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@ Wigner function in quantum mechanics

@ Wigner function in field theory: complex scalar and Dirac field

@ Wigner function of chiral fermions in external electromagnetic field
@ Chiral kinetic equation from 4D to 3D
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Single-particle distribution function in classical

theory

@ Single particle distribution function in phase space f(t,x, p)
f(t,x,p)d>xd®p
@ Macroscopic particle current
"
(e = [ Pt x,p)
P
® Macroscopic energy-momentum tensor cm Ep = /m? 1 p?

TN
TH(t,x) =/d3p%f(t,x, p)
P
|

particle number in

volume element d3xd3p
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Heisenberg uncertainty principle

@ Position and momentum of a particle cannot be determined
simultaneously

Ax-Ap}%

@ Quasi-classical approximation

Imfp > )\deBroglie
@ Boltzmann equation
0

d
af(t,x,p) = <8t+_p V+F- V,,)f(txp)—C[f]

Clf] = / di'12pa(hfhaFpFs — FiFaf,f)
124
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CM position and relative momentum

@ Particle 1 with X1, p1, particle 2 with X5, p

[&évi\){;] = ihéabéijv [ Xa b] =0, [ﬁ;%] =0, (37 b= 172)

@ Position and momentum of the center of mass for Particles 1 and 2
= —(X1 +%), P=p1+pa, [X',P]=ingy
@ Relative position and relative momentum of Particles 1 and 2
o o 1. NN
X=% —%, p= §(p1 —p2), [X,p]=ihd;
@ CM position and relative momentum are commutable

[)A(”i}/]:o
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Definition of Wigner function

@ Schroedinger equation
0 h?
iho W(t,x) = HW(t,x), H= ——v2 + V(x)
@ Definition of Wigner function through wave function

1 By y y
W(t,X,p):W/dsye hy\U (t,X‘i‘E)w(t,X—E)

@ Wigner fucntion W(t,x,p) in phase space is well defined
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Property of Wigner function

@ Properties of Wigner function

W*(t,x,p) = W(t,x,p)

p = \IJ*(t,x)\IJ(t,x):/d3pW(t,x,p)
i = %(‘U(t,x)vw*(t,x)—W*(t,x)VW(t,x))

= /d3p% W(t,X, p)
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Property of Wigner function

@ Proof of the current

/d3p%W(t,x,p) =

"’(fx+)( %)
T T AL o /’””

drop complete derivative in y
X<V, [w* (tx+¥) ( x——)]

= i%/d3y5(3 (¥)
X [W(t x——)v w*(tx+%)
_y* (tx+ )vw( x—%)}

Vy = £3Vy
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EOM for Wigner function

@ Equation of motion for the Wigner function

%W(t,x, p) = —ip -V W(t,x,p) + [V V(x)] - Vo W(t,x,p)
(-=1)"
+Z < > @n+ 1)
X (vp V)2V (x)W(t, x, p)
@ Proof.

Py

0 3 y ; y
EW(t,X,p) - (27Th3/ yeh tax_i)atw (t’x+§>

#vr (exrg) v (ex )]
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EOM for Wigner function

@ Proof.
%W - (277171)3/ dy e
[‘U(t,x—;) <—%v§ %V(x+%)>w* (t,x—l—%)
w0 (1x+3) (5uvi- V- D) (ex- 1))
= I(V2)+1(V)
W = %HW*
W = —%H\U
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EOM for Wigner function

1(V3)

Qun Wang (USTC, China)

ipy

yen

i (am) T [ €
[W(t,x—z)vx\ll*<tx+ )
(ox 27w (ox D)
iy () Ve [ e
xVy[ (tx—i— )W(tx——)]

P v.w(t,xp)
m
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EOM for Wigner function

(V)

X\Il(t,x—%)\lf* t,x—i—%)
1 ) ipy 2
(2rh) I / dy e ), (2n + 1)

) (%y | vx>2n+1 Vow (t,x N %) v (t,x+ %)

h a (_l)n 2n+1
Z(E) anr (Ve VIO VW(E x.p)

[V V(x)] - VpW(t,x,p) + O(h?)
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Liouville equation for Wigner function

