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Introduction

Unpolarized Deep—Inelastic Scattering (DIS):

1%
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i " 0
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Wi(q.P.s) = = / d'€ exp(iat) (P,s | [JS"(€), Jm(0)] | P s) =
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i quqv 2 27)( 9uPv + q. Py 072 2
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Structure Functions: Fp 1
contain light and heavy quark contributions.
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Deep—Inelastic Scattering (DIS):
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NNLO:
S. Alekhin, J. Blimlein, K. Daum, K. Lipka, Phys.Lett. B720 (2013) 172
[1212.2355]

.03 +-0.00
mc(me) = 1.24 +0. 03(exp) 0 0p (scale) “ ;oo (thy),

as(M2) = 0.1132 £ 0.011
Yet approximate NNLO treatment [Kawamura et al. [1205.5227].
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os(M2) from NNLO DIS(+) analyses [from ABM13]

as(M32)
BBG 0.1134 *9900 valence analysis, NNLO
GRS 0.112 valence analysis, NNLO
ABKM 0.1135 4+ 0.0014 HQ: FENS Nf =3
JR 0.1128 4+ 0.0010 dynamical approach
JR 0.1140 4+ 0.0006 including NLO-jets
MSTW 0.1171 +0.0014
MSTW 0.1155 — 0.1175 (2013)
ABM11, 0.1134 — 0.1149 £ 0.0012 | Tevatron jets (NLO) incl.
ABM13 0.1133 +0.0011
ABM13 0.1132 4+ 0.0011 (without jets)
CTEQ 0.1159..0.1162
CTEQ 0.1140 (without jets)
NN21 0.1174 4 0.0006 + 0.0001
Gehrmann et al. | 0.1131 © %"%%22% ete™ thrust
Abbate et al. 0.1140 £+ 0.0015 ete™ thrust
BBG 0.1141 *2920 valence analysis, N3LO
AT”(\S = (\,S(N:jL(V)) — (lh(NA\'L()) T A]]Q = +().(]()()9 f (H)()()U”Q

NNLO accuracy is needed to analyze the world data. = NNLO HQ
corrections needed.
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Goals

» Complete the NNLO heavy flavor Wilson coefficients for twist-2 in
the dynamical safe region Q2 > 20GeV? (no higher twist) for
/:é (X7 (;)2 )

» Measure m. and as as precisely as possible

» Provide precise CC heavy flavor corrections

» Consequences for LHC:

» NNLO VFNS will be provided
> better constraint on sea quarks and the gluon
> precise m: and as on input
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Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin
convolution

QQ m2 )
2LXQ Z Ci 20 <X72-,> ®  fi(x,u?)

w2 2

perturbative

nonpert.

into (pert.) Wilson coefficients and (nonpert.) parton distribution
functions (PDFs).
® denotes the Mellin convolution

F(x) ® g(x) = / dy / dz 6(x — y2)F(y)a(2)

The subsequent calculations are performed in Mellin space, where ®
reduces to a multiplication, due to the Mellin transformation

F(N) = /01 dx xN 7L (x) .
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Wilson coefficients:

Q2 m2 QZ Q2 m2
Cin (N,F,F = G2, N,F + Hj 2,1 Na??? .

At Q? > m? the heavy flavor part

2 2 2
e (1. 2) - E (0 )0 (5

W

[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]
factorizes into the light flavor Wilson coefficients C and the massive
operator matrix elements (OMEs) of local operators O; between partonic
states j

2
AU(%,N):Ulin)-

— additional Feynman rules with local operator insertions for partonic

matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].

For Fa(x, @%) : at @2 2> 10m? the asymptotic representation holds at the

1% level.
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By now we have computed 6 out of 7 OMEs at O(a?) in the single mass
case, namely,

A(3)’PS A(3) [Ablinger, Bliimlein, Klein, Schneider, Wissbrock, arXiv:1008.3347]
g Tlqg '  Klein, ' » arXiv:1008.
AGNS,TR _ _
qq [Ablinger, Behring, Bliimlein, ADF, von Manteuffel, Schneider, et. al., arXiv:1406.4654]
AB)
gq [Ablinger, Bliimlein, ADF, von Manteuffel, Schneider, et. al., arXiv:1402.0359]
(3),PS
AQC] [Ablinger, Behring, Bliimlein, ADF, von Manteuffel, Schneider, arXiv:1409.1135]

Ag‘? to be published soon

and the corresponding Wilson coefficients:

