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HE scattering since AdS/CFT

Duality:
 “Particle-Wave Duality:  Illustration:  Compton Scattering
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Kinematical
HE scattering since AdS/CFT

Duality:
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HE scattering since AdS/CFT

Duality:
 “High-Low Temperature Duality:”

Duality:

Z(�) =
X

�=±1

e���i�i+1

Z(�) , Z(1/�)

Understanding of symmetry, etc.,

leading to changed description of ground state,

new e↵ective degrees of freedom.

Dynamical

 “Ising Model:”



 “Holographic Duality:

Physics at D dimension , Equivalent Physics at (D � 1) dimension

HE scattering since AdS/CFT

Duality:
 Illustration:  Potential Scattering: 
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r2 + V (~r)
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Given V (~r) ! Scattering S-Matrix: S = I + iT

Given Scattering Matrix: T ! Reconstruct V (~r) – Inverse Scattering problem

Duality:



 “Holographic Duality:

HE scattering since AdS/CFT

Duality:
 Illustration:  (1) Solving Schrodinger Equation: 
Duality:

Understanding of symmetry, etc.,

leading to changed description of ground state,

new e↵ective degrees of freedom.

AdS/CFT Correspondence for Gauge Theories

Physics at D dimension , Equivalent Physics at (D+1) dimension



HE scattering since AdS/CFT

Symmetry, Unification and Universality:

•  Symmetry: Lorentz Invariance.

•  Unification: Quantum Physic.

•  Unified Maxwell, Weak Interaction, and, QCD — Gauge Theories.

• Quantum Gravity ?? (Geometrical)



Symmetry, Unification and Universality:

•  Symmetry: Lorentz Invariance.

•  Unification: Quantum Physic.

•  Unified Maxwell, Weak Interaction, and, QCD — Gauge Theories.

• Quantum Gravity ?? (Geometrical)

Principle of equivalence ) General coordinate invariance.

Local isometry of metric: dx

2
= �dt

2
+ dx

2

Gravity ) geometrical.



HE scattering since AdS/CFT

Symmetry, Unification and Universality:

•  Symmetry: Conformal Invariance:

• Unification: Geometrization

O(1, 1)⇥O(1, 3) ) O(2, 4)

symmetry as isometry of geometry of extended space-time.

(t, ~x)� r ) (t, ~x, r)



HIGH ENERGY SCATTERING AND SCALE INVARIANCE

Lagrangian for QED and QCD is scale invariant:  

↵qed, ↵qcd, etc., are dimensionless.

exceptions: mass for fermions.

E

pc
=

p
(pc)2 +m2

0c
4

pc
' 1, p ! 1

Modern approaches to fundamental physics begins with massless fermions, and

masses are generated dynamically.

Lorentz + Scale invariance lead to large symmetry: Conformal Symmetry.

CFT: Conformal Invariant Field Theory



HE scattering after AdS/CFT

F2(x, Q2) =
Q2

4⇤2�em
[⌅T (⇥�p) +L (⇥�p)]

x � Q2

s

Deep Inelastic Scattering (DIS)

Small x :
Q2

s
� 0

Scaling:
F (x,Q2) ! F (x)



 Geometry of High Energy Scattering and Scale Invariance



QCD EMERGENCE OF 5-DIM 



Scale Invariance and AdS



Scale Invariance and AdS





HE scattering since AdS/CFT

AdS Geometrization 

The AdS/CFT is a holographic duality
that equates a string theory (gravity) in high dimension
with a conformal field theory (gauge) in 4 dimensions.
Specifically, compactified 10 dimensional super string theory
is conjectured to correspond to N = 4 Super Yang Mills theory
in 4 dimensions in the limit of large ’t Hooft coupling:
� = gsN = g2

ymNc = R4/↵02 >> 1.

ds

2 =
R

2

z
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⇥
dz

2 + dx · dx

⇤
+ R

2
d⌦5 ! e

2A(z)
⇥
dz

2 + dx · dx

⇤
+ R

2
d⌦5

For AdS, A = � log(z/R). As The function A(z) is changed for z large, the

space is “deformed” away from pure AdS

“Soft-Wall”: A(z)! � log(z/R) + (⇤z)

2

principle of equivalence:  allows changing 
gravity into study of geometry!



Gauge-String Duality: AdS/CFT

Aab
µ (x), �a

f (x)
Weak Coupling:

Gluons and Quarks:
Gauge Invariant Operators: �̄(x)�(x), �̄(x)Dµ�(x)

S(x) = TrF 2
µ⇥(x), O(x) = TrF 3(x)

Tµ⇤(x) = TrFµ�(x)F�⇤(x), etc.

Strong Coupling:
Metric tensor:
Anti-symmetric tensor (Kalb-Ramond fields):

Gmn(x) = g(0)
mn(x) + hmn(x)

bmn(x)

Other differential forms: Cmn···(x)

L(x) = L(G(x), b(x), C(x), · · · )

Dilaton, Axion, etc. �(x), a(x), etc.

L(x) = �TrF 2 + �̄ ⇤D� + · · ·
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Bulk Degrees of Freedom from type-
IIB Supergravity on AdS5:

⇤e
R

d4x�i(x)Oi(x)⌅CFT = Zstring [�i(x, z)|z�0 � �i(x)]

Supergravity limit

Strong coupling 

Conformal 

Pomeron as Graviton in AdS



Partial list of successes of AdS/CFT:

New perspectives for String theories.

Address quark-gluon plasma non-perturbatively.

Unified treatment for High Energy Scattering.

Strong coupling for condensed matter physics.

Topological insulators, fractional quantum Hall effect, etc.
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Size and Shape of Hadrons

Rising of total cross sections with total energy

Shape of differential cross section

Scaling for DIS

Correlations in particle production 

Dimensional scaling 

Diffractive production at LHC 



Deep Inelastic Scattering (DIS)
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Near constant Size:

Di�raction Peak:

Total Cross Sections Di�erential Cross Sections

Near constant Size:

Di�raction Peak:



Total Cross Sections and Elastic Peaks 
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Figure 1: γγ, γp and p̄p(pp) total cross sections as a function of the center of mass
energy

√
s, which stands respectively for Wγγ ,

√
sγp and

√
spp. Note that we have used

three different units. The bottom curves were calculated in Ref.[17] and for the data
points (close circles for pp and triangles for p̄p) see Ref.[18]. The middle curve was
calculated in Ref.[16] and the higher energy data points are from Refs.[19, 20]. The
top curves are the impact-picture prediction compared to the LEP data, Ref.[1] (open
circles), Ref.[2](close circles, preliminary data), solid curve with AL = 8.5.10−6 and
Ref. [3] (stars, preliminary data) dotted curve with AO = 10−5.