@ Wigner function satisfies the Liouville equation at classical limit A = 0,

0

a W(t7 X, p) + % - Vix W(ta X, p)_[vxv(x)] ’ vI?’ W(t7 X, p) =0
- force

velocity

@ Quantum effect

R\?" (—1)" 2n+1
(5 g e Vg
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Wigner function: complex scalar field

@ Lagrangian and Euler-Lagrange equation

L = (99N (0u0) — m*sTe
(@ 4+ m?)p = (8% +m*)p' =0

@ Current and energy-moment tensor
o= 06O - 0y
2
T = Lol(0h - )@ - e
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Wigner function: complex scalar field

@ Definition and EOM
W) = 2 e (4 (4 o - 3))

quasi-on-shell <p2 —m?— %hza)%) W(x,p) = 0

Vlasov eq. p-OxW(x,p) = 0

@ Current and energy-moment tensor
o= / d*p p"W(x, p)

™ = / d*p p"p’ W(x,p)
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Wigner function: complex scalar field

@ Decomposition of Wigner function

Z = WH(x,p) + W(x, p) + WO(x, p)

@ where

time-like p
positive energy

time-like p
negative energy

space-like p

Qun Wang (USTC, China)

W (x,p) ~ ©(po)O(p°)
WE)(x,p) ~ ©(—po)O(p°)

WO(x,p) ~ ©(-p?)

CKT by Wigner Function Huada QCD School-2017

16 / 59



Wigner function: complex scalar field

o If p is space like, p?> < 0, we would have
1
tha)% W(Xv p) = (p2 - mz)W(Xv p)

(%)2 W (x,p)|

@ which means that Wigner function has large fluctuation in the scale
of Compton wave length. This arises from interference of
wavepackets of postive and negative frequency, a quantum effect. We
won't consider this case, instead we assume

s
m?2

W (x, p)| > [W(x,p)|

h

2
(%> 82 (x, p)| < |W(x, p)|
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Wigner function: complex scalar field

@ So Wigner function is on mass-shell

(0~ m)W(x.p) = 0
W(x,p) ~ d&(p> —m?)

@ We have

W(x,p) = 26(p* — m?) [O(po)f(x,p) +O(—po)f(x,—p)]

o= [atoprwinp = [ d3pi_—: [7(x.p) — F(x.)]

v v pupu T
T = /d“pp“p W(X,p)Z/d3p = [f(xp) + f(x,p)]

p
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Wigner function: complex scalar field

@ Use second quantization to compute W(x, p)

d? 1 : :
00 = [ (e )

(2m)° \/2E,
= ¢ (x)+ 6 (x)

@ We have

d* ;
(+) — Y py (H)f
W+(x,p) 2/(2 )4e <g/) <X+

W) (x,p) = 2/ (er))/4 e Py <¢(—)T <x+

Y
2
Y
2
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Wigner function: complex scalar field

@ Let's compute W(H)(x, p) and W()(x, p)
4 3 3 1 1
Ws) = 2 [ 2

2m)* (2m)3 (27)3 \/2E,1 /2B

X exp [—ip-y+ip1-(><+%)—ipz'(x—Z)]

2
(o) X :aTaQ:
353 (+) p1P
= (2m)*5®) (p — KSR (Ep)

4 3
:2/dydp1 1

exp [—i(p — p1) - y] fE(Ep1)

R En) = e (2m)* (27)3 2Ep,
e () = et 2 2 oy o (4)
= W@(PO)(S(P — m*)fgg’ (Ep)
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Wigner function: free Dirac field

@ Lagrangian and EOM

momentum tensor

o=
T =

Y -

Qun Wang (USTC, China)

&L = P(in"9, —

zﬁ’y%
L@ - P

m)y
(iv?0, — m)yp =0
@ Fermion number current, energy momentum tensor and angular

1_
)T = X! TP 4 23 {57, S Yoy

CKT by Wigner Function

{70, €™} = {70, %k} = 345
2

SHY —

sty

‘]
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Wigner function: free Dirac field

@ Definition of Wigner function

water) = [ S (55 (x-2))

@ Fermion number current and energy momentum tensor

= / d*KTe[* W (x, p)]

TP = /d4kTr[fpr(x,p)]p"
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Wigner function: free Dirac field