PS s NS PS
Lyn Lgo, Loz and Hgs

We have also partial results for Ag) (terms oc Ne T? and Ladder diagrams).

g

The logarithmic contributions to all OMEs and WCs were published recently

[Behring, Bliimlein, ADF, Bierembaum, Klein, WiBbrock, arXiv:1403.6356]
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Starting at 3-loop order, we have to consider the simultaneous
contributions of quarks of different mass

[Ablinger, Bliimlein, ADF, Hasselhuhn, Schneider, WiBbrock et. al., arXiv:1705.07030],

since my, is not much larger than m.

m2

e ~o1
m;

The heavy flavor contribution with two masses is given by

1 heav
;F(Z,L)} Y (x, Ne+2, Q% m, m3) =

20 2
k=1 HE R

Ne 2 2 2
Q° m; m
> ef{LZ',S(z,L) <X7 Nf + 2, w0 -1 J) ® [ﬂ(X,#27 Ne) + fielx, 12, NF)]

1 b Q2 m? )
+N7FLq,(2‘L) (x, Ne +2, —, 721, % ® X(x, pu°, Ng)

p 1
p @ :
+ELg,(z,L) <X’ NF+2aF7 22 ® G(x, u°, NF)

~ Q2 m2 m2
+Hgta) <X7 Ne+2, 25 171 /72 ® X(x, 4%, Nr)

= 02 m? m?
+H§,(2,L) <X7 Ne + 2, w2 /71: /72 ® G(x, 4, NF)
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The Wilson Coefficients at large Q?

LS, (Np+2) = a [ ADPS(Np +2) 62+ AL) o (Np) NpCLY)

(2.L) (Nrp+2)+ NFC(s(szS (NF)]
(1 1) 3
I (Ne+2) = @AY (Vg + 2NpCL) b (Vi +2) + a2 [ 4G oV +2) 8
+AL) o (Np +2) NFC oy (NF+2) + AR (Np +2) NFC a1y (NF +2)

+ AGY(NE +2) NeCELTD (Np +2) + NpCll 1 (NF)|

a,(2.L)
2),NS

Ly-,s(ZL)(NF +2) = a [A((N)Q (N +2) 6 +Cq (2, L)(NF)}

NS NS NS

+ [Aq‘?Q (Np +2) 6 + AN (Np + 20N (Np +2) + 6O ,)(Np)]
2

= PS ).PS 2 PS, s
B, (Ne+2) = e, { AP (Np +2) 85+ CPN (Ve + 2)] + uj[ ADPS(Np +2) 5,

i=1
~(1 .
+ Z 2, [ e (N +2) + AD (N +2) OO, ) (N +2)

(2),Ps (1),NS
+Aqy (Ne +2) Cy 5 1) (Ne + 2)” s

Hy o )(Np+2) =

\Mm

eQ [as[ A)(NE+2) 83+ C, 1) (Ne +2)] + 2] AG)(NF +2) 62

4,(2,L)

+ AG)(Np +2) CUUNS (Np +2)+ AL (N +2) CL) 1) (Ve +2)
+C 1 (Nr +2)]]

[A<”(Np+2 ) 8y + ZeQ[ O (Nr+2) CONS (N +2)

i=1

1

+AD (e +2) O, L)(NF +2)+ AG)(Np + 2){05?(’2:?3(% 12)

c,
PS ~
+ NS (N +2) )+ AR G (Ne+2) €L (Np +2) + C, 1 (N +2)]]
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The Wilson Coefficients at large Q?

Lq(zL (Nr +2)

L3 0.1y (Nr +2)

L%,y (N +2)

HY%o,0)(NF +2)

H 5,1y (N +2)

[ ADES(Np +2) 8y + AD (Np) NpCY, ) (Np +2) + NpCEFe (Np)]
a2AQ) o (NF + 2)NpCW, | (Ni+2) + a2 [ AD) o (Np +2) 62
+Aqq o(Nr+2) NpCP, (Ve +2)+ AR ((Np+2) NpCY, (NF+2)
+ A (Np +2) N C<§2<2PLS>(NF +2)+ Nqu . L>( )} R
a2 [ AR (Np +2) 8+ CON (V)]

a? [Ag; SS(NF +2) 62+ ALY (NE + 2O (N +2) + C“LNLS)(NF)}

2
PS ~(2),PS /7 3 3),PS
Se zlaf{ AGYPS(Np +2) 83+ COFS (e + 2)] + aj[ AGPS(Np +2) 6,

i=1
Ps
+ Ze@[ CEOPE (N +2) + AR g(Nr +2) €, 1 (NF +2)

