, U, = 0,
i.e. the Lorentz condition

N.B. The Lorentz condition removes one of four independent
field components

QUESTION: How can it be that the signs before the mass
terms in the scalar and vector field Lagrangians are different?
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QFT: massless vector fields

A massless neutral vector field (photon) is defined as

1 d —ipX 4— ipx
A0) = oz | T elP) (e P @ (P) + e el ()

[y (). &) (P")] = —grv0(P — P')

er(p)e)(p) = g €,(P)EL(P) = Gr

N.B. Formally this field has four polarizations, but only two of
them correspond to physical degrees of freedom

The corresponding Lagrangian reads

y
L= —ZFWFW, Fu = 0,A, —0,AL
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QFT: spinor fields (I)

A Dirac fermion field is defined as

1

V) = Gryere @ ;1)2 (e7P*a; (p)ur(p) + "™ by (p)vi(P))

V(x) 277 372 / \/%Hz (e7P*b; (p)V:(P) + € &/ (p)Tr(P))

[a; (p). & (P")]+ = [b; (), b5 (P)]+ = drsd(P — P')
(a7 (p), a5 (P)]+ = [a; (p).bs (P)]+ =...=0

EXERCISE: Show that a; (p)a; (p) = 0, i.e. the Pauli principle

EXERCISE: Define a Majorana fermion field
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QFT: spinor fields (ll)

ur, Uy, U, and v, are four-component spinors, so
V(x) = {Va(x)} is a four-vector column, o = {1,2,3,4}
and V(x) is a four-vector row

Spinors are solutions of the (Dirac) equations:

—mur(p) =0, ur(p)(p—m)=0
+m)v,(p) =0, vr(p)(p+m)=0
P = Puvu = PoYo — P17t — P2y2 — P33, m=m-1

T
(:

with normalization conditions

ur(p)us(p) = —vr(P)Vs(P) = 2mrs
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QFT: Dirac’s gamma matrixes

The gamma matrixes (should) satisfy the commutation
condition

wn

Dol =201 = Af =1, 7f =15 =15=-1

and the condition of Hermitian conjugation

v = Y070

The latter leads to the rule of the Dirac conjugation:

U=Vl T=uly, 7=viy

N.B. Explicit expressions for gamma matrixes are not unique,
but they are not necessary for construction of observables.
Why?

EXERCISE: Show that the Dirac conjugation rule is consistent
with the set of Dirac equations given on the previous slide
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QFT: Left and Right spinors
One can show that the Dirac equations have two independent

solutions w4 » which correspond to different polarization states.
But it is useful to consider also another choice. We introduce

% =onze = sl =0, =1 1l=ns
By definition left and right spinors are

1 —7""75
2 )

The Dirac conjugation gives ¥, = U145 Yp=yl s

v, =PV, Vg=Pry, PL,F? = V=V, +Vg

N.B.1. In Weyl's representation of v matrixes ¥, = 1JFT%\IJ.
N.B.2. Definition of left and right spinors as polarization sates
s [T pands 11 pis wrong. It is just an approximation working
in ultra-relativistic kinematics |p| > m S O i

> - —
- 8-

EXERCISE: Prove the P, g is a basis of orthogonal projection
operators is the space of spinors:

P .+ Pr=1, PE =P, P,% =Pgr, PrP.=PPr=0
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QFT: Lagrangian for spinor fields
Remind some properties of gamma matrixes

TI"Y,u =Trys =0, Tr'Y//Yv = 4gul/v Tr'YS’YMYV =0,
Tr’Y/t'YV'Ya’YB = 4(g/wgozB — GuaGvp + nggva)7
Trys .Y YaVs = —4iEuwas

The equations for u and v are chosen so that we get the
conventional Dirac equations

(i,0, — mW(x) = 0, i0,W(x)y, +m¥(x) =0

These equations follow also from the Lagrangian

L= é U, (0,V) — (0,0)7, V| — mUW = Uy, 0,V — mUw

N.B. QFT Lagrangians (Hamiltonians) should be Hermitian:
£t = £. QUESTION: Why?