5

�total(s) � ImA(s, t = 0)/s � s�

A(s, t = 0) � s1+✏

d�

dt
⇠ C(s) eB(s)t

� ' 0.1 ⇠ 0.3



Size and Shape of Hadrons

Rising of total cross sections with total energy

Shape of differential cross section

Scaling for DIS

Correlations in particle production 

Dimensional scaling 

Diffractive production at LHC 



Why does Total Cross Section increase with Energy?
Brief Review of  Yukawa Picture:

V (r) = g2 e�µr

r
! g2

µ2 � t

A = V + V � V + V � V � V + · · ·

µ = 0$ “long � range”

µ 6= 0$ “short� range”
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Brief Review of Yukawa Picture:
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Total Cross Sections 
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Figure 1: γγ, γp and p̄p(pp) total cross sections as a function of the center of mass
energy
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calculated in Ref.[16] and the higher energy data points are from Refs.[19, 20]. The
top curves are the impact-picture prediction compared to the LEP data, Ref.[1] (open
circles), Ref.[2](close circles, preliminary data), solid curve with AL = 8.5.10−6 and
Ref. [3] (stars, preliminary data) dotted curve with AO = 10−5.
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1 Formula

A ∼ sJ(t) = sα(0)+α′t (1)

2 Executive Summary: 9/16/06
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This can be done in two ways: (1) taking Fourier transform directly, or (2) expressing in
terms of transforms of the wave functions. [The j-dependence will be adjusted to take into
account of BFKL factor, j0, by changing j + ν2 to c(j − j0) + ν2, where c = 2

√
λ.] Here are

the results:

(1) Direct Fourier transform, (using G-R: 6.578.10), leads to, after ν-integration,
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c(j−j0)

4πz2
0 sinh η

(3)
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][
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(4)
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quarks and gluons ⇠ 2005

Parton Interpretation



Gauge-String Duality: AdS/CFT

Aab
µ (x), �a

f (x)
Weak Coupling:

Gluons and Quarks:
Gauge Invariant Operators: �̄(x)�(x), �̄(x)Dµ�(x)

S(x) = TrF 2
µ⇥(x), O(x) = TrF 3(x)

Tµ⇤(x) = TrFµ�(x)F�⇤(x), etc.

Strong Coupling:
Metric tensor:
Anti-symmetric tensor (Kalb-Ramond fields):

Gmn(x) = g(0)
mn(x) + hmn(x)

bmn(x)

Other differential forms: Cmn···(x)

L(x) = L(G(x), b(x), C(x), · · · )

Dilaton, Axion, etc. �(x), a(x), etc.

L(x) = �TrF 2 + �̄ ⇤D� + · · ·



HIGH ENERGY SCATTERING <=> POMERON

WHAT IS THE POMERON ?

F.E. Low. Phys. Rev. D 12 (1975), p. 163. 
S. Nussinov. Phys. Rev. Lett. 34 (1975), p. 1286. 

J = 2

AdS Witten Diagram: Adv.
 Theor. Math. Physics 2 (1998)253

S =
1

22

Z
d

4
xdz

p
�g(z)

⇣
�R+

12

R

2
+

1

2
g

MN
@M�@N�

⌘

WEAK: TWO-GLUON       <=>       STRONG: ADS GRAVITON

Jcut = 1 + 1� 1 = 1



HE scattering since AdS/CFT

“Improved” Witten Diagrams:

u Spin-2 leads to too rapid an increase for cross sections
★                               Need to consider                  finite. (stringy corrections)

uConfinement:
u                        Conformal, therefore no scale and no particles, etc.

uShort-distance:       Running Coupling

� = g2N

        Challenge for AdS/CFT for QCD 
          

Brower, Polchinski, Strassler, and Tan:  “The Pomeron and Gauge/String Duality,” hep-th/063115
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“String Theory for QCD”



HIGH ENERGY SCATTERING <=> POMERON
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One Graviton Exchange at High Energy

• Draw all “Witten-Feynman” Diagrams in AdS5, 

• High Energy Dominated by Spin-2 Exchanges:

1 Introduction

Paper I: AdS5 Witten Diagrams at high energy. Effective Lagragian. Remark on BPST

Pomeron paper. Eikonal anzats.

Paper I: Box diagram and Shock wave eikonal sum

Here we reformulate the computaiton of Witten diagrams in AdS5 space with and without a IR

cut-off suitable for the study of hight energy scattering. This provides a framework for going

beyond the leading large N limit studied in BPST Regge limit in the extreme super gravity

approximaiton.

2 Basics

p1 + p2 → p3 + p4 (2.1)

S =

∫

dz
√

g
{

∂Mφ(z)gMN∂Nφ(z) + ∆(∆− d)φ2(z)
}

(2.2)

where d = 4, and the AdS5 background metric is

d2z =
1

z2
0

{

dxµdxµ + d2z0

}

(2.3)

Scalar propagator:

⟨φ∆(z)φ∆(w)⟩ = G(5)
∆ (z,w) (2.4)

satisfies
{

−
1
√

g
∂M

√
ggMN∂N + ∆(∆− d)

}

G(5)
∆ (z,w) = δ5(z − w) (2.5)

Conformal Invariance leads to Isometries of ADS5, G(5)
∆ is a function of

u =
(x − y)2 + (z0 − w0)2

2z0w0
(2.6)

spin S field,

(−∂z0
z−(d−1−2S)
0 ∂z0

+ q2 z−(d+1−2S)
0 + z−(d−1−2S)

0 m2)φ(u) = 0 (2.7)

2

Figure 9: The t-channel exchange graph

As in the past, we simplify the integral by using translation invariance to translate x1 to
0, and then performing an inversion. As a result,

A(w, x1, x3) = |x13|−2∆3I(w′ − x′
13) , I(w) =

∫

H

d5z

z5
0

G∆(w, z)
z∆1+∆3
0

z2∆3
(7.32)

We now use the fact that G∆ is a Green function and satisfies ( w +∆(∆−d))G∆(w, z) =
δ(w, z), so that

( w +∆(∆− d))I(w) =
w∆1+∆3

0

w2∆3
(7.33)

In terms of the scale invariant combination ζ = w2
0/w

2, we have I(w) = w∆13
0 fS(ζ), ∆13 =

∆1 −∆3 and the function fS now satisfies the following differential equation

4ζ2(ζ − 1)f ′′
S + 4ζ [(∆13 + 1)ζ −∆13 + d/2 − 1]f ′

S (7.34)

+(∆−∆13)(∆+∆13 − d)fS = ζ∆3

Making the change of variables σ = 1/ζ , we find that the new differential equation is
manifestly of the hypergeometric type and is solved by

fS(ζ) = F
(
∆−∆13

2
,
d −∆−∆13

2
;
d

2
; 1 − 1

ζ

)
(7.35)

The other linearly independent solution to the hypergeometric equation is singular as
ζ → 1, which is unacceptable since the original integral was perfectly regular in this limit
(which corresponds to w⃗ → 0).

It is easier, however, to find the solutions in terms of a power series, fS(ζ) =
∑

k fSkζk.
Upon substitution into (7.34), we find solutions that truncate to a finite number of terms
in ζ , provided ∆1 +∆3−∆ is a positive integer. Notice that k need not take integer values,
rather k −∆3 must be integer. The series truncates from above at kmax = ∆3 − 1, so that
fSk = 0 when k ≥ ∆3, and

fSk =
Γ(k)Γ(k +∆13)Γ(1

2{∆1 +∆3 −∆})Γ(1
2{∆+∆1 +∆3 − d})

4Γ(∆1)Γ(∆3)Γ(k + 1 + 1
2{∆13 −∆})Γ(k + 1 + 1

2{∆13 +∆− d})
(7.36)

Still under the assumption that ∆1 +∆3 −∆ is a positive integer, the series also truncates
from below at kmin = 1

2(∆−∆13).
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• Strong Coupling Pomeron has

• Need to consider         finite.

• For QCD, needs confinement to introduce a scale.