FAGPS (N +2) OO (N +2)H

2
S b [as] AQNE+2) 83+ O, 1 (Ve +2)] +a2[ 4G (NP +2) 6,

i=1
+ AG)(Np +2) CULN (Nr +2) + AL o (Np +2) C),

99.Q .2,y (NP +2)
+ 62, (e +2)]]

S
+a3[Ag;(NF+2 ) 8y + ZFQ[ AR (Np +2) O (Np +2)

q.(2,L)
=1
NS
+ A% (Np+2) OO, L (Ne+2) + AC;;(NF +2){CEN (e +2)

(2),PS
+ OO (N +2)} + ARG (Np +2) €2 1 (Np+2)+ CF, ) (Nr +2)]|
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The Wilson Coefficients at large Q?

(3
Lsiz’L)(NF+2) =% [ A‘“SI)Q (Nr+2) 52+A911Q(NF) NpC 2L)(NF+2)+NFC( (2,L) (NF)]
LS oy (Np+2) = a2Al) o (Np +2)NpC) by (NE+2) + ai[ AP (Np +2) 6,

+Agpo(Nr +2) NeCly l>(NF +2)+ A2 o (Np +2) NpC

a1y (NP +2)

B Ag;(NF 2 NFC( (NF +2)+ NFC( (2, L)(NF)} ,

Diton(Ne+2) = d[ADS e+ 00+ c‘i’z”f ()]
ARV +2) 82+ AL (Ve + O (Ve +2) + COU ()]
Al = ZEQW“ [ ASPS (N +2) b+ CENFS (Ve +2)] + a2 4D (NF +2) 5,
+ Zeq, [c;a();LS Np+2)+ AR (N +2) O, (NP +2)
+A 2>,ps(NF +2) ¢ (>2 (Ve + 2)”
ﬁgs’(z.L)(NF +2 = ZFQ {a.{ Qg (Np+2) 02+ C 2L)(NF +2)] + ag { A(Z)(NF +2) 0y

+ A<1 ) (Np +2) COUN (Nr +2) + AL o (Np +2) €, ) (N +2)
+ oy Ve +2)]|

+ a?[Ag;(NF +2) 6+ i"‘%@z [Ag;(NF 19 C 1)2NL5)<NF +9)

+ Ap(Nr +2) Gyl (Ve +2) + A“’(Np +2 {5 (Ve +2)

C(2(2PLS (NF+2>}+ ) (Nr+2) 2L)(Nr+2)+ C 2L)(NF+2)H
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The Wilson Coefficients at large Q?

(3
LS, (Np+2) = o [ ADES(Np +2) 8+ AD o (Np) NpC, (N +2) + NpCEFs (Np)]
I8 oy Ne+2) = @AY (Ne+2NeCW, | (Np+2) + ad[ AP (N +2) &

+AL) o (Np +2) NpC®, ,)(NF +2)+ A2 o (Np +2) NpC

g()ZT (Nr+2)

+ AQ) (N +2) NeCOS (Np +2)+ NeCE, 1 (Np)]

NS NS
LonWNr+2) = al[A00°(Nr+2) 6+ C(z()z pIes)
+ a [4,(;}35( Np +2) 65+ AN (Np + 20N (Ve +2) + CON (NF)]
Sy (Ne+2) = S eda[ AP (Ve +2) 62+ COT (N +2)] + a2 A5 (Ne +2) 5
i=1

+ Zte [CERTE Wi +2) + AR (N +2) €, 1y (Ne +2)
+A,§J’PS(NF +2) O (Np + 2)]]
- 2
Sy (Ne+2) = Y e, [as [ AGNNp +2) 62+ C0, (N + 2)} [ AD(Np +2) 8,
i=1
+ AG) (NP +2) COU (Ve +2) + AL (Np+2) C, ) (NF +2)
~(2)
+ Cy o0y (Nr + 2)]]
2
a;?[ AG(Np+2) 82 + Z e, [Ags’,(zvp +2) O (N7 +2)
+ ARG (Ne+2) O, 1y (Ne +2) + AQ(Np +2{C (Ve +2)

(2)
+ CO e+ )} + AR (Np+2) €2, | (Ve +2)+ €, (Ve +2)]]
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The Wilson Coefficients at large Q?