EXERCISE: Find two bugs on the CERN mugs
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The SM Lagrangian (on a T-shirt)
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QFT: Evolution of states
Up to now we considered only free non-interacting fields.
Studies of transitions between free states is the main task of
QFT. Collective, nonperturbative effects, bound states etc. are also
of interest of course.

Let us postulate the transition amplitude M of a physical
process:

M = (out|S]in), S=Texp (i/dX£/(90(X))>

The initial and final states are

lin) = a"(p1)...a"(ps)[0),  [out) =a*(p’y)...a" (p',)|0)
The differential probability to evolve from |in) to |out> is

(2m)* Zp n1 s |M|2H 27r32E’

here n; is the particle number density of /" particle beam
23/38



QFT: Interaction Lagrangians

Nontrivial transitions happen due to interactions of fields. QFT

prefers* dealing with local interactions = £, = £;(p(X))
Examples of interaction Lagrangians:

90°(x),  het(x),  ye(x)¥(x)¥(x)
eW(X)1uV(X)AL(X), GV (X)7uV1(x) - Wa(X)7,Wa(X)

IMPORTANT: Always keep in mind the dimension of your
objects! The reference unit is the dimension of energy (mass):

El=[m=1 = [p=1 [=-1

An action should be dimensionless [fdxﬁ(x)] =0= [L]=4

EXERCISE: Show that [¢] = [A,] = 1 and [V] = 3/2. Find the
dimensions of the coupling constants g, h, y, e, and G in the
examples of £, above
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QFT: Time ordering
By definition
T Ai(x1)... An(xa) = (=1)A; (x;) ... A (x;,) with X > ... > x?
where k is the number of fermion field permutations

N.B. Objects like A1(x)A2(y) with x = y are not well defined,
they lead to divergences

Perturbative expansion of S matrix exponent leads to terms like
I'n n

ng| <0|a‘(p’1)...a_(p’,)/dx1 A T3 (X1) ... (Xn)at (py) ... a"(ps)|0)
Remind that fields ¢ also contain creation and annihilation operators.
By permutation of operators a~(p)a*™(p’) = a*(p’)a"(p) + J(p — p’)
we move a~ to the right and a* to the left. At the end we get either 0
because a—|0) = 0 or some terms proportional to (0|0) = 1

EXERCISE: Show that [a~(p), ¢(x)] = (2);+2p and
™ 0

_ — ipx—r
lar (). V()]s = e
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QFT: the Green functions
By definition the causal Green function is given by

(0ITo(x)¢(y)|0) = —iD°(x — y)
It is a building block for construction of amplitudes
One can show (see textbooks) that
(82 + m?)D°(x) = 6(x)
so that D¢ is the Green function of the Klein-Gordon operator,

—1 dp e~'Px
C _
D" = Zaya / P2 — M2+ i0

For other fields we have

O VT()0) = g [ BT

(2r)* P2 — m2+i0
—i [ dp e Px¥(g,, — p.p,/mP)
CIT U900 = e

/dpe ip(x— y

(O A ()AL Fo
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QFT: the Wick theorem

The Wick theorem states that for any combinations of fields

TAi...Av=> (=1) (0| TA,A,[0) ... (O|TA;, A, [0) : A, ... A :

im—1 n -

The sum is taken over all possible ways to pair the fields

The normal ordering operation acts as
e g—ata—a-gta—at - — Kot gt ot a—a— g 4=
ca;aya;a,a58,a;, = (-1)"a,as a;a, a; a, a

Using the Wick theorem we construct the Feynman rules for simple
g#® and hy* interactions. But for the case of gauge interactions we
need something more. ..
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QFT: the Noether theorems (l)

There are two major types of symmetries in the SM: global and
local ones

The 1st Noether theorem:

If the action is invariant with respect to the global Lie group Gy,
with r parameters, then there are r linearly independent
combinations of Lagrange derivatives which become complete
divergences; and vice versa.

If the field satisfies the Euler-Lagrange equations, then
divd = VJ = 0, i.e. the Noether currents are conserved.