J = 2

�



N = 4 Strong vs Weak g2Nc

2 4 6 8

0.5

1

1.5

2

j0

αN

Graviton

Two 
Gluon 

BFKL  BPST QCD?

j0 = 2
j0 = 1

j0 = 2� 2/
p

g2Nc
j0 = 1 + ln(2)g2Nc/⇡

2

j0 = 1.25?



PHYSICS AT HIGH ENERGY

Stringy Corrections

Confinement



Pomeron as 
Reggeized Graviton in AdS 

Pomeron intercept due  to diffusion 

Diffusion takes place in both Impact  space and in AdS 
Diffusion in AdS relates anomalous dimension and to intercept 
Diffusion in Impact  space relates to expansion in transverse size



Asymptotic Freedom
perturbative

Confinement 

non-perturbative

Force at Long Distance--Constant    
Tension/Linear Potential, Coupling 
increasing, Quarks and Gluons 
strongly bound <==> “Stringy 
Behavior”
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HE scattering since AdS/CFT

“Improved” Witten Diagrams:

u Spin-2 leads to too rapid an increase for cross sections
★                               Need to consider                  finite.

uConfinement:
u                        If strictly Conformal, therefore no scale and no particles, 

etc.

uShort-distance:       Running Coupling

� = g2N

Brower, Polchinski, Strassler, and Tan:  “The Pomeron and Gauge/String Duality,” hep-th/063115





Cutoff AdS5

Large Sizes

String/Glueball

Add Confinement 
IR wall!



4-Dim Massive Graviton 

0= E2 - (p12 + p22 + p3 2 + pr2)

5-Dim Massless Mode:

If, due to Curvature in fifth-dim, pr2 ≠ 0,

 E2 =  (p12 + p22 + p32) + M2

Four-Dimensional Mass:





IIA Classification of QCD_4

 Gµν Gµ,11 G11,11 m0 (Eq.) Aµν,11 Aµνρ m0(Eq.)

Gij 

2++

Ci 

1++(-)

φ

0++
4.7007 (T4)

Bij 

1+-

C123 

0+-(-) 7.3059(N4)

Giτ

1-+(-)

Cτ

0-+ 5.6555 (V4)

Biτ

1--(-)

Cijτ

1-- 9.1129(M4)

Gττ

0++ 2.7034(S4)

Gα
α

0++ 10.7239(L4)

States from 11-d GMN States from 11-d AMNL

Subscripts to JPC refer to Pτ = -1 states







Glueball Spectrum

R. Brower, S. Mathur, and C-I Tan, hep-th/0003115, “Glueball Spectrum of QCD 
from AdS Supergravity Duality”.



Approx. Scale Invariance and the 5th dimension

r  ! 1r rmin

r-Δ

r-Δ

rΔ -4

Hadron Glueball Massive Onium CurrentΦ(r)

IR WALL

Fixed-angle Scattering (Polchinski-Strassler) and also central inclusive production.
See also exhaustive work of Brodsky et al.



Quarks and Mesons

Holographic QCD

Glueballs to be identified through decay patterns, but not (yet) available from lattice
! seeking help from holographic (large-N

c

) QCD:

Witten-Sakai-Sugimoto model (Witten 1997, Sakai & Sugimoto 2004)

almost parameter-free top-down construction from type-IIA superstrings:

N

c

D4 branes provide nonconformal dual of 4+1-dim. super-Yang-Mills
KK compactification on circle in x

4

! nonsupersymmetric 3+1-dim. Yang-Mills theory at low energies
N

f

chiral quarks from N

f

D8-D8 probe branes (Sakai & Sugimoto 2004↵)

reproduces many aspects of low-energy QCD

chiral symmetry breaking U(N
f

)
L

⇥ U(N
f

)
R

! U(N
f

)
V

with
Witten-Veneziano mass2 / 1/N

c

e↵ective Lagrangian: nonlinear �-model with Skyrme term plus vector and
axial-vector mesons similar to HLS models
correct WZW terms

fitting M

KK

and ’t Hooft coupling �|
MKK yields

quantitative predictions, often with only 10-30% errors:
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Quantitative predictions

• Parameter-free: mass spectrum of vector and axial-vector mesons
m(⇢⇤)/m(⇢), m(a

1

)/m(⇢), m(a⇤
1

)/m(⇢) correct within . 20%

• Other predictions, depending on value of ’t Hooft coupling � at scale M

KK

with

1
m

⇢

⇡ 776 MeV fixes M

KK

= 949 MeV

2
f

2

⇡

= �Nc
54⇡

4M
2

KK

gives � = g

2

YM

N

c

⇡ 16.63 [Sakai&Sugimoto 2005-7]

(matching instead large-N
c

lattice result [Bali et al. 2013] for m
⇢

/

p
� gives � ⇡ 12.55)

give (for N
c

= 3 and � = 16.63 . . . 12.55):

LO decay rate of ⇢ meson ⇠ �

�1

N

�1

c

�
⇢!2⇡

/m

⇢

= 0.1535 . . . 0.2034 (exp.: 0.191(1))

decay rate for ! ! 3⇡ (from Chern-Simons part of D8 action) ⇠ �

�4

N

�2

c

�
!!3⇡

/m

!

= 0.0033 . . . 0.0102 (exp.: 0.0097(1))

Witten-Veneziano mass m
⌘0 =

p
Nf/Nc

3

p
3⇡

�M

KK

⇡ 967 . . . 730 MeV for N
f

= 3;

with explicit quark mass terms and fitted m

⇡

, m
K

! m

⌘

, m
⌘

0 within 10%

A. Rebhan Glueball Decay Patterns Rencontres de Moriond 2016 4 / 17



Glueballs from AdS/CFT   

Longstanding, still elusive prediction of QCD: Glueballs

• Spectrum of bare glueballs
(prior to mixing with qq̄ states)
more or less known from lattice:

m

0

++ ⇠ 1.7 GeV
m

2

++ ⇠ 2.4 GeV
m

0

�+ ⇠ 2.6 GeV

Morningstar & Peardon hep-lat/9901004

• Interactions, decays of glueballs and mixing with qq̄ however largely unknown:
! no conclusive identification of any glueball in meson spectrum

• most discussed scenario for lightest scalar glueball:

various phenomenological models describe f

0

(1500) or f
0

(1710) isoscalar 0++ mesons
alternatingly as ⇠50-70% or ⇠75-90% G(lueball)

[G and two isoscalar qq̄ states uū+ dd̄ and ss̄ can be shared by f

0

(1370), f
0

(1500), f
0

(1710)]
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Glueballs from supergravity background

9 scalar and tensor glueballs corresponding to 5D dilaton � and graviton G

ij

Csaki, Ooguri, Oz & Terning 1999

Type-IIA supergravity compactified on x

4

-circle many more modes:
Constable & Myers 1999; Brower, Mathur & Tan 2000

Mode S
4

T
4

V
4

N
4

M
4

L
4

Sugra fields G

44

�, G

ij

C

1

B

ij

C

ij4

G

↵

↵

J

PC 0++ 0++

/2++ 0�+ 1+� 1�� 0++

n=0 7.30835 22.0966 31.9853 53.3758 83.0449 115.002
n=1 46.9855 55.5833 72.4793 109.446 143.581 189.632
n=2 94.4816 102.452 126.144 177.231 217.397 277.283
n=3 154.963 162.699 193.133 257.959 304.531 378.099
n=4 228.709 236.328 273.482 351.895 405.011 492.171