LR WNe+2) = @[ A5 (Ne +2) 62+ AR G(NF) NeCLY, 1) (Nr +2) + NeCOST ()]
L3 0nyWNe+2) = a0 o(Ne+ NG, 1) (Np +2) + a2 A (Ve +2) 82
+A<Jy)Q(NF +2) NpCPl, 1 (Ne +2) + A o (Np +2) NeCl,  (Nr +2)
+ AQ)(NE+2) NeCOTS (Nr +2) + NeCy 1) (Ne)]
Lq e.nyNF+2) = a; [Agz?gs(NFJrQ) 52+C 2L)<NF)}

S S
+ az[Ag?Q( r 4 2) 02 + ALY (Np 1 2) OIS (Np 4 2) + 0 (NF>]

S (Nr+2) = Z e},a? [ AGYPS(Np +2) 82+ COLTR (NP + 2)} [ ADPS (N 42) 6,
+ Ze@ [C(i) PS (Nr+2) +Aaq Q(NF +2) C )2 L)(AF +2)

+A(2 P (Np+2) OO (N + 2)“

HS 0y (Np+2) = Zeq [as[ AQ)(NE +2) 82+ CLy 1y (Ne +2)] +a2[ AG)(NF +2) 62
A“’(N +2) O (Ve +2) + AL o (Ne+2) O, 1) (Nr +2)

(2
4P, e+ 2)“
+ a3 AG (N +2) 62 + ZEQ [4G) (Ve +2) CL (Ve +2)

+ Agg o(Nr +2) C )2 (Ne+2)+ Al )(NF + 2){C.12)2NLS‘)(N 2)

(2),PS 3)
+ Cq'()Z-L)(NF * 2)} + AW o(Nr+2) Cg <)2 n(NF+2)+ Cg,(z.L)(NF + Z)H
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Variable Flavor Number Scheme

2
2 2 NS L 2 2
ficlng + 2, 1%) + Felng + 2, 1%) Ay (e +2 =, =) ® [flng, 1?) + flng, 1?)]
mym
2 2
1 weow
PS 2
+— A ne+2,—,—) ®x(ns, u?)
oy qq,Q(f ’m%'m%) f
2 2
1
S L 2
+— A ne+2, —,—) ®G(n, pu°)
nr quQ(f m2 m%)
2 2 2 2
_ 2 PS L 2 S L 2
foranr +2.1%) Ay (nf +2 ?) ® X(nf, )+Aog(nf 2 ?) ® Glns, 1?) .
i m 1™
2 2 2 2
2 S MR 2 S ~ . 2
Gng +2, %) quyq(nf+2,§,ﬁ) ® S(nf, )+Aggyo(nf+z,§,§) ® G(ng, n?) .
T i m
ng+2
S(nf + 2, u?) > [mnf F2,42) + Flng + 2, “,2)}
k=1
2 2 2 2 2 2
NS © PS © PS [
A nf+2, —,—) + A nf+2, —,—) +A ng+2, —, —
qq,Q(f ’mz’mz) qq,Q(f ’mz’mz) Qq(f ’mz’mz)
T T 5 1™
®%(nf, %)
2 2 2 2
s ne o s ne o 2
+| Al +2 5. =) +45(nr+2. 5. =)| @ G, 1?)
my M mym;
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Calculation of the 3-loop operator matrix elements

The OMEs are calculated using the QCD Feynman rules together with
the following operator insertion Feynman rules:

P 2%
pisi 3 P2
a
Py J2)

Paa puub

Poa puub Pspic

Fp(A N N 21

JSEN B DA p) (A p)V I, N 22

GO AP T TG (Apa Y (Ap) N
(#8401 + Apa)' 7+ (1) Aps + Ap)' =771

PR AT TN TN YT (A ) (Ap) V2
(11)4(Apa + Aps + Ap)' 7 (Aups + Aupy) ™1
F(E44)ji(Aps + Aps + Apy) T Apy + Apy)m
(P19)4(Apy + Aps + Apr)' 7 (A + Apy) !
F(E)4(Apy - Apy + Ap)' 7 (Aupy + Aupr) ™1
(
(

F(t41)ji(Aps + Apa + Apr) T Ay + Aupy)™

) (Aps + Apa + Ap) TN (Aps + Apr )