@ EOM for Wigner function

() oo - o

1.« o1
o = fr (e en) ol o) ol
1
= {—185 +p°—m +ip"6§] W(x, p)
. [CHE o

p?OsW =0
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Wigner function: free Dirac field

@ Proof of EOM for Wigner function

"’Y:‘f%‘/‘/jk(&p) = iv,-j’- / (Z;§4e—fp'y
s (B (< 3) s (+=3))
R E
xW—w ul-3)
+< "Y'Jaxp‘bf( ;>>]

= pp'}/u + 2m5u) k(Xa p)
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Wigner function: free Dirac field

@ For the first term, we have used

e_ip'yQi’YZ)' <ip?;k (X + Z) Vj (X - §)>

o e () (x- )

+e_ip'y<&k<x y)”ua 70 (x ';)>

= (=2ppj; + mdy) Wik(x, p)
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Wigner function: free Dirac field

@ Quantization for fermionc field

B dp 1
¢(X) - /(27‘()3 2Ep
{ur(p)awe_"p'x + v,(p)b;,e"”'x}
= 00+ 90

@ Decomposition of Wigner function (s = =)

e = [ e 5 (e ) ()
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Wigner function: free Dirac field

@ Calculate positive (negative) energy part

Wip) = [ @re e (59 (x 5) ol (x- )
= /ﬂe—ipy d*p 1 Pp 1
- ) @) 2n)? \/2E,; | (2n) \/2E,,

x <aIT91,rlaP2,r2>elp1'(x+y/2) e~ P2 (x=y/2)

T
<ap1.r13p2,r2

= 5 (o1 — p2) X Ur2(P2)Ur1(pP1)
Sr1,r2fn (Ep1)
FD\Fp d p1 1
= f
/(27r)3 26,1 ECY

e—i(P—p1)-y

xur1(p1)Ur1(P1) / (;77))/4
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Wigner function: free Dirac field

@ Calculate positive (negative) energy part

WEkp) = (555,760~ EE(E) S ule)i(p)

B (21)3 (Po)d(p? — m?)fg +)(EP)Z“’(" )ir(p)

W xp) = ot (-p)i(p = m)AE) (E) S (e ()
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Chiral fermions in EM field

@ Right-handed and left-handed sectors are decoupled,
L = Piv’Dyp = Yrin”Dyr + Yriv’ Dby

R and L projector Dy = 0p + ieA,

Ay = % (li’vs) TZJR/L — Ai¢

AL =Ap,ApAy =0

covariant derivative

VriL = 11):?/[70 = ¢TAiy0 = OA;
YRIVOpL = AN iy Dytp =0

YLin?Opbr = QZ)A-I—/\—’.'VPDpQ;[):O

YINL = Agr®
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Chiral fermions in EM field

@ Dirac equations in Weyl representation

YDy = 0

0 Upr XL - 0 O"DXRZO
5'pr 0 XR o 5‘~DXL:O
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Chiral fermions in Pauli space

@ Dirac equation for right-handed (left-handed) fermions
& = xhio-Dxr+x|i5-Dx1
L
o-Dxg = 0, xko-DI =0
LT
g-Dx. = 0, x}¢-D' =0
@ Two-point Green function for right-handed fermions
Sab(x1,%) = <XL(X2)Xa(X1)>

oDy, S(x1,x) =0
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Gradient expansion

@ Center and distance of two points
1
X=skatx), y=x-x

1 1
Oy = 50x = Dy, Oy = S0x + 9y

@ Two-point Green function for right-handed fermions

Sabae) = (xh0e)vala))

oDy, S(x1,x) =0
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Gradient expansion

@ Equation for 2-point function
o - DXIS(Xl,XQ) = 0o~ [6)(1 + ieA(Xl)]S(Xl,XQ)

1
A o [58)( -0y
1
+ieA(X) — ie§y . OXA(X)] S(X,y)

@ Gauge invariant 2-point Green function with gauge link

S(X,y) = UX, X = 5)S(X = 2, X + 2)U(X + 2, X)

Ut x0) = P exp [—ie /X "z A(z)]

2
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Gradient expansion

@ Weak background field

S(X,y) ~ [1—iey-AX)]S(X,y)+ O(e?)
S(X,y) =~ [L+iey- A(X)]§(X,y) + 0(€?)