Lowest mode not from dilaton, but from “exotic polarization” – in 11D notation:

�g44 = �
r2

L2
f H(r)G(x), �gµ⌫ =

r2

L2

"
1

4
H(r)⌘µ⌫ �

 
1

4
+

3R6

5r6 � 2R6

!
H(r)

@µ@⌫

M2

#
G(x)

�g11,11 =
r2

L2

1

4
H(r)G(x), �grr = �

L2

r2
f
�1 3R6H(r)G(r)

5r6 � 2R6
, �grµ =

90r7R6H(r)@µG(x)

M2L2(5r6 � 2R6)2
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Quarks and Mesons and Glueball Production/
Decays in AdS/CFT      

Glueball-q̄q couplings in Sakai-Sugimoto model

Gravitational modes stable in confined background, but
can calculate e↵ective action for glueball-q̄q interactions

done for lowest (exotic) mode by
Hashimoto, Tan & Terashima, Phys.Rev. D77 (2008) 086001 [arXiv:0709.2208]

revisited and extended to other modes by

Brünner, Parganlija & AR, Phys.Rev. D91 (2015) 106002 [arXiv:1501.07906]

For example: Vertices of one glueball and two (massless) pions
for “exotic” mode:

S

GE⇡⇡

= Tr

Z
d

4

x

1
2
@

µ

⇡ @

⌫

⇡

✓
c̆

1

⌘

µ⌫ � c

1

@

µ

@

⌫

M

2

E

◆
G

E

for “predominantly dilatonic” mode:

S

GD⇡⇡

= Tr

Z
d

4

x

1
2
@

µ

⇡ @

⌫

⇡ c̃

1

✓
⌘

µ⌫ � @

µ

@

⌫

M

2

D

◆
G

D

with {c
1

, c̆

1

, c̃

1

} = {62.66, 16.39, 17.23}⇥ �

�1/2

N

�1

c

M

�1

KK

and many more: S
G⇢⇢

/ �

�1/2

N

�1

c

, S
G⇢⇡⇡

/ �

�1

N

�3/2

c

,. . .
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Comparison with f0(1710)

decay �/M (PDG) �/M [G
D

] (chiral) �/M [G
D

] (massive)
f

0

(1710) (total) 0.081(5) 0.059. . . 0.076 0.083. . . 0.106
f

0

(1710) ! 2K (⇤) 0.029(10) 0.012. . . 0.016 0.029. . . 0.038

f

0

(1710) ! 2⌘ 0.014(6) 0.003. . . 0.004 0.009. . . 0.011

f

0

(1710) ! 2⇡ 0.012(+5

�6

) 0.009. . . 0.012 0.010. . . 0.013

f

0

(1710) ! 2⇢, ⇢⇡⇡ ! 4⇡ ? 0.024. . . 0.030 0.024. . . 0.030
f

0

(1710) ! 2! 0.010(+6

�7

) 0.011. . . 0.014 0.011. . . 0.014
f

0

(1710) ! ⌘⌘

0 ? 0 if 0 : m
�(⇡⇡)/�(KK̄) 0.41

+0.11

�0.17

3/4 0.35

�(⌘⌘)/�(KK̄) 0.48±0.15 1/4 0.28

* PDG ratios for decay rates + Br(f
0

(1710) ! KK) = 0.36(12) [Albaladejo&Oller 2008]

decays into 2 pseudoscalars: massive WSS perfectly compatible with PDG data!

significant decay into 4 pions (after extrapolation to beyond 2⇢ threshold):
falsifiable prediction of this model!

(f
0

(1710) ! 2⇢0 forthcoming from CMS-TOTEM!)
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Summary – Glueballs in Witten-Sakai-Sugimoto model

After fitting just m
⇢

to fix M

KK

= 949 MeV

good prediction of higher vector and axial vector mesons masses,

reasonable prediction of glueball masses if “exotic mode” discarded

after fitting f

⇡

or m
⇢

/

p
� to also fix ’t Hooft coupling at � = 16.63 . . . 12.55

good prediction of ⇢ and ! decay rates

good prediction of anomalous m0
⌘

/ N

� 1
2

c

�M

KK

Holographic glueball decay rates:

narrow partial width G

D

! ⇡⇡,

quite compatible with experimental data for f

0

(1710) as nearly pure glueball

much stronger decay of f
0

(1710) into KK̄ need not be indicative of ss̄ nature –
well reproduced if (so far unobserved) decay into ⌘⌘

0 small

predictions for decay to 4⇡, ⌘⌘0 falsifiable by CMS-TOTEM, BESIII, . . .

tensor glueball broad if at & 2 GeV

pseudoscalar glueball again narrow (in prep.)

A. Rebhan Glueball Decay Patterns Rencontres de Moriond 2016 17 / 17

Anton Rebhan
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BPST PROGRAM
HE SCATTERING



VI. Synthesis of Hard (BFKL) & Soft (Regge) Pomeron



HE scattering after AdS/CFT

di�ussion

confinement

At finite �, due to Confinement in AdS,
aymptotical linear Regge trajectories

at t > 0
Unified Hard (conformal) and Soft (confining) Pomeron 



(Strong) Running Coupling



BASIC BUILDING BLOCK
•Elastic Vertex: 

•Pomeron/Graviton Propagator:

Gj(z, x?, z0, x0?) =
1

4⇥zz0
e(2��(j))�

sinh �
,

K(s, b, z, z0) = �
✓

(zz0)2

R4

◆ Z
dj

2�i

✓
1 + e�i�j

sin �j

◆
bsj Gj(z, x?, z0, x0?; j)

�(j) = 2 +
p

2 �1/4
p

(j � j0)

conformal: 

confinement: discrete sumGj(z, x

?
, z

0
, x

0?; j)



ADS BUILDING BLOCKS BLOCKS

d

3b ⌘ dzd

2
x?

p
�g(z) where g(z) = det[gnm] = �e

5A(z)

A(s, t) = g2
0

Z
d3

bd3
b

⇥ eiq?·(x�x

0) �13(z) K(s,x� x

⇥, z, z⇥) �24(z⇥)

A(s, t) = g2
0

Z
d3

bd3
b

⇥ eiq?·(x�x

0) �13(z) K(s,x� x

⇥, z, z⇥) �24(z⇥)

A(s, t) = �13 � eKP � �24 .
For 2-to-2  

For 2-to-3

A(s, s1, s2, t1, t2) = �13 � eKP � V � eKP � �24 ,
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HE scattering after AdS/CFT

F2(x, Q2) =
Q2

4⇤2�em
[⌅T (⇥�p) +L (⇥�p)]

Optical Theorem

�total(s, Q2) = (1/s)Im A(s, t = 0;Q2)

x � Q2

s

Small x :
Q2

s
� 0



ELASTIC VS DIS  ADS BUILDING BLOCKS

d

3b ⌘ dzd

2
x?

p
�g(z) where g(z) = det[gnm] = �e

5A(z)

A(s, x? � x

0
?) = g

2
0

Z
d

3bd3b0�12(z)G(s, x? � x

0
?, z, z

0)�34(z
0)

for F2(x,Q)

�13(z) ! ��⇤�⇤(z,Q) =
1

z
[Qz)4(K2

0 (Qz) +K2
1 (Qz)]

�T (s) =
1

s
ImA(s, 0)



High Energy Scattering and DIS in String Theory
AdS space continued

I We are interested in calculating the structure function F2(x,Q

2
),

which is simply the cross section for an o↵-shell photon. Using the
optical theorem we obtain

�

tot

' 2

Z
d

2
b

Z
dzdz

0
P13(z)P24(z

0
) Im �(s, b, z, z

0
)

I For DIS, P13 should present a photon on the boundary that couples
to a spin 1 current in the bulk. This current then propagates through
the bulk, and scatters o↵ the target.