N>4

=1, 7 =%

pob P LY s -2

[m.”(A P2 = (Bups + Dupp)A - p 1‘2A,.A,,] Nz2

> 4 .
prpa 3 A gD pabe

N (e = a9 ) it By prBs = o) (A p)¥
p2vb +Ay [-\'IW,»,,AU + APy = A pid - pagu — pr 'pzA,,Au]
XA P (A p)N

B o i B et }) L N>2

> < N
P fhya pao.d (,2"'%”(!”“ FOno(pr. p2. p3, 1)

+t L L Oprwe (1. 3. D2oa) + I Oz (pr. pa. P2 I‘x))
Puvb  puAe .
Opura(pr.p2:Ps: 1) = DuBa] =y (A - ps + A py) V2
FHoaua = A paguel DG (A py+ A pa) (A )N
[pra = A 1] SN A A o+ A py) N
HA A Piguo + P10 PA = D papra B = A pipagdo]

X S ST (A )N A A ) (A m/}

R S ) B i) PR
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. 3) NS
Diagrams for qu)

K

’ \
. m, ma \

Diagrams for A(gz)

The diagrams are generated using QGRAF [Nogueira 1993 J. Comput. Phys].

A(3)»g5 A(3) o AS)’PS A(3) o AS’)
qq, g9, q g, g
No. diagrams 6 6 16 72 256
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The NS and gq contributions at general values of N

One massive fermion loop insertion is effectively rendered massless via a
Mellin-Barnes representation:

4 _
m@mﬂm = as TF} (4r) o/ (ku,ku - kzgxw)
+i oo 2\ 7
S oo () o

" Mo —¢e/2)2(2—0+¢/2)[(—0)
M4 —20+¢)

The Introduction of Feynman parameters then leads to an expression for
the integrals of the form

“+ioo
N er[81(6) + & 82(e) + &, 83(e) + &, 8a(e) — &, 85(e) — €
e [ derr| g6(c) + €.gr(e) — ¢

—ioo

where 7 = m?/m3 and the g; are linear functions in .
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After closing the contour and collecting the residues a linear combination
of generalized hypergeometric 4 F3—functions is obtained

_ , a1(e), a2(e), as(e), aa(e)
/_ZQ(gaN)4F3 ' bl(E§7b2(E;,b3(E) )1

J

For AE%)’NS and Ag;,) the arguments of the hypergeometric pFg-function
are completely independent of the Mellin variable N
— the N and 1 = my/m; dependendence factorize!

The ¢ expansion can be done using HypExp 2.
The results are given in terms of the following (poly)logarithmic
functions:

{in(n), In(L£n), In(1% ), Liz (+y7), Liz (+n), Lis (+yn)}

The pre-factor C; (¢, V) may contain a sum stemming from the operator
insertion on the vertex. This sum is evaluated in terms of harmonic sums
using the summation package Sigma (see C. Schneider’s talk).

20/36



The flavor non-singlet contribution

5(3),NS
990.Q

3N% 4+ 3N +2
ON(N + 1)

4
CFTE{ <§$1 —

> {724(“3 4+ L° 4 (Lils +2¢ +5) (L1 + L2))

41 3/2 (517 +22+5) <ﬁ|n( )In ( +§> +2In(n)L12(f)74L13(f)>
(\gj/zl) (710773/2 + 577 + 427 — 10,/ + 5) [Lis () — In(n)Liz () ] + %@

(4057* — 32387 +—405)
7291

+§ In®(n) — 161n%(n) In(1 — 1) + 10

27
n 1|n(77)]+1

+4 (3N4+6N3+47N2+20N— 12

Y5 t8s [4 + (L +L)2]
3 3N2(N + 1)2 3 7! 2 ) |3+t (bt

8 [ 130N* + 84N3 — 62N% — 16N + 24
9 3NV3(N + 1)3

52 80
— ?51 + ?52 - 1653) (Ll =+ [_2)

4R,
720N (N + 1)

R 2(57* +2n+5
L[ 1 L 206n +2m+5)
18N2(N +1)%n on

3712 1280 256
S — 53+754} .