@ Equation for gauge invariant 2-point function
> 1 1. "
S(X,y)ia “0x —o -0y + Eleauy,,F

+3iely Ao - 0x) — iely - A 3,)| 3(X.y) = 0
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Wigner Function in 4D
@ Gauge invariant Wigner operator/function in backgroud EM fields
d4y _ip- — 1
W(X7p) = /(27T)4e Py <¢/j’ <X+ §y>

Heinz, 1983 1 1 1
Vasak, Gyulassy, Elze, 1986,1987 U <A7X + EY;X - §y> 7/}01 (X - §y>>

@ Dirac equation in EM fields

[i7"Dy(x) — mlih(x) =0,  P(x) [iijL(X) - m] =0

@ In homogeneous EM fields, quantum kinetic equation for Wigner
function of massless fermions can be derived from Dirac Eq.

[% <p“ + %iV“) - m] W(x,p) =0

Vi =0 — QFFV

phase-space derivative
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Wigner Function in 4D

@ Wigner function decomposition in 16 generators of Clifford algebra

1 . 1 )
W(x,p) = 2 |:g€_|_ 5P + YV + syt ), + EO'IWZW]

scalar p-scalar vector  axial-vector tensor

@ Currents and energy-momentum tensor can be obtained from Wigner
function components

1
= [dtorn g= [ dtpep, T =3 [ dtpptir

Vasak, Gyulassy, Elze, Ann. Phys.173,462(1987)

Elze, Gyulassy, Vasak, Nucl. Phys. B276,706(1986)
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Equations for Wigner function components

Two sets of equations for WF components are derived from QKE for WF
which are decoupled from each other. One set of equations is for the
vector component _#7(x, p) for chiral fermions (with chirality s = +),

p" 75 (x,p)
VF Z:(x,p) = 0
2s(p* g —p* g1) = —e"MV, 75

where 7 7(x, p) are defined as

Sip) = Ualep) +seu(x )
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Perturbative solution

Perturbation in (J)" and (F,)". The solution at the 0-th and 1-st order

Slysxp) = pP(P7)

S~ df- S =
Ihip) = —EQPBp@d—pzé(pz) — 2 QF P (p)
arB — %El’ﬁl“’Q‘“’ EPA — %e/”\’”’F‘w

Qp,u = %(au”u - auuu)

where f; is the distribution function (us =+ sus, po=p-u ),

2
fo(x,p) = E [©(po)fep (Po — is) + ©(—po)frn(—po + ps)]
fermion part anti-fermion part

frp (x) = ﬁ, Fermi-Dirac
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Static-equilibrium conditions

The Wigner function solution is obtained under static equilibrium
conditions

2
ATCNPP (a ug + Oguy — §AQ5A’”(9,,UU> =0

TA"pap% +QET =0
uP0,u” — A%P0,InT =0

1 Like Killing condition
o - po — Becattini (2012)
u 80 T + 3 TA apua O Becattini, Bucciantini, Grossi, Tinti (2015)
Becattini, Grossi (2015)
s u
0p—==0, u'0,==0
T T
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Simplified conditions for constant temperature

With constant temperature, the above conditions are reduced to following
simplified form

8U/L5 = 0, 80 T=0
9°u” + 8% uf =0
80'N = _QEO'

Like Killing condition

Becattini (2012)

Becattini, Bucciantini, Grossi, Tinti (2015)
Becattini, Grossi (2015)

Qun Wang (USTC, China) CKT by Wigner Function Huada QCD School-2017 40 / 59



Derivation of CCKE

We insert the Wigner function solutions into

Vil A os + Ayl = 0

The zero-th order is evaluated as

VP O] = (0 — QFFaR)[p d(p7)]
5(P2)P Vs

where we used p*V,6(p?) = 0 and V,p* = 0. The first order can also be
evaluated similarly.
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Derivation of CCKE

We combine the 0-th and 1st order contribution we obtain

Vu[/{é)s + /(/i)s]

1 .
= (5(,02) puvufs‘i‘SQ?Qu)\P)\F;mpﬂfs/

S~ 1.
_EQMAP)\(V/L’CSI)_SQ?Fu)\p)\(v,ufs) =0
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Derivation of CCKE