I The wave function, in the conformal limit, is

P13(z)! P13(z, Q) =

1

z

(Qz)

4
(K

2
0 (Qz) + K

2
1 (Qz))

I For the proton, one for now treats it as a glueball of mass
⇠ ⇤ = 1/Q

0.
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Conformal Invariance as Isometry of AdS

HE scattering after AdS/CFT

G(j, ⇥) =
1

j � j0 + ⇥2/2
⇥

�

⇥ = log(�zz�s/2)

� = sinh�1 �b2 + (z � z⇥)2

2zz⇥

⇥

K(s,⌦b, z, z⇥) =
⇤

dj

2�i

�e�i�j + 1
sin�j

⇥
ej⇥K(j,⌦b, z, z⇥)Longitudinal Boost:

Full Conformal Invariance:

Pomeron as a pole in AdS:

K(s, b, z, z�) ⇥ ej0
� �

sinh �

exp(� �2

⇥⇤ )
⇥3/2

⇥
K(j,⌥b, z, z⇥) � e(2��(j))�

sinh �

�(j) = 2 + 2
�

(j � j0)/�

Conformal Invariance in Transverse AdS3:

K(j,↵b, z, z�) =
⇤

d�

2⇤

� ei�⇥

sinh ⇥

⇥
G(j, �)

Im K(s,�b, z, z�) =
⇤

dj

2⇤i

⇤
d�

2⇤

�ej⇤ei�⇥

sinh ⇥

⇥
G(j, �)



F2(x, Q2) � (1/x)�effective)

�eff (Q2)





Plots

F2
(x
,Q
)

The structure function F2(x , Q2) plotted for farious values of Q2. The data points are from the
H1-Zeus collaboration and the solid lines are the soft wall fit values.

Brower, Costa, Djuric, Nally, TR, Tan (Brown) 6/13/17 8 / 21



Questions on HERA DIS small-x data:

I Why ↵eff = 1 + ✏eff (Q2)?

I Confinement? (Perturbative vs. Non-perturbative?)

I Saturation? (evolution vs. non-linear evolution?)

Djurić — DIS after AdS/CFT Introduction 5/11

Pomeron as Reggeized Grviton in AdS vs BFKL and DGLAPP



Nice Features of BPST Pomeron
• � controls the strength of the soft wall and in the limit � æ 0 one recovers

the conformal solution

Im‰conformal
P (t = 0) = g

2
0

16

Ú
fl3

fi
(zz

Õ)e

(1≠fl)·

· 1/2 exp

3
≠(Logz ≠ Logz

Õ)2

fl·

4

where · = Log(flzz

Õ
s/2) and fl = 2 ≠ j0. Note: this has a similar behavior to

the weak coupling BFKL solution where

Im‰(p‹, p

Õ
‹, s) ≥ s

j0
Ô

fiDLogs

exp(≠(Logp

Õ
‹ ≠ Logp‹)2/DLogs)

• If we look at the energy dependence of the pomeron propagator, we can see a
softened behavior in the forward regge limit.

‰conformal ≥ ≠s

–0Log≠1/2(s) æ ‰HW ≥ ≠s

–0/Log≠3/2(s)

Analytically, this corresponded to the softening of a j-plane singularity from
1/

Ô
j ≠ j0 æ

Ô
j ≠ j0. Again, we see this same softened behavior in the soft

wall model.
• (Possibly) interesting limit: conformal quantum mechanics. Here the EOM

simplifies and takes the form of a model with 1+1 dimensional conformal
symmetry[Fubini]

Brower, Costa, Djuric, Nally, TR, Tan (KU) 9/15/17 17 / 19





More Plots: Saturation in DIS
Confromal Hardwall

Softwall Contour plots of Im[‰] as a function of
1/x vs Q

2 (Gev) for conformal, hard-
wall, and softwall models. These plots
are all in the forward limit, but the
impact parameter representation can
tell us about the onset of non-linear
eikonal e�ects. The similar behavior for
the softwall implies a similar conclusion
about confinement vs saturation.

Brower, Costa, Djuric, Nally, TR, Tan (KU) 9/15/17 16 / 19



full conformal invariance

�(j) = �(j)� j � ⌧twist �(2) = �(2)� 2� 2 = 4� 4 = 0

M2n =

Z 1

0
dx x

2n�2
F2(x,Q

2) ⇠ Q

��(2n)

Pomeron as Reggeized Grviton in AdS vs BFKL and DGLAPP



Simultaneous compatible large Q2 and small x evolutions!

�2 = 0

Energy-Momentum Conservation built-in automatically.

MOMENTS AND ANOMALOUS DIMENSION

�(j) = 2 +
p
2

qp
g2Nc(j � j0)

�n = 2
q

1 +
p

g2N(n� 2)/2� n

Mn(Q2) =
R 1
0 dx x

n�2
F2(x, Q

2)! Q

��n
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•Size and Shape of hadrons: QCD, High Energy Scattering

• “Pomeron/Graviton” — unification of hard and soft physics

• Glueballs under AdS/CFT — masses and decays

• DIS — BPST Pomeron vs BFKL and DGLAPP

• Inclusive and Exclusive Central Production

•QCD and Modern CFT/String Studies:
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Central Inclusive and Exclusive Production: 

Conformal Invariance? 
Confinement? 

Satuation? 

R. Nally, T. Raben, C-I Tan, (to appear).



1 Introduction

Paper I: AdS5 Witten Diagrams at high energy. Effective Lagragian. Remark on BPST

Pomeron paper. Eikonal anzats.

Paper I: Box diagram and Shock wave eikonal sum

Here we reformulate the computaiton of Witten diagrams in AdS5 space with and without a IR

cut-off suitable for the study of hight energy scattering. This provides a framework for going

beyond the leading large N limit studied in BPST Regge limit in the extreme super gravity

approximaiton.

2 Basics

p1 + p2 → p3 + p4 (2.1)

S =

∫

dz
√

g
{

∂Mφ(z)gMN∂Nφ(z) + ∆(∆− d)φ2(z)
}

(2.2)

where d = 4, and the AdS5 background metric is

d2z =
1

z2
0

{

dxµdxµ + d2z0

}

(2.3)

Scalar propagator:

⟨φ∆(z)φ∆(w)⟩ = G(5)
∆ (z,w) (2.4)

satisfies
{

−
1
√

g
∂M

√
ggMN∂N + ∆(∆− d)

}

G(5)
∆ (z,w) = δ5(z − w) (2.5)

Conformal Invariance leads to Isometries of ADS5, G(5)
∆ is a function of

u =
(x − y)2 + (z0 − w0)2

2z0w0
(2.6)

spin S field,

(−∂z0
z−(d−1−2S)
0 ∂z0

+ q2 z−(d+1−2S)
0 + z−(d−1−2S)

0 m2)φ(u) = 0 (2.7)

2

Figure 9: The t-channel exchange graph

As in the past, we simplify the integral by using translation invariance to translate x1 to
0, and then performing an inversion. As a result,