32
S+ 552] In?(n) —

81 81 27
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The Agq contribution

Cr TF{PS,) [ 6(’-13 + L3+ (LILQ +2¢ + 2?)6) (L1 + L2)>
57 (VA4 1) RLis(= Vi) — (Vi = D*RLis(V) = 10’0

(P pi v - 2D s - 2 (1) ) i)

3.,73/2 3n 3/2
5 +1)2 16
+((\/6;]73/2)R3 In(1+ /7) — (\ga/z )’ RolIn(1 — /1) — ?$1> In?(n)
64 , 128 64 128 Rio In(n)
D il N 28 )8 - g -0
FTACE Yo <C2 + 2) 1T 43} 3n(N — 1)N(N + 1)2
1 8 4
+16 [—m + Pég) (* - 51)] ((Ll + 1) - §(L1 + L2)51>
32 64(8N + 5) 64R11 5,
(0) _ 2O T ) - Prmr
+[3 CACEEIE N+1)3](1+ )~ SN DN(N T 1)

64 (8N° + 13N? + 27N + 16 8R
( ) (St +5+3¢) - 2
27(N — 1)N(N + 1)2 243n(N — 1)N(N + 1)*
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Scalar Agg @ diagrams with m; # my

mg my

The strategy:

e Introduce Feynman parameters and do the momentum integration
for one of the closed fermion lines — effective propagator.

e Detach mass using the Mellin-Barnes representation

1 1 1 +ioo B¢
(A+B) r(A)%/_,.Oo dE e T+ ON(=9)
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e Perform the remaining momentum integrals and the Feynman
parameter integrals (except the one where both ¢ and N appear)

+ico

1 1
- C(N,my, mz,E)%/ d§/ dX pEXEENFastB (] _ x)=Etrets
0

I_|:31—|—b1€+C15,...,a,'+b,'€+C,'§
di+ ee+ RE, ..., dj + e + i

ak, di, B, 0EZ, by, ek, o, S Z/2,' Ck € {—1, 1} and
fk € {_27 _17 1’2}v with EL:I Ck = E&(:l fk

e Split integration range and remap to [0, 1] using

Fico 3 1+n 1 3
- de(.gx)( ”XX) = (/ dX+/1dX> F(£,X) (%)
+loo T
N /, /dT ’ T)? (5’77+T>Tg

1 ¢
+(1+nT) (g, 1+17T) T
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Regulate poles and expand in ¢.

Take residues and sum using Sigma (see C. Schneider’s talk) and
HarmonicSums (see J. Ablinger’s talk). Results in terms of GHPLs,
e., iterated integrals over the alphabet

11 1
T+ T 1+ Tr2

Rewrite GHPLs so that T appears only in the argument.

Absorb rational, N-dependent factors into the integrals using

1

1
W[ a0 = el )N“f((x)

[ w2158
ﬁ/o dxg(x)VF(x) = (Nﬂ)g( x)" (/0 dygf((yy) ) =0

- w52 ([ o)
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e Rewrite the remaining integral doing the change of variable

g(x,n) = x'

e Final result in z-space in terms of generalized iterated integrals

G ({A(7), (), fa(T)}, 2) = /OZ dn fi(n)G ({Aa(7), - fa(T)},7)

G<{1,1,~-~ 71},z> = lHo(z)" = lIn"(z) .
T T T n! n!
———

and in N-space in terms of generalized harmonic sums

with

k

N
Spalc,diN) =3 %55(67; k),c,d: € R\{0}; b,a; € N\{0},
k=1

and other generalizations including inverse binomial sums.

26/36



Example:

1 1 1

(+) _ 2\E/2 [ o\ —3+e L
Di(z) = (nu) ("72) {72 90(1—z) 450(1 — z) + 18001 = Z)H1 (2)

A (11 - o) 6 (=77} )

+@[_m(mc<{@}7z)+c({@ 1})

e ThnT —-n—T4nt’ T

G ({ﬂ ;}ZN +1+T77[G ({\/ﬁﬁ 1;};)

—-n—T4nr 1-7

() )l
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€ —3+e —1)N
- ) ) P e

1[(N+2)Si(N) 8N+ (4 —25n)N* — (25 + 24)N + 20

e| 9O(N+1) 1800N(N + 1)2

(TN(N? + 3N +2) — 37°) S}(N)  272N=8(2) Py
- H_ H

2520N(N + 1)2 + 105,/7(N + 1)2 [H—100 (Vi) + Hio0 (V)]
2 i1 — 149 . —1 .

e 2 () [ (2500) s (S.0)

53760(n) — 1)n(N + 1)2 = C)

b i
) n’ =y 2N P
840N(N +1)2  53760N(N + 1)2 ** 105(n — 1)(N + 1)2

- 5—2N—10 (2,01) Pus N 221 (1 4 )~ gt Pus

105(n — L)n(N + 1) £ (i 9072000 N2(N + 1)3
_ PeSi(N) (37 +TN(N 43N +2))S; (N) +in(n) S (N)n?

