Chiral Anomalies



|. Adler-Bell-Jackiw Anomaly:

Triangle diagram:
Consider QED action

Sf [A, l/), l/)]
|

_ 1 _
S[A, Y, Y] = -2 f d*xFE,, F,, — f d*x|y, (9, —ied,) + m|y

Path integral

[ 141 tayapiestsv ¥l = [ [aayexs

]
-7 f d*xF,,F,, + il[A]

eTlAl = f [dpdip)eiSrlavi] = det|y, (9, —ied,) + m]

I'A] = sum of diagrams with one fermion loop decorated by

external photon vertices




e Triangle diagram:(cont.)

Classical symmetry in the chiral limit m = 0:

Uy (1): Y- e %Y _ Yo e

Ua(1): Y- e Vs h - ghemS
S[A, 1, 9] > S[A, 9, ]

Currents: Ju =Wy Jsy = Wy ysy

0./, = 0 = electric charge conservation

auJSM = () = axial charge conservation
Quantum mechanical:

UV divergence demands regulators.
Uy, (1) has to be preserved because of gauge invariance.
U,(1) is explicitly broken by a gauge invariant regulator;
is not recovered when the regulator mass M - co = anomalous!
0., =0 but J,J/5, =anomaly # 0



Triangle diagram:(cont.)

Beyond chiral limit: m # 0:

Classical: 0,J, =0 0,Js5, = 2imyysy
Quantum: 0,J, =0 0,Js5, = 2imysy + anomaly

Axial current in an external EM field

[[dpdipletStavPl o (x)

< Je,(x) >4= — =
SU f[dl/)dlp]elsl[A'lp'lp] Aﬂ(k) — j d4xe—ik-xAu(x)
1 (d%, d%%, i(kq+k2)x 3
B Ef ettt Byvp (a, k2) Ay (k1) Ap(k2) + 0(A47)

0, < Jsu(x) >4=
i f dtk, d*k,
2) (2m)* (2m)*

ellfitka)x (fe ko) B p (k, ko) Ay (k)A, (ky) + 0(A°)



e Triangle diagram:(cont.)

A e kot = Zfd4pt 1 1 1
o a2l = =67 | yd Ve (i —m Py —m "V ky —m

N 1 1 1
16+Ié1—myv1é—myp1ﬂ—lx‘2—m



Triangle diagram:(cont.)

d4
(27:;} trys (Jt1 + K2) X

(s + I (ke gl = —ie? |

1 1 1 1 1 1
(ﬂ*‘k’z—myplﬁ—myvﬂ_k1_m+¢+li1 myvﬁ myplﬂ—kz—m
Using the identity

1 1 1 1
y+q—my5” —mz_ysﬁ—n}_ﬁ+;{—1my5
_Zmﬂ+/q—my5]d—m

We find
(kl + kz),uAuvp (k1; kz|m) — va (m) + ZimAvp (m)



e Triangle diagram:(cont.)

I,,(m) = ie” P trys (‘Vv - 14 : +v : 14 -
(2n)* prla—mPp—m Vp—m"P =k, —m

1 1 1 1
_V%ﬂ—m”zﬂ—%—m”"wkl—m“zﬂ—m)

The 15t (3nd) term differ from 2"9 (4t") term by a shift of integration momentum,
but each integral is linearly divergent = I,,,(m) # 0.

A L d'p 1 1 1
Vp(m)_e f(Zﬂ)4try5 Zj-l'kz_mypﬁ_myvﬁ_lfl_m

N 1 1 1 )
p"‘%_myvld_mypﬂ_kz_m

Convergent integral



Triangle diagram:(cont.)

Pauli-Villars regularization: Preserve the vector current conservation
Aﬁvp (k1 kalm) = 1\}11_{20 [A,uvp (ky, kplm) — Ayvp (kq, k |M)]
= lim [1,,(m) — L,,(M)] + 2i lim [mA,,,(m) — MA,,(M)]

Shift integration momentum becomes legitimate!
. . d*p | |
I\EII_I)IC}O[IVp(m) — vp(M)] — 1\}11_1)20-[ (27_[)4 [jvp(plm) _jvp(le)] =0

(ki + kz?MAﬁvp(kl,kﬂm) = ZiTrfAvp(m) — 21'1\}Ii_r>rgo MA, ,(M)
v _
Naive Ward identity

Anomalous Ward identity

e?

(kl + kz),uAﬁvp (k1; k2|m) — ZimAvp (m) + 2_7_L_26vpa,8k1ak2ﬁ

Anomaly!



Triangle diagram:(cont.)

