
S-MATRIX APPROACH TO 
HADRON GAS

POK MAN LO 

University of Wroclaw

WE-HERAEUS PHYSICS SCHOOL 
24-30 SEPT, 2017, BAD HONNEF, GERMANY



IN COLLABORATION WITH

Bengt Friman (GSI) 

Krzysztof Redlich (U. of Wroclaw) 

Chihiro Sasaki (U. of Wroclaw)



SUMMARY

• change in density of state / time delay  
 
 

• S-matrix approach to thermodynamics
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S-MATRIX APPROACH

R. Dashen, S. K. Ma and H. J. Bernstein, 
Phys. Rev. 187 (1969) 345. 
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PHASE SHIFT AND DENSITY OF 
STATES

particle in a box

in the presence of  a scattering potential
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PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)

dn(k)
dk

=
L
!

+
1
!

d"
dk

change in d.o.s. 
due to int.

Effect of repulsive 
interaction: 

pushing states from low k 
to high k

L
!

k

k

! " kas

! (k)

L ! as

!

dn(k)
dk



PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)
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S-MATRIX FORMULATION OF 
THERMODYNAMICS

R. Dashen, S. K. Ma and H. J. Bernstein, 
Phys. Rev. 187 (1969) 345. 
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A SIMPLE TRICK
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E. Beth and G. Uhlenbeck, !
 Physica (Amsterdam) 4, 915 (1937).
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FORMULATION

given the exact phase shift ! l

thermodynamics Bl = 2
d
dq

! l eff. spectral function

from theory 
or 

from experiment

P = P(0) + ! PB.U.

free gas interaction+



FORMULATION
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WHAT'S IN A NAME? THAT WHICH 
WE CALL A RESONANCES?

• A resonance is MORE than a MASS and a WIDTH

Citation: C. Patrignaniet al. (Particle Data Group), Chin. Phys. C,40 , 100001 (2016)

f0(500)or !f0(500)or !f0(500)or !f0(500)or ! [g]

was f0(600)was f0(600)was f0(600)was f0(600)
IG(JPC) = 0 + (0 + + )

Massm = (400Ð550) MeV
Full width ! = (400Ð700) MeV

f0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODES Fraction ( ! i / ! ) p (MeV/ c)

! ! dominant Ð
" " seen Ð

! (770)! (770)! (770)! (770) [h] IG(JPC) = 1 + (1 ! ! )

Massm = 775.26 ± 0.25 MeV
Full width ! = 149.1 ± 0.8 MeV
! ee = 7 .04 ± 0.06 keV

Scale factor/ p
! (770) DECAY MODES! (770) DECAY MODES! (770) DECAY MODES! (770) DECAY MODES Fraction ( ! i / ! ) ConÞdence level (MeV/c)

! ! ! 100 % 363

#(770)± decays#(770)± decays#(770)± decays#(770)± decays
! ± " ( 4.5 ± 0.5 ) " 10# 4 S=2.2 375

! ± $ < 6 " 10# 3 CL=84% 152

! ± ! + ! # ! 0 < 2.0 " 10# 3 CL=84% 254

#(770)0 decays#(770)0 decays#(770)0 decays#(770)0 decays
! + ! # " ( 9.9 ± 1.6 ) " 10# 3 362

! 0 " ( 6.0 ± 0.8 ) " 10# 4 376

$ " ( 3.00± 0.20 ) " 10# 4 194

! 0 ! 0 " ( 4.5 ± 0.8 ) " 10# 5 363

µ+ µ# [i ] ( 4.55± 0.28 ) " 10# 5 373

e+ e# [i ] ( 4.72± 0.05 ) " 10# 5 388

! + ! # ! 0 ( 1.01+0 .54
# 0.36± 0.34) " 10# 4 323

! + ! # ! + ! # ( 1.8 ± 0.9 ) " 10# 5 251

! + ! # ! 0 ! 0 ( 1.6 ± 0.8 ) " 10# 5 257

! 0 e+ e# < 1.2 " 10# 5 CL=90% 376

" (782)" (782)" (782)" (782) IG(JPC) = 0 ! (1 ! ! )

Massm = 782.65 ± 0.12 MeV (S = 1.9)
Full width ! = 8 .49 ± 0.08 MeV
! ee = 0 .60 ± 0.02 keV

HTTP://PDG.LBL.GOV Page 4 Created: 10/1/2016 20:05
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BETH-UHLENBECK 
APPROXIMATION

contribution from 
correlated pi pi pair

physical interpretation:! = ! Im Tr ln G! 1
!

= > ! ! (E ) + "! ! (E ) ! ! !

! E

B = 2
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= ! 2 Im
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from! + ! 0

S-matrix

zero width

T = 155 MeV! +
,
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H. Pasi, PML, M. Marczenko, !
K. Morita, K. Redlich  and C. Sasaki !
Phys.Lett. B769 (2017) 509-512
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PI PI SCATTERING 
(S-WAVE)



pi pi  
S-wave
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pi pi  
S-wave

I = 0

aS = 0 .26m! 1
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pi pi  
S-wave

I = 0

aS = 0 .26m! 1
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S-wave shape 
Slope at threshold <=> scattering 
length

2m!
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f 0(980)

! (770)

! + f 0(980)
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K-N SYSTEM



FLUCTUATIONS

• studying the system  
by linear response

µB µS

µQ mq

! B,S,... =
1

" V
#2

#øµB #øµS...
ln Z

µ = µB B + µQ Q + µSS



FLUCTUATIONS

• taking derivative

! B =
" 2

" øµB " øµB
P µB ! 0at the limit

! B =
1

" V
#2

#øµB #øµB
ln Z

= T2!!
!

d4x ø$(x)%0$ (x) ø$ (0)%0$ (0)""c

probes fluctuations
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PHASE SHIFT FROM PWA



STRANGENESS CONTENT IN A 
HADRON GAS

• K-N system requires a coupled channel analysis

| øKN ! , |! ! ! , |! " ! , |" " ! , . . . 16 basis states

Q(M ) !
1
2

Im (tr ln S)

=
1
2

Im (ln det [S])

= ! KN + ! ! ! + ! ! " + . . .
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|S| = 2 , 3
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strange mesons to be discovered…
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 Phys.Rev. C92 (2015) no.5, 055206



!

!"!#

!"!$

!"!%

!"!&

!"!'

!"!(

!"!)

!"# !"## !"#$ !"#% !"#& !"#' !"#( !"#) !"#*

χ!
"#

$%
&

!

! "#$%&

!"#
$%&'()*+

,-./
0! 1 2
0! 1 3

!

!"!#

!"!$

!"!%

!"!&

!"!'

!"!(

!"!)

!"# !"## !"#$ !"#% !"#& !"#' !"#( !"#) !"#*

p, |S| = 2 , 3

N !

!

! N (S11)



TIME DELAY

g.s. g.s.

g.s.

g.s.
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Billiard-ball Impact
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2r0

P. Danielewicz and S. Pratt !
Phys.Rev. C53 (1996) 249-266



TO DO LISTÉ

• Exotics 

• Virial expansion for dense(r) medium
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