4032001 (N + 1) 2520N(N + 1) |~ 420N(N + 1)2
- 2-2N=8(2My p, 229 (M p, N 2%1(—1+4 ) inls, ( —1n+77 ) ,-1)

1057(N + 12 " 105(n — 1)n(N +1)? 7 %)
- 1
(n=1)""""n"Py s, (77 —1 N) P B 272N77(2/\,/V) Pas
26880N(N + 1)2 ’ 80640(N + 1)21 105n(N + 1)2

e (155 s (5 )] -

26880N(N + 1)? 120(N + 1)
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The PS contribution at general values of N

We use the same trick we used before for AYY and Ag, to decouple the
mass coming from the fermion loop without operator insertion.

For the fermion loop with operator insertion we use

N—2
’m‘m@mm = 16éabTFg3%r(2 —D/2)

E (AK)A Lk, — K*ALA
x d N 1_ L% JIRAYY
/o e Sl P g 2y 7

- (AK)N=2 1 -
,m©m = 4OabTFg52W/O dx x"72(1 = x)

x*T(3 — D/2)(A.k)?

2 2
- (X(l = x)(guv k™ — 2kuky) +2m g;w) (m? — x(1 — x)k?)3-D/2

x(kp Ay + koA ) (A k)

+T(2—D/2)(2Nx +1 — N) (xR

Xg;tr/(A~k)2
+T(2—-D/2)((N—1)(1 —2x) — Dx) (2 = x(1 — x)kZy2=D
N—1 ALA,
—Tr(1—-D/2) T« (N(1 —x) — 1)(m2 (i X)kZ)l—D/2:|
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The diagrams end up being expressed as a linear combination of integrals
of the form

1 +ioco 1
h = (_‘1(N7 my, mz’g)i_/ d¢ dx n£X§+N+as+ﬁ(1 _ X)E+’ye+5
2mi —ioco 0
a1+ bie+cé,...,a + be + ¢
d1+61€+fif,...,(jj+€j€+f)'§
or
1 +IOO 1 ’ ’ ’ 7
L = G(N,my, mz,s)—,/ de [ dxnSx SHNFeletB (] _ x)=SHretd
270 J o 0
ay + bie+ &, ..., a + bie + cl€
di+ee+ g ....d +ee+
Notice the difference with , where the relevant variable was
nx
1—x’

Now the relevant variables are
Ui

x(1—x)

nx(1—x) for h, and for b
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For the calculation of /, we need to split the integration range, since

n
x(1 —x)
n

P ) > 1, for xe(0,n-) or xé€(ng,1)

< 1, for xe(n-,n4)

where 1
ne =5 (1% VI=1)

We can, however, perform the contour integrals for both, ; and I, by
taking residues and summing them with Sigma and HarmonicSums. The
results are expressed in terms of GHPLs.

Unlike the case of , the arguments of the GHPLs depend on both x
and 7, so it's not so easy to absorb the rational factors of N coming from
Gi(N, my, my,e) and Go(N, my, my,e) and rewrite the result in terms of
GHPL's of higher weight.
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The result for the constant term of the pure singlet operator matrix element is

a(ng,PS = /D.1 dx fol{K(r/., x) 4+ (0(n= — x) + 0(x — n4))x go(m, x)
#00 = 900 =) [x6(0.) = [ oy (5n.)+ L) + T |
+0(n- — X)/L dy <g1(n,y) + ggz(n,y) + ;gs(n,y))
—0(x — ?7+)/ni dy <g1(n,y) + %gz(n,y) + jjgs(ﬂ,)’))
+x ho(m, x) + /.1 dy <h1(n,y) + %hz(n,y) + ;hs(nyy)>
+/n"_+ dy (nﬁ A, y)+ny ! ffz(n,y) + it ;fa(n,y)>

+/1 dy (gl(n,y) + %gz(n,y) + §g3(n,y)> }

N4

The integrals fr: dy, f:; dy, fxl dy, f:j dy and f771+ dy arise from the
absorption of /N dependant factors.
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These are two of the functions:

2 ,)\3/2
oy _MG({;mﬁ}, ")

973/2(1 — y)y2 vyl —y)

+G({Jﬁﬁ}, i ){E(l—y)c({;,\/ﬁ T}, i )

y(1 —y) 3 y(1 —y)