Further simplification gives T = ok — QFieP
1 - ~ S =~
[(p“ -0 Fripy — s%wm + 5@%) Viufs
S x 1 ~
+ <—§QH’>\P>\QMV + SQ?Q/MP)\FWQPHUV> agfs:| 5(P2) = 0,

which can be cast into the form

x g dp"
5(p )<—a dTagg):o
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Derivation of CCKE

Here dx*/d7 and dp*/dT are given by

dx* 1~y 1 p§ Po
mo— - = p“—sQ?F“ p>\+s<§—? w“—i—s?(p-w)u“
+X"
dp“ 2 P* g
= QFm™ P_FE,
0 QF"™p, + sQ 152 A

1 1
—I—ESQ( w)u“—sQ 5(p-w)(p- E)u" +sQ 2po(p w)E!
+YH
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Freedom of adding more terms

The new terms X* and Y* can be added

dx* L
5 ¢ Xt = sC(p,u)w” +sC(p,u)(p-w)u
+sCG(p, u)(p - w)p"
dp*
d—"T Y = —sQ[Cu(p, u)(w - E) + Cs(p, u)(p-w)(p - E)Ju°

+sQCa(p,w)p”

which satisfy the equation

XO s+ YOORf, =0
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Freedom of adding more terms

We assume following forms for these unknown functions

p2
G(p,u) = GCo+ C11p—g
]- oefficients restricte

C2(p7 u) = C2Op_(2) + C2]-_ Sonsfirvati:)n oftch:r:eby

pl Po and energy-momentum
Glp,u) = Go—

P
Clpw) = Ciolw: E) + Cy—(p-w)(p E)
4 \p,w) = 40\W - £ )— 41— (P W)\p-

Po P?po

where {Cio, Ci1, Coo, Got, G0, Cao, Can
be determined.

re dimensionless constants to

Coefficients restricted by
matching power and force
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Constraints from currents

The currents for chiral fermions with chirality s = +1 are given by,
) dx*
g = /d4P5(P2)m0?fs
= J§(EM) +j¢(w)

where for the current from EM field

BEM) = —5Q [ d*ps(p) 5 PP, = ¢5B"
J(EM) = (£B+£§)BM=%M5B“
BEM) = (6~ €5)B" = 5 guB"
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Constraints from currents

For the current from vorticity

. 1 1
Hw) = <C10 - §C11 + §C3o + 1) Eswt
. . . 1
JEw) = j{w)-E(w)
1, 1,5 o],
- [67— + 2772(N "‘Ns)] w

which gives the constraints

1 1
Cio — §C11+ §C30 =0
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Constraints from stress tensor

The energy mometum tensor in the relativistic chiral kinetic theory can be
obtained by

o)
dx f
dr

1
TP = Emo/d“pé(pz)Zp(”
— TP (EM) + 77 (w)

1 1 1 1 1 1 3
= ZQuPB) 4+ (ZCio—-Ciu+ -G+ ~Cop— =Coy + = (Pey?)
2Q§U +<2 10— 7Gu+ 7 Go+ 4 Go 5 2ty ) msutw

= %qu(p B?) + nsu(Pw,”)

which gives the constraints

1 1 1 1 1 3
— — = — — — = — = ]_
2C10 4C11+4C30+4C20 6C21+4
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We combine two constraints from conservation laws

1 1
Cio — §C11+ §C30 =0

2
Co — §C21 =1

We see that Cog and (o1 cannot all be zero.
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Chiral kinetic equation: from 4D to 3D

With CCKE in 4D, we can obtain its 3D version by integrating over pg,

dx® dp?
I = %) | == 05t + —— 0",
/dpoé(p)[dTaas—l— dra"s
= /Xo+/x+/po+/p
co=0 o=i p=0 p=i

Each term has three contributions
= 1(0) + [{EM) + ()

where j = x0, p0, x, p.
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Extract dp/dr