—2iMA,,(M) = 2ie2Mf

2 5| + k)2 + M21(p? + MD)[(p — k)2 + M2

+(ky © ky,v © p)}

{ (B + )2 + My, (B + M)y, (¢ — Iy + M)

1-x (p+k2+M)yp(}Z+M))/v€p_k1+M)
— 4l€2Mf dxf dyf (27_[)4'(1‘)/5{ [(p+k)?y+ (p—k)’x+p?°(1—x—y) + M?]3

+(k1 < kz,V A ,0)}

1-x [ ki, k,)+ N,,(l k> k
(Zn) l2+M2+k x + kiy — (kix — k,y)?]3

pv(l» ki, ko) = trysy, U+ kix — oy) v [V = K1 (1 — x) — ),

Working out the trace

4ie*M? 1

1-x
—2iMA.. (M) = kiok d d
iMA,,(M) 2 cvpaffia ZBJ xJ yMZ +kix + kiy — (kyx — kyy)?
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Triangle diagram:(cont.)

Coordinate space:
o ie?
aulSu = 2imyysy + Weuvp)lFqup/l

Generalization to QCD+QED

d,]<, = 2imi +'Nfg2 FL F +ﬂ E.F

,u]5u — lml/J]/Sl/J 1327_[2 Cuvparluy pA 16772 Euvprluvlpa
where k., =0,A, —0,A,
Eh, = 0,A% — 0,AL + gf "™ AT A

color-flavor factor
n =N, z q7
f
UV divergence = Anomaly

— Anomaly is independent of temperature and chemical potential.




Other approches:

Point-splitting: Schwinger
Ju () = lim 5, (x,6)
]5u(x: 5) = iU(x+; x—)l/;(x+)yuy5¢(x—)

U(x,,x_) = exp [ief +d€p A,(E)| x4

ﬁ

Maintain gauge invariance

< ]5/1 (x,6) >4= —iU (x4, x—)tryu]/SSA (x_,x4)
where S,(x_,x,) = Dirac propagator in an external EM field
—¥, (8, —ied,)Sa(x_, x;) = i6*(x — y) m=0
1

Vu(au — ieAu)

X+

N[ O

Si(x_,xy)=—-i<x y >




e QOther approaches (cont.):

0,U(xy,x_) = ied,0,A,(x) + 0(6%)
—0,Sa(x_,xy) = [ie6p6pAﬂ(x) + 0(53)]
0, < Js,(x,8) >4= eF,,(x)8,try,ysSa(x_, x;)

= —e%E,, (08, | Ay tryysSe (e = YIRAVDISH O~ x,)

e’ 2E ()5 Jd4 0 1 1 Ao()
T T qeme© ke OpCuavB | Y g G — 2| o —xp)2 P
ie? ie?

— 4172 52 F#PF.BVEHCW,BSPSCZ o 16772 Euvp/lFqup/l
where Schouten identity

€uavBOp T €puavop + €gpuadv + €vppuda + €avppOy = 0
has been employed.




Other approaches (cont.):

Change of the path integral measure: Fujikawa

Si[4, Y, Y] = ifd4x1/3p1/) D = —iy, (0, —ied,)

214) = [ [dpdiples:
v(x) - e—ia(x))’sl/)(x) l/;(x) R l/j(x)e—ia(x)ys

6 a(x)
61 (x)
g (x)
SPp(x’)

— 5aﬁe—ia(x))/5 5(x —x') = (uA)aﬁ (x, x")

6aﬁe_i“(x)7’5 S(x —x') = (UA)aﬁ (x, x")



Other approaches (cont.):

Su[A, %, B1 = Si[A v, Pl - f d*xa d,Js,

[dydy] - [dydy](detU?)? = [dlpdl/j]eifd‘and

d =i5*(0)trys = oo x 0 Need regularization!
. 2

o _ ie
d= l/{l_l)‘glo Trysf(A™2D%) = T €nvprFnFoa
Z[A] > f [dipdip] e'Silavwl+] d*xald=0ussu] = 71 4]

2

e
— OM <]5M(X) >A= 16772 ELLVp?LFuVFp)l
In contrast: P - e %Y Y - pe'*  for Uy (1)

[dydy] = [dypdy] = No anomaly



e Non-renormalization

Multi-loop diagrams can be regularized by Pauli-Villars scheme applied to
internal Bose lines without offsetting gauge invariance. Therefore

e
(kl + kz)uAﬁvp (kl; k2|m) — ZiAvp (m) + _EvpaﬁklakZ,B

27‘[2 t

from one-loop only




Il. Applications: 2 (ke

« 10— 2y

Decay amplitude
T = lim F(q%)

q=——Mg

(k2, €2)
F(q®) = (q* + mp)e ey, &y f d*xd*y < 0|TJ, (%)), (»)m(0)|0 > eilkax+hkzy)

Naive PCAC relation 4, Js, = mif,m

2 2
q- + mg
=T

Tuvp = —le® f d*xd*y < O|TJ,(x)]y (¥)]sp(0)|0 > eftkrxtiezy)

81u£2va7va



« 1% — 2y (cont.):