P 2 _,,)\3/2
3 1(W+4y 4y) [1_2|n< n )}}+@(1_y)|"2(L)
9n3/2(1 — y)y? Y —y) 9 y(1 =)

128

7T(lfy)6({i,\/ﬁﬁ,\/ﬁﬁ}, i )7317%3( )

y(1 —y) 1 —yy
32 n 4P,
+=(1—y) |1 —2mn G{Va—7vT}, ) t
5 y)[ (y(l—y))] ({ ! }y(l—y) 91 — y)3y4

< 16P3 512(1 )()‘< n )+255°(1 Y 1024(1 y
T R ) A T T

512 1 VI—4
h3(n,y) = (11— ”{T(l —any(1 — y))3/2%6 ({* ’ } s ny(l — y))
1024 VvI—4r VI —47 512 VI—4r JT—47 1
N T W e i R
512 1024 4006 256
+ (*Cz — —— (any? — any — 1)2) In(ny(1 — y)) + ny(1 = y) + — In(ny(@ — y))
3 9 9 9
1280

512 512
02 (ny(1 — y)) + 7<2(1 —any(1— )32 - ¢,

12 2 =
+(57<2 - g(l — any(1 — y))¥/2[2 4 In(ny(1 — y))])G ({74} s ny(l — y))}
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In total, eleven new GHPL's appear:

1 \/ﬁ} (l—x)x)
7’ ’T ’

T T

vI—4r m} (1—><)x>
A ,

(1 —x)x

{
{@v@}mx(kx))ﬁ({;m\ﬁ,mﬁ}, ),
{m»m,l},“*m),c({m m71},nx(1—X)>}

)
T T T

n
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All of the generalized harmonic polylogarithms appearing in the functions f;, g;

and h; (i =0...3) can be written in terms of logarithms and polylogarithms of
complicated arguments. E.g.

T T

VI—ar =7 1
c({i .—}.nx(l—x))

)+ In ( 1 — anx(l — x)) [710 In2(2) — (81n(2) + 4)y/1 — 4nx(1 — x) — 41n(2) — 4Liy G - %‘/1 —anx(1 — x))
— aliy (i %\/1 amx(1 — x)) "y (27])(2 — 2mx — 3)] 4 (m(z) +14 /1 — anx(1 — x)) Lip (é - 5\/1 ~anx(1 — x))
+1n (1 — /1 — anx(1 — x)) [—10|n2(2) + (4 — 4In(2)) (1/1 — anx(1 — x) + In(nx(1 — x))) —4 (27])(2 — 2nx — 1)

+ (sm(z) +ay/1 —anx@ - x)) In (1 + /1 — anx(1 — x)) +41n(2) — In2(nx(1 — x)) — 4In? (1 + /1 — anx(1 — x)) - 442]

+ (6 In(2) — 8) /1 — anx(1 — x) + (2 In2(2) — 4In(2) + 2¢p — 3) In(nx(1 — x)) + (41n(2) + 4)Liy G + %\/1 — anx(1 — x))

+161n(2) (nx® = mx — 1) + (m(z) — /1= anx(1 — x) — 1) In2(nx(1 — x)) + (41n(2) — 4)Cp + 24nx% — 24nx + 8

4 (61n(2) + 2In(nx(1 — x)) — 2)In? (1 — /1 — anx(1 — x)) + (6 In(2) +24/1 — 4nx(1 — x) + 2) n? (1 + /1 — anx(1 — x))
1+ 1= dnx(1 — x 11 11 1

+2Lig (7:1_74:75(1_:)) + 4Lig (7 L x)) + 4Lig <2 SV x)) +3 In3(nx(1 — x))

— 2In® (1 — /1= anx(1 — x)) _ 43 (1 +/1 = anx(1 — x)) —a¢s
3

The integrals can therefore be performed numerically without problems.
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Summary

e In the calculation of 3-loop heavy flavor corrections to DIS Wilson
coefficients we need to consider the contribution from diagrams with
two different masses since m2/m? ~ 0.1.

e We have computed the 3-loop 2-mass contributions to Ag?’NS and

Ag,) for general values of the Mellin variable /V in analytic form.

e We have calculated scalar diagrams for Agg), witnessing the

appearance of generalized harmonic sums and generalized harmonic
polylogarithms.

e The operator matrix element A(Q?’PS has been computed. The result

is given in terms of 11 GHPLs with the alphabet

)
T

CE=C

e Different new Computer-algebra and mathematical technologies
have been and continue to be developed.
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