For an on-shell particle the energy is not an independent phase space
variable, its rate dE,/dT from I,o can be determined by

dEp p dp

dr  |p| dr
So in derivation of the 3D chiral kinetic equation from the 4D one, the py
degree of freedom is fixed and is not a kinematic variable in the 3D kinetic

equation. We can extract the EM field contribution to dp/dt from
Ip(EM)

dp _ L 2(E . Blo_ - _
e =0 B+ xB) @' By
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Extract dp/dr

The energy rate from the vorticity can be obtained from /,o(w),

dE,

T2 = (Gt 1) 5

2lp|
3
+5Q(Czo + 1)@0’ -w)(p - E)

(E-w)

We can compare it with dp/dT extracted from I,(w),

L

dp B
o) = pp

1

—@ﬁ(p -w)(p-E)p

Qun Wang (USTC, China) CKT by Wigner Function Huada QCD School-2017 53 / 59



Extract dp/dr

Enforcing % = |L . %, the coefficients must satisfy

p|
1
C4() == §(C30 + 1)
1 3
C4]_ == E—Z(C:J,O‘i‘].)

So in this case we obtain dp/d7 from vorticity as

dp

Pw) = 0 #m-w) (G + 1) 5w E)p

2| 2
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Extract dxy/d7 and dx/dt

From from I and I, we obtain

d 2

PO 14 %5sQ(R-B) + (4 - —C21> s|pl(Q - w),
dr 3

dx . .

el +sQB(p - Q) + CesQ(E x Q)

1
+s <1 — §C30> ﬁ + 3SC30(Q . w)p,

where where we have used the constraints about Cig, Ci1, Cog,Co1 and
C30.
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CKE in 3D

[Son,Yamamoto 2012,2013; Stephanov,Yin 2012; Chen,Pu,Wang,Wang 2012;
Chen,Son,Stephanov,Yee,Yin 2014; Kharzeev,Stephanov, Yee 2016;
Hidaka,Pu,Yang 2016; Mueller,Venugopalan 2017]

d 2
% _ 14+ %8sQ(R-B)+ (4 — -G |s|p|(R - w)
dr 3
dx n N
4. = P+sQB(p- Q) +7esQ(E x Q)

+<1 - EC30)Si +3C305(R - w)p

2 Ip|
dp P 2 1
L Q<E+—><B>+SQ E-Blp—
dr Ip| (E-B) 2|p|3
1
+SQW {(p w)E—> (G +1)(w - E)p

+%(1 + 3C30)#(p w)(p- E)p]
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Coeffcients in 3D-CKE

@ CKE in 3D is not uniquely determined due to free coefficients
{Ca1, Ca0, 6B, 6E}

® %5, % =1 or 2. The freedom to choose %5 and % is because the
integration over p of their corresponding terms are all vanishing, we
can make choices as to keep or drop them following some physical
reasonings. The g = 1 is consistent to the previous result.

@ With the coefficients {Co1, Cz0, 65, ¢} = {0,0,1,1} we reproduce
our previosu result of [Chen,Pu,Wang,Wang, PRL 110,
262301(2013)].
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Coefficients in 3D-CKE

Another possible choice of Czg is C3p = 2/3. In this case the vorticity
terms in dx/dT read

)= S b whp+ 2
— W) = — . — =W

dr p| p[3

When calculating the vorticity contribution to the current by the
integration over p for dx/d7 times the distribution function, one can
verify that the first term of contributes to 1/3 of the chiral vortical effect
while the second term contributes to the rest 2/3. In comparison to the
result of [Kharzeev,Stephanov,Yee, 1612.01674], the 1/3 contribution
corresponds to that from the spin-vorticity coupling energy, while the rest
2/3 contribution corresponds to that from the magnetization current.
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@ The CCKE is derived from 4D Wigner function by an improved
perturbative method under the static equilibrium conditions. The
CKE in 3D can be obtained by intergation over the time component
of the 4-momentum.

@ There is freedom to add more terms to the CCKE allowed by
conservation laws.

@ In the derivation of the 3-dimensional equation, there is also freedom
to choose coefficients of some terms in dxp/d7 and dx/dT whose
3-mometum integrals are vanishing.

@ So the 3-dimensional chiral kinetic equation derived from the CCKE is
not uniquely determined in our current approach.

@ To go beyond the current approach, one needs a new way of building
up the CKE in 3D from the CCKE or directly from the covariant
equation for the Wigner function.
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