A(w, x1, x3) = |x13|−2∆3I(w′ − x′
13) , I(w) =

∫

H

d5z

z5
0

G∆(w, z)
z∆1+∆3
0

z2∆3
(7.32)

We now use the fact that G∆ is a Green function and satisfies ( w +∆(∆−d))G∆(w, z) =
δ(w, z), so that

( w +∆(∆− d))I(w) =
w∆1+∆3

0

w2∆3
(7.33)

In terms of the scale invariant combination ζ = w2
0/w

2, we have I(w) = w∆13
0 fS(ζ), ∆13 =

∆1 −∆3 and the function fS now satisfies the following differential equation

4ζ2(ζ − 1)f ′′
S + 4ζ [(∆13 + 1)ζ −∆13 + d/2 − 1]f ′

S (7.34)

+(∆−∆13)(∆+∆13 − d)fS = ζ∆3

Making the change of variables σ = 1/ζ , we find that the new differential equation is
manifestly of the hypergeometric type and is solved by

fS(ζ) = F
(
∆−∆13

2
,
d −∆−∆13

2
;
d

2
; 1 − 1

ζ

)
(7.35)

The other linearly independent solution to the hypergeometric equation is singular as
ζ → 1, which is unacceptable since the original integral was perfectly regular in this limit
(which corresponds to w⃗ → 0).

It is easier, however, to find the solutions in terms of a power series, fS(ζ) =
∑

k fSkζk.
Upon substitution into (7.34), we find solutions that truncate to a finite number of terms
in ζ , provided ∆1 +∆3−∆ is a positive integer. Notice that k need not take integer values,
rather k −∆3 must be integer. The series truncates from above at kmax = ∆3 − 1, so that
fSk = 0 when k ≥ ∆3, and

fSk =
Γ(k)Γ(k +∆13)Γ(1

2{∆1 +∆3 −∆})Γ(1
2{∆+∆1 +∆3 − d})

4Γ(∆1)Γ(∆3)Γ(k + 1 + 1
2{∆13 −∆})Γ(k + 1 + 1

2{∆13 +∆− d})
(7.36)

Still under the assumption that ∆1 +∆3 −∆ is a positive integer, the series also truncates
from below at kmin = 1

2(∆−∆13).
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• Strong Coupling Pomeron has

• Need to consider         finite.

J = 2 J = 2
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Z
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2

= =

Total Cross Section and Optical Theorem in AdS/CFT



J = 2

d�

dq

⇠ (1/s)
X
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|hq,X|p1, p2i|2 ⇠
X

X

Z
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iqxhp1, p2|J†(x)X†iXJ(0)|p1, p2i

⇠
Z

e

iqxhp0
1|J†(x)J(0)|p1p2i ⇠ Disc

M

2

Z
e

iqxhp0
1|T{J†(x)J(0)}|p1p2i

Single-Particle Inclusive Distribution and AdS/CFT
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J = 2

Two-particle Correlation and AdS/CFT; Energy Correlations, etc.

d�

dq
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0
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CFT-based Prediction: 

Mueller diagram, so for simplicity we will mostly focus on a fitting function given by

1

2⇡p
T

d2�

dp
T

d⌘
=

A

(p
T

+ C)B
. (5.2)

We will consider here three datasets. The first comes from proton-lead collisions studied by

the ALICE collaboration at
p
s
NN

= 5.02 TeV [93], and the last two come from proton-proton

collisions analyzed by the ATLAS Collaboration at center of mass energies of
p
s = 8 [94] and

13 [91] TeV. These two categories are discussed in Sections 5.1 and 5.2, respectively. Results of

these studies are shown in Table 1. These results are interpreted in Section 5.3.

By comparing analysis run on the various data sets we will be able to gain some insight into the

(lack) of energy dependency in this kinematic regime. The ALICE datasets in particular have

been run at various pseudorapidity, ⌘, ranges which allows us to see that there is also essentially

no variation in kinematics under changes in pseudorapidity. The ATLAS data has been collected

at psuedorapidity range covered by the end caps (|⌘| < 2.7) [95], but this is still safely inside

the central production limit.

Dataset A/10 (GeV�2) B C/(1 GeV)

ALICE 5.02 TeV, |⌘| < 0.3 [93] 38.48 ± 8.26 7.23 ± 0.09 1.32 ± 0.04

ALICE 5.02 TeV, �0.8 < ⌘ < �0.3 [93] 37.60 ± 7.97 7.22 ± 0.08 1.30 ± 0.04

ALICE 5.02 TeV, �1.3 < ⌘ < �0.8 [93] 43.00 ± 9.29 7.30 ± 0.09 1.31 ± 0.04

ATLAS 8 TeV [94] 4.46 ± 2.60 7.03 ± 0.264 1.07 ± 0.123

ATLAS 13 TeV [91] 5.77 ± 3.38 6.96 ± 0.265 1.12 ± 0.126

Table 1: Fitted values of parameters in Eq. (5.2) for three data sets. Both central values and

statistical errors are quoted.

5.1 Proton-Lead Collisions and Pseudorapidity Dependence

The data in [93] are binned in the pseudorapidity ⌘ 18. There are three bins, corresponding to

the |⌘| < 0.3, �0.8 < ⌘ < �0.3, and �1.3 < ⌘ < �0.8 regimes, respectively. This allows us

the opportunity to study the possible presence of a dependence on pseudorapidity at fixed
p
s.

These data cover the range 0.15 GeV < p
T

< 50 GeV, and hence allow us to extend further into

the high-p
T

regime than the above analyses.

The results of the fits are shown in Figure 5.2. Excellent agreement between the fit model and the

data is seen in all three cases. This plot is visually suggestive that the kinematic dependencies

depend very slightly, if at all, on the pseudorapidity bin; this is confirmed numerically by the

18To be precise, the binning in [93] is done not in terms of the usual pseudorapidity, but instead in terms of a

shifted “center of mass” pseudorapidity. this technicality should not be important here, as it amounts to shifting

the definitions of each bin by �⌘ = 0.465 [93].
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Figure 5.3: Fit of inclusive double-di↵erential charged hadron production cross sections ob-

tained in proton-proton collisions at center of mass energy
p
s = 8 and

p
s = 13 TeV by the

ATLAS Collaboration, presented in [94] and [91], respectively. The 13 TeV dataset is rescaled

by a factor of four for visual clarity. The data are displayed alongside fits to the model in Eq.

(5.2)

5.3 Interpretation

Overall, the preceding results, summarized in Table 1, match up rather well with our predictions.

The fits are compatible at the two-� level with the power law exponent being independent of both

the pseudorapidity and the center of mass measurement. This agrees with the results of Section

4. There are two important caveats, however. First, the overall normalization of the distributions

varies sharply between the two types of measurements, with the proton-lead collisions seeming to

have a cross section enhanced by an order of magnitude relative to the proton-proton collisons.

That the overall normalizations vary so strongly is not altogether surprising. The holographic

argument presented here does not o↵er an easy way to compute this prefactor, so we have no real

prediction for it. Certainly we expect higher-order corrections, which are unaccounted for in our

tree-level calculation, to importantly influence the normalization. Moreover, from considerations

of the mechanisms for proton-lead and proton-proton scattering, it is clear that the di↵erence

between these two can have a physical interpretation, rather than being interpreted as an artifact

of our calculation.