Integration of those divergences over 3-dim space (with certain
boundary conditions) leads to r conserved charges.

EXERCISE: Remind examples from QED and Poincaré global
symmetries
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QFT: the Noether theorems (ll)

Much more important for us is the 2nd Noether theorem:

If the action is invariant with respect to the infinite-dimensional
r-parametric group G  with derivatives up to the k™ order,
then there are r independent relations between Lagrange
derivatives and derivatives of them up to the k™ order; and vice
versa.

N.B. The 2nd Noether theorem provides r conditions on the
fields which are additional to the standard Euler-Lagrange
equations. These conditions should be used to exclude double
counting of physically equivalent field configurations.

Examples of infinite-dimensional groups are local gauge
transformations (see below) and the general coordinate
transformations in General Relativity
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QFT: Gauge symmetry (l)
The free Lagrangians for electrons and photons
Lo(V) = Wy, 0,V — MUV,  Lo(A) = FuuFuu
are invariant with respect to the global U(1) transformations
W(x) — exp(ied)W(x), W(x) — exp(—ied)¥(x), A.(x)— Au(x)

One can note that F,, is invariant also with respect to local
transformations A, (x) — A.(x) + d,w(x). For fermions the
corresponding transformations are

W(x) — exp(iew(x))W(x), W(x) — exp(—iew(x))¥W(x)
How to make the fermion Lagrangian being also invariant?
The answer is to introduce the covariant derivative:
Ou — D, DV = (0, —ieA,)V, D,V =(0,+ieA,)V
Then we get the QED Lagrangian:
Lo = —1F,WFW 4 W, DV — MOV

= EttuF w + I\U'}/ﬂa v — m\ll\lJ + e\ll //,\UA’“
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QFT: Gauge symmetry (ll)
EXERCISES: 1) Check the covariance: D,V — €€(X)(D, V),
2) construct the Lagrangian of scalar QED

Let’s look at the photon free Lagrangian

1
2

K = Guv0® — 0,0, = K (D) = PuPy — 9P

,CQ(A) = —%(8HAV - 8uAp)2 - AuK;wAu;

Operator K, (p) has zero modes (since p, K., = 0), so it is not
invertable. Definition of the photon propagator within the functional
integral formalism becomes impossible. The reason is the unresolved
symmetry.

The solution is to introduce a gauge fixing term into the Lagrangian:

1 1,
LolA) = ~ 3 FunFu— 5 A =

—i i v —1 » 2
@W&M&MM—@#/wewn%+%uﬁmm

N.B. Physical (observable) quantities do not depend on the value of £
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QFT: Non-abelian Gauge symmetry
Transformations for a non-abelian case read

v — €9y (18,17 = i
B2 — B2 + 0,w? + gf*°Blw®,  F,, = 0,B3 - 0,B%+ gf**°B}B;
where t2 are the group generators, f3%° are the structure constants
Introduce the covariant derivative
oV — D,V = (0, — igBit%)w
and we get
L(V,B) = iVy,D,V + L(B),

1 1 1 2
‘C(B) = _ZFquiu - 2_£(aHBi)2 = _Z (8M85 — &,Bﬁ)
1

g cab b G cabe sade b d
—25(@8;3)2 — Efa °(0,B2 — &,Bﬁ) B, B — Z-f*°f*°B B B, BS

Z v=Puv

N.B.1. £(B) contains self-interactions. N.B.2. mg = 0, why?

N.B.3. Non-abelian charge g is universal
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QFT: Faddeev-Popov ghosts

Exclusion of double-counting due to the physical equivalence of the
field configurations related to each other by non-abelian gauge
transformations is nontrivial. Functional integration over those
identical configurations (or application of the BRST method) leads to
the appearance of the so-called Faddeev-Popov ghosts:

L(V,B) = L(V,B) + Lgn

Lgn = —0,8%0,,¢% + gf**T?B50,.c? = —0,,5%0,,¢% — gf**9,,c?BSc?
where ¢ and ¢ are ghost fields, they are fermions with a boson-like
kinetic term.