Electric current conservation + Bose symmetry
q°F(q*)
q* +ms
where we assumed that ¥ is the only low-lying pole
2 2
q°-+m 1
:F(qz) — fnm%ngl,ungCIpTuvp frcmn El,LLEZVEuva,BklakZ,Bq F(qz)
= F0)=0

Low %mass F(m2)=F(0)=0  disagree with experiments.
Modified PCAC relation

dp T,uvp = €uvap klakZ,B

0

. 2
ie
aulSu — m%fnn + 30772 Euvp/lFqupxl
— Decay width = 7.63 eV
Experimental value = (7.31 £+ 1.5)eV




Chiral magnetic effect:

QCD+QED Lagrangian with ordinary and chiral chemical potentials

T 1 [ il 1 - Al Tl -
L[A,I/J,I/J] 4F,quuv 4 ,uv ,uv l/))/,u(a lgAuT _leAu)llj

+ﬂl/)Tl/) + HSIIJTVSI/) +]u U
+gauge fixing terms and counter terms
Both u and ug can be functions of space and time.
Generating functional of connected Green functions of photons

Z|J] = f [dAY[dA][dpdp] et ] 2 xLlAaw¥]

f dt may follow a closed time path to handle the non-equilibrium case.
o0lnZz

A =15




Chiral magnetic effect (cont.):

Quantum effective action:

[[A] =—ilnZ[]] - ] d*x J,A

L B N (SR
) = 50 = | e @ =10+

] = 0@4) 1 = 0(usA),

1P (q) = —i ] G )4A4w( q,9 — k[0)us(k)A, (q — k)

Ay @) = [ d*xe 8, () s(h) = [ dixe )



Chiral magnetic effect (cont.):
Consider A, (x) = (ﬁ(?), 0), us(x) =uge "t
us(k) = (2m)*us63 (k)6 (ko — w)
Ji(q) = —iushyi;(—q,q — k[0)A;(q — k)
k = (O, ia)) qg=(q,iw)

Anomalous Ward identity

lwAéLij(_CIr q — k|0) = _2_7_[261161[?676!(627 k)ﬁ — l27‘[2 WE;jkqk
e
Ayii(—q,q — k|0) = >z Eijkdk
. _ezu5
In the limit w—0 Ji(q) = — Ay €1k QreA;(q)
=550  B=Txd

27T



lll. Miscellaneous Topics:

* Other chiral anomalies:
Non-Abelian gauge anomalies:

Si[A, ¢, ] = ifd4x(l/;L¢L¢L + YrPrr)
D=8 —idT, Pr=7—iAT;

= i(lpLVuTLl/JL + l/;RV,uTRl/)R)
(T,,Tr) = generators of gauge transformation of left and right fermions

DS = 0,3 + Fob AL
Classical DPJ;} =0
Quantum DM]M = K€,y dabCFb Fa

a0 = 5 (eI {7} 1) et 1e)

3rd Casmir



e Other chiral anomalies (cont.):

Chiral anomaly in curved space:
DHJi = ketVPH(d*PCED Fs) + K'b*R%g,,RF 457)
1
DU = 7= W(V=aIE) + FPCALT
R%p,, = Riemann tensor
1
dabe — > (rT&{TE, TS} — eTH{TP, TF})
Gauge-gravity mixed anomaly
Pure gravitational anomaly:
D*T,, # 0
Existsonlyind = 4k + 2 (2,6,8,10, ...) dimensions



Covariant and consistent anomalies:

One-loop effective action:

r[A] = —iln f (dpdip]eisil4wib)

An infinitesimal gauge transformation:

0A, =D,0
ol'lA] = 2 d*x D, 0 o d4x 6D d*x0./
[A] = 2tr x Dy 5Au(x)0<tr x0D,], o tr xt
Introduce the generator in functional space Anomaly
)
=—D,—
G0 = ~Du -

Lie algebra:

[G(x), 6P ] = if PG (x)8* (x — ¥)




 Covariant and consistent anomalies (cont):

Wess-Zumino consistent condition:
GA)A(Y) =GP (A (x) = if *PGE()A(x)6*(x — y)
For non-Abelian chiral gauge theory
---- Covariant anomaly is not consistent;
---- Consistent anomaly is not covariant;
---- They share the same group theoretic factor.



Anomaly cancellation:

Benign anomaly: Anomaly of global symmetry
—> Interesting physics, e.g., CME

Bad anomaly: Anomaly of gauge symmetry
— Jeopardize unitary and renormalizability
— Has to be cancelled!

Example 1: Electroweak theory, gauge group = SU(2) X U(1)

1
dabe = > (ueT{TR, TS} — e THTL, TF}) = 0

b = trTg —trT =0
— Anomaly free!
Example 2: Supersymmetric Yang-Millsind = 10
Anomalies to be cancelled: gauge, mixed and gravity
Anomaly free gauge group: SO(32) and Eg X Eg

Superstring
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