Let us turn to our predicted value B = 8 for scaling dimension. In [96], it was found that this

value is consistent with low energy data. In a perturbative treatment for inclusive production,
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results in Table 1. All three fit parameters are compatible in the three bins at the one sigma

level.
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Figure 5.2: Fit of inclusive double-di↵erential charged hadron production cross sections ob-

tained in proton-lead collisions at center of mass energy
p
s = 5.02 by the ALICE Collaboration,

presented in [93]. Two of the datasets are rescaled by factors of four and sixteen for visual clarity.

The data are displayed alongside fits to the model in Eq. (5.2).

5.2 Proton-Proton Collisions and Center of Mass Energy Dependence

ATLAS has also measured the inclusive double-di↵erential single-hadron production cross section

[91, 94]. Unlike the data discussed above, these data are presented in a single pseudorapidity

bin, so we cannot extract any information about ⌘ dependence. Instead, these two datasets

allow us to study the validity of our model in the energy frontier; we have worked in the limit

of large center of mass energy, so this is the regime where we expect our results to be the most

directly applicable.

The results of the fit are shown in Figure 5.3. As before, the model is seen to correspond closely

to data. Within one sigma, the results are seen to match between the two ATLAS datasets,

although given the smaller number of data points the uncertainties are of course larger than in

the above analysis.
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where we have introduced a new normalization constant �0. In the simplest model of bulk

physics, the external particles labeled by c are scalar glueballs and thus have ⌧
c

= �
c

= 4. We

therefore have

⇢(p?, y, s) =
1

�
total

d3�
ab!X

dp2

?dy
⇠ p�8

? . (4.22)

This result follows essentially from conformality, since it depends on the behavior of the external

wave functions away from the confinement region; our prediction does not depend on the details

of the confinement deformation chosen. It serves as a generalized scaling law for inclusive

distribution, as is the case for exclusive fixed-angle scattering [71–73].

5 Evidence for Conformality

We have argued that conformal symmetry is manifested in the presence of power law behavior

in inclusive scattering processes. We will now test this prediction by direct comparison to exper-

imental results. We will focus on di↵erential cross section measurements at high
p
s performed

at the LHC. Many recent measurements are in the form of a double di↵erential cross section, in

which particle production is binned both in the transverse momentum p
T

and the pseudorapid-

ity ⌘; symbolically, these studies measure the cross section 1

2⇡p

T

d

2
�

dpTd⌘
. Here we are interested in

the region where p
T

> ⇤
QCD

where y ⇡ ⌘. In principle, this is not precisely the quantity we

have computed above. However, as discussed in [91], these two cross sections encode essentially

the same information, so we expect essentially the same dependence on the kinematic variables.

More concretely, we expect that the leading order physics should be independent of ⌘, and that

the exponent of the power law should be independent of s.

Our goal is to fit conformally motivated behavior to di↵erential cross sections. At large p
T

our result implies that the di↵erential cross section is described by the exchange of Reggeized

objects leading to power law behavior depending on conformal dimensions. However, this be-

havior is only expected to hold at moderately high p
T

above the QCD scale. At low p
T

, much

more complicated behavior can occur [92]. Some of these low-p
T

e↵ects stem ultimately from

saturation, which, from a string perspective, corresponds to the emergence of eikonal physics in

summing over string-loop diagrams 17. * Other e↵ects will be sensitive to confinement specifics

which are partially avoided at large p
T

from the AdS/CFT perspective [30, 89]. This is borne

out in the data by deviations from power-law behavior at small p
T

as can be seen in Figure 5.1.

More details are given in Appendix E. *

To avoid these complications, we will attempt to allow for such behavior by including an o↵set C,

expected to be of order ⇤
QCD

, in our fit function. Thus, for production mediated by factorized

17Eikonalization is also responsible for saturation in the context of DIS. More discussion will be provided at

the end of this section.
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(a) (b)

(c) (d) (e)

Figure 5.1: * Pure power-law (A/pB
T

) fits for the ATLAS
p
s = 8 TeV (a) and

p
s = 13 TeV

(b) data sets, as well as the ALICE
p
s = 5.02 TeV data set at rapidity bins of |⌘| < 0.3 (c),

�1.3 < ⌘ < �0.8 (d), and �0.8 < ⌘ < �0.3 (e) respectively. *

Mueller diagrams, we want to fit a curve of the form

1

2⇡p
T

d2�

dp
T

d⌘
=

X

i

A
i

(p
T

+ C)Bi

, (5.1)

where the B
i

are given by twice the conformal dimensions of the produced particles. More

details about the reasoning leading to this fit function are given in Appendix E.

Theoretically, our results are most strongly suited to describe glueballs. Because glueballs are

not experimentally identifiable, we will instead focus on the production of other QCD bound

states, namely mesons, via glueball decays. We will study meson production at the LHC in both

proton-lead and proton-proton collisions. Within AdS/CFT, the dominant contribution should

be from the production of scalar glueballs with � = 4 (and thus B = 8) with double-Pomeron

– 21 –
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Summary and Outlook

Provide meaning for Pomeron non-perturbatively from first principles. 

Realization of conformal invariance beyond perturbative QCD 

New starting point for unitarization, saturation, etc. 

First principle description of elastic/total cross sections, DIS at small-x, 
Central Diffractive Glueball production at LHC, etc. 

Inclusive Production and Dimensional Scalings.
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•Holographics Duality - Historical Perspective: 

• Duality in Physics, Holographic Duality, etc.    

• Gauge Theories, Massless Limit and Scale Invaraince

• Holographic Duality, ADS/CFT (String-Gauge Duality)

•Size and Shape of hadrons: QCD, High Energy Scattering

• “Pomeron/Graviton” — unification of hard and soft physics

• Glueballs under AdS/CFT — masses and decays

• DIS — BPST Pomeron vs BFKL and DGLAPP

• Inclusive and Exclusive Central Production

•QCD and Modern CFT/String Studies:
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• Holographic Duality, ADS/CFT (String-Gauge Duality)
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• Glueballs under AdS/CFT — masses and decays

• DIS — BPST Pomeron vs BFKL and DGLAPP
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•QCD and Modern CFT/String Studies:



Pomeron, OPE and Anomalous 
Dimensions 

Massless modes of a closed string theory: 

Need to keep higher string modes 

                            As CFT, equivalence to OPE in strong coupling:   using AdS 

                          Anomalous Dimensions for leading twist operators 

Gmn = g0
mn + hmn



One Graviton Exchange at High Energy

• Draw all “Witten-Feynman” Diagrams in AdS5, 

• High Energy Dominated by Spin-2 Exchanges:

1 Introduction

Paper I: AdS5 Witten Diagrams at high energy. Effective Lagragian. Remark on BPST

Pomeron paper. Eikonal anzats.

Paper I: Box diagram and Shock wave eikonal sum

Here we reformulate the computaiton of Witten diagrams in AdS5 space with and without a IR

cut-off suitable for the study of hight energy scattering. This provides a framework for going

beyond the leading large N limit studied in BPST Regge limit in the extreme super gravity

approximaiton.