IMPORTANT: Ghosts are fictitious particles. In the Feynman rules
they (should) appear only as virtual states in propagators

N.B. Ghosts in QED are non-interacting since 2 = 0 there
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QFT: Regularization of UV divergences

Higher-order terms in perturbative series contain loop integrals, e.g.

L 5/ d*p N /°° pl® dlpl
(P? + i0)((k — p)2 +1i0)  Jo lp|*

Introduction of a cut-off M leads to a finite, i.e. regularized value of
the integral:

. M2 k? , M2 k? k?
/;ut—off: I7T2 <|n F + 1) + O(W) = I7T2 <|n /1—2 —In ‘U_Z + 1) + O(W)

Another possibility is the dimensional regularization where
dm=4 — dim=4—2¢

' d*—2<p ) 1 k2
dim.reg. _ 2¢ =i - —In—=4+2
g i /(p2+i0)((k—p)2+i0) in ( Nzt >+(9(s)

N.B. The origin of UV divergences is the locality of interactions

34/38



QFT: Renormalization

Let’s consider a three-point (vertex) function in the g¢® model

G- / o dy 0z p(X)p(y)e(2)F (.. 2,)

Fdim.reg.:?5(}/_)()5(2_)()_’_.” = G:?/dX(pS(X)+"'

IMPORTANT: Divergent terms are local.

A QFT model is called renormalizable if all UV-divergent terms are of
the type of the ones existing in the (semi)classical Lagrangian.
Otherwise the model is called nonrenormalizable.

EXAMPLES:

a) renormalizable models: QED, QCD, SM [t Hooft & Veltman],
he*, g
b) nonrenormalizable models: G(W~, V)2, General Relativity

N.B. Models with dimensionful ([G] < 0) coupling constants are
nonrenormalizable
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QFT: Subtractions and counter terms

In renormalizable models all UV divergences can be subtracted from
amplitudes and shifted into counter terms in £. Each* term in £ gets
a renormalization constant:

Zmim?

Z 1 m2
L= ?2(3@)2 - T<p2 + Zihyt = §(agaf,)2 _ B

2 4
h
2<P+B<P

where g = VZap, Mg = m?ZyZy ", hg = hZ4Z; ? are bare field,
mass, and charge,

Ah B H?
Z;(h,e):1+?+g—2+c?+(9(h3)

Remonrmalization constants are chosen in such a way that
divergences in amplitudes are cancelled out with divergences in Z;.
That happens order by order.

N.B. R. Feynman: “I think that the renormalization theory is simply a
way to sweep the difficulties of the divergences of electrodynamics
under the rug.”
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QFT: Renormalization group

Physical results should not depend on the auxiliary scale u:

F(k, g, m) =2 Freg(k, M, g, m) "=5° Fren(k, 11, g, m) Z% Fouys(k, A, m)
where A is some dimensionful scale

Charge (and mass) become running, i.e. energy-dependent:

/

d
g%g(g,%) B(g) = —2

dinp

gs=const

N.B.1. Renormalization scale unavoidably appears in any scheme

N.B.2. Scheme and scale dependencies are reduced after including
higher orders of the perturbation theory
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QFT: Dimensional Transmutation

Resummation of multi-leg Feynman diagrams (with loops) in
a QFT model provides the so called effective potential V(¢)

S. Coleman and E. Weinberg (PRD’1973) have shown that starting
from a mass less (conformal invariant) semi-classical Lagrangian
(e.g. for a scalar field) one can get an effective potential which is
infra-red divergent:

Votassical(¢) = %fb“ — {resummation + renormalization} —
A g X! ¥ 25
Vauanum (@) = Efb + 2562 In 26

The stability condition V'({¢)) = 0 provides a relation between

(¢) # 0, M and \. The dimensionless coupling constant is traded for
a dimensionful scale A

Conformal anomaly generates non-zero condensate and mass
N.B. Relation aqen(QP) = grmgéraamsy 1S @nother example of
dimensional transmutation
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