2 Basics

p1 + p2 → p3 + p4 (2.1)

S =

∫

dz
√

g
{

∂Mφ(z)gMN∂Nφ(z) + ∆(∆− d)φ2(z)
}

(2.2)

where d = 4, and the AdS5 background metric is

d2z =
1

z2
0

{

dxµdxµ + d2z0

}

(2.3)

Scalar propagator:

⟨φ∆(z)φ∆(w)⟩ = G(5)
∆ (z,w) (2.4)

satisfies
{

−
1
√

g
∂M

√
ggMN∂N + ∆(∆− d)

}

G(5)
∆ (z,w) = δ5(z − w) (2.5)

Conformal Invariance leads to Isometries of ADS5, G(5)
∆ is a function of

u =
(x − y)2 + (z0 − w0)2

2z0w0
(2.6)

spin S field,

(−∂z0
z−(d−1−2S)
0 ∂z0

+ q2 z−(d+1−2S)
0 + z−(d−1−2S)

0 m2)φ(u) = 0 (2.7)

2

Figure 9: The t-channel exchange graph

As in the past, we simplify the integral by using translation invariance to translate x1 to
0, and then performing an inversion. As a result,

A(w, x1, x3) = |x13|−2∆3I(w′ − x′
13) , I(w) =

∫

H

d5z

z5
0

G∆(w, z)
z∆1+∆3
0

z2∆3
(7.32)

We now use the fact that G∆ is a Green function and satisfies ( w +∆(∆−d))G∆(w, z) =
δ(w, z), so that

( w +∆(∆− d))I(w) =
w∆1+∆3

0

w2∆3
(7.33)

In terms of the scale invariant combination ζ = w2
0/w

2, we have I(w) = w∆13
0 fS(ζ), ∆13 =

∆1 −∆3 and the function fS now satisfies the following differential equation

4ζ2(ζ − 1)f ′′
S + 4ζ [(∆13 + 1)ζ −∆13 + d/2 − 1]f ′

S (7.34)

+(∆−∆13)(∆+∆13 − d)fS = ζ∆3

Making the change of variables σ = 1/ζ , we find that the new differential equation is
manifestly of the hypergeometric type and is solved by

fS(ζ) = F
(
∆−∆13

2
,
d −∆−∆13

2
;
d

2
; 1 − 1

ζ

)
(7.35)

The other linearly independent solution to the hypergeometric equation is singular as
ζ → 1, which is unacceptable since the original integral was perfectly regular in this limit
(which corresponds to w⃗ → 0).

It is easier, however, to find the solutions in terms of a power series, fS(ζ) =
∑

k fSkζk.
Upon substitution into (7.34), we find solutions that truncate to a finite number of terms
in ζ , provided ∆1 +∆3−∆ is a positive integer. Notice that k need not take integer values,
rather k −∆3 must be integer. The series truncates from above at kmax = ∆3 − 1, so that
fSk = 0 when k ≥ ∆3, and

fSk =
Γ(k)Γ(k +∆13)Γ(1

2{∆1 +∆3 −∆})Γ(1
2{∆+∆1 +∆3 − d})

4Γ(∆1)Γ(∆3)Γ(k + 1 + 1
2{∆13 −∆})Γ(k + 1 + 1

2{∆13 +∆− d})
(7.36)

Still under the assumption that ∆1 +∆3 −∆ is a positive integer, the series also truncates
from below at kmin = 1

2(∆−∆13).
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• Strong Coupling Pomeron has

• Need to consider         finite.

• For QCD, needs confinement to introduce a scale.

J = 2
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HE scattering since AdS/CFT

Higher Orders Witten Diagrams:
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Comparison of strong  vs weak coupling kernel at t=0 

Strong Coupling: 

Diffusion in “warped co-ordinate” 

Weak  Coupling: 



Impact Representation:

j-plane Representation:

Reduction to AdS-3:

D.E. for Propagator:



Simultaneous compatible large Q2 and small x evolutions!

�2 = 0
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N = 4 Strong vs Weak g2Nc
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Formal Treatment via World-Sheet OPE

• Flat Space Pomeron Vertex Operator 

• Flat Space Odderon Vertex Operator 

• Pomeron Vertex Operator in AdS 

• Odderon Vertex Operator in AdS

43

(L0 � 1)VP = (L̄0 � 1)VP = 0



CFT, OPE, and Regge 
Limit 



HE scattering after AdS/CFT

Symmetry � Isometry



CFT correlate function – coordinate representation

OPE:
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Bootstrap:
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O(�,j)k
(x)Dynamics: Conformal Dimension, Spin

unitarity, positivity, locality, analyticity, etc.
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Euclidean vs Minkowski?

N = 4 SYM Integrability
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Conformal Partial-Wave Expansion and Regge Limit:
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HE scattering after AdS/CFT

Dynamics aj(�) ⇠ 1
���j

! 1
���(j)

�(j)$ 4��(j)

Single Trace Gauge Invariant Operators of N = 4 SYM,

Symmetry of Spectral Curve:

Super-gravity in the �!1:

Tr[F 2]$ �, T r[Fµ⇢F⇢⌫ ]$ Gµ⌫ , · · ·

Tr[F 2], T r[Fµ⇢F⇢⌫ ], T r[Fµ⇢D
S
±F⇢⌫ ], T r[Z⌧ ], T r[DS

±Z⌧ ], · · ·
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Simultaneous compatible large Q2 and small x evolutions!

�2 = 0

Energy-Momentum Conservation built-in automatically.

MOMENTS AND ANOMALOUS DIMENSION

�(j) = 2 +
p
2

qp
g2Nc(j � j0)
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g2N(n� 2)/2� n

Mn(Q2) =
R 1
0 dx x

n�2
F2(x, Q

2)! Q

��n



VII. Summary and Outlook

Provide meaning for Pomeron non-perturbatively from first principles. 

Realization of conformal invariance beyond perturbative QCD 

New starting point for unitarization, saturation, etc. 

First principle description of elastic/total cross sections, DIS at small-x, 
Central Diffractive Glueball production at LHC, etc. 

Inclusive Production and Dimensional Scalings. 

“non-perturbative” (e.g., blackhole physics, locality in the bulk).



Partial list of successes of AdS/CFT:

New perspectives for String theories.

Address quark-gluon plasma non-perturbatively.

Unified treatment for High Energy Scattering.

Strong coupling for condensed matter physics.

Topological insulators, fractional quantum Hall effect, etc.



SYK Model for Chaos Bound and
 Falling into Black Holes 

Stephen H. Shenker and Douglas Stanford. Stringy effects in scrambling. JHEP, 05:132, 
532 2015.

Jeff Murugan, Douglas Stanford, and Edward Witten. More on Supersymmetric and 2d 
Analogs of the SYK Model. JHEP, 08:146, 2017.



Greatest Equations Ever:

d � F = �j dF = 0

ei� + 1 = 0

AdS = CFT

Maxwell:

Euler’s Equation:

Polchinski -Theorem:

according to J. Polchinski
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Greatest Equations Ever:

d � F = �j dF = 0

ei� + 1 = 0

AdS = CFT

Maxwell:

Euler’s Equation:

Gauge/String Duality:

according to J. Polchinski



HE scattering and AdS/CFT

CFT = AdS

For High Energy Collisions

What is AdS/CFT in the context of High Energy Scattering?

From perturbative QCD, dominance of two gluon exchange at HE.
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2-GLUONS in 4d = GRAVITON in 5d

CFT = AdS

For High Energy Collisions



HE scattering and AdS/CFT

2-GLUONS in 4d = GRAVITON in 5d

CFT = AdS

For High Energy Collisions

Dominant “Quasi-particle” exchange for High Energy is
Graviton propagating in AdS


