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@ Wigner functions in quantum mechanics
@ Wigner functions in field theory: free complex scalar and Dirac field

@ Wigner functions of chiral fermions in external electromagnetic field |
J. Gao et al., 1203.0725; J. Gao, Q. Wang, 1504.07334 |

@ Chiral kinetic equation from 4D to 3D [ J. Chen et al., 1210.8312; J.
Gao, S. Pu, Q. Wang, 1704.00244 |

@ Wigner functions for massive fermions and applications [ R. Fang, et
al., 1604.04036; R. Fang, et al., 1611.04670 |
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Single-particle distribution function in classical

theory

@ Single particle distribution function in phase space f(t,x, p)
f(t,x,p)d>xd®p

@ Macroscopic particle current

particle number in

volume element d3xd3p

n
(%) = / ¢*p2f(t,xp) (1)
P
@ Macroscopic energy-momentum tensor cm Ep = /m 92
oV
TH (8, x) = / d*p” - f(t,x,p) )
p
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Heisenberg uncertainty principle

@ Position and momentum of a particle cannot be determined
simultaneously

Ax-Bp> 1 (3)
@ Quasi-classical approximation
Infp > AdeBroglie (4)
@ Boltzmann equation
i7‘(1‘,x,p) = <8 -V+F. V)f(t,x,p):C[f]
dt ot  E
Clf] = /124 di'12 s pa(ffaFpFs — FiFafyfy) (5)

Qun Wang (USTC, China) CKT by Wigner Function Huada QCD School-2017 4 /113



CM position and relative momentum

@ Particle 1 with X1, p1, particle 2 with X5, p

[&évi\){;] = ihéabéijv [ Xa b] =0, [ﬁ;%] =0, (37 b= 172)

@ Position and momentum of the center of mass for Particles 1 and 2
= —(X1 +%), P=p1+pa, [X',P]=ingy
@ Relative position and relative momentum of Particles 1 and 2
o o 1. NN
X=% —%, p= §(p1 —p2), [X,p]=ihd;
@ CM position and relative momentum are commutable

[)A(”i}/]:o
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Definition of Wigner function

@ Schroedinger equation

. 0 T

IFLE\U(t,X) HV(t,x), H= ——V + V(x) (6)
@ Definition of Wigner function through wave function

W(t,x,p) = ﬁ/d‘?’y ey (t,x—l— %) 1\ (t,x— %) (7)

@ Wigner fucntion W(t,x,p) in phase space is well defined
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Property of Wigner function

@ Properties of Wigner function

W*(t,x,p) = W(t,x,p) (8)

p = \IJ*(t,x)\IJ(t,x):/d3pW(t,x,p)
i = %(‘U(t,x)vw*(t,x)—W*(t,x)VW(t,x))

— / d*p® W(t,x,p) (9)
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Property of Wigner function

@ Proof of the current

/d3p%W(t,x,p) =

"’(fx+)( %)
T T AL o /’””

drop complete derivative in y
X<V, [w* (tx+¥) ( x——)]

= i%/d3y5(3 (¥)
X [W(t x——)v w*(tx+%)
_y* (tx+ )vw( x—%)}

Vy = £3Vy
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EOM for Wigner function

@ Equation of motion for the Wigner function

%W(t,x, p) = —ip -V W(t,x,p) + [V V(x)] - Vo W(t,x,p)
(—1)"
+Z < > @2n+1)!
X (vp V)P V(X)W (t, x, p) (10)
@ Proof.

Py

0 3 y ; y
EW(t,X,p) - (27Th3/ yeh tax_i)atw (t’x+§>

#vr (exrg) v (ex )] )
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EOM for Wigner function

@ Proof.
%W - (277171)3/ dy e
[‘U(t,x—;) <—%v§ %V(x+%)>w* (t,x—l—%)
w0 (1x+3) (5uvi- V- D) (ex- 1))
= I(V2)+1(V)
W = %HW*
W = —%H\U
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EOM for Wigner function

1(V3)

Qun Wang (USTC, China)

ipy

yen

i (am) T [ €
[W(t,x—z)vx\ll*<tx+ )
(ox 27w (ox D)
iy () Ve [ e
xVy[ (tx—i— )W(tx——)]

P v.w(t,xp)
m
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EOM for Wigner function

(V)

X\Il(t,x—%)\lf* t,x—i—%)
1 ) ipy 2
(2rh) I / dy e ), (2n + 1)

) (%y | vx>2n+1 Vow (t,x N %) v (t,x+ %)

h a (_l)n 2n+1
Z(E) anr (Ve VIO VW(E x.p)

[V V(x)] - VpW(t,x,p) + O(h?)
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Liouville equation for Wigner function

@ Wigner function satisfies the Liouville equation at classical limit A = 0,

LWt xp)+ 2T W(exp) [TV VWit xp) = 0
force (12)

velocity
@ Quantum effect

i 2n _1)n -
_nz:;<§> ﬁ(vp'va * V(X)W(t‘,x’p) (13)
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Wigner function: free complex scalar field

@ Lagrangian and Euler-Lagrange equation
L = (9"9")(0u0) — m*¢'o
(0®+m?)p = (0 + m*)¢! =0 (14)
@ Current and energy-moment tensor

o= i@ - e

T _ ;Qg(a_ﬁ ~ 5@ - &) (15)
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Wigner function: complex scalar field

@ Definition and EOM

W(x,p) = 2/%e"py <¢T <X+

quasi-on-shell <p2 —m? = %hza)%) W(x, p)

Vlasov eq. p-OxW(x,p)

@ Current and energy-moment tensor

o) uo

o= / d*p p"W(x, p)

™ = / d*p p"p’ W(x,p)
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Wigner function: complex scalar field

@ Decomposition of Wigner function

Z = WH(x,p) + W(x, p) + WO(x, p) (19)
@ where
ime-lik (+) - 2
posive energy W (x, p) ©(po)O(p~)

time-lik _
nlg]ggtilveegnergy Wl )(va) ~ @(—PO)@(Pz)

space-like p WO (x,p) ~ ©(—p?) (20)
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Wigner function: complex scalar field

o If p is space like, p?> < 0, we would have
1
tha)% W(Xv p) = (p2 - mz)W(Xv p)

(%)2 W (x,p)|

@ which means that Wigner function has large fluctuation in the scale
of Compton wave length. This arises from interference of
wavepackets of postive and negative frequency, a quantum effect. We
won't consider this case, instead we assume

\1 -2 W) > W)l @)

2
(%) 2W(x, p)| < |W(x,p) (22)
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Wigner function: complex scalar field

@ So Wigner function is on mass-shell

(0~ m)W(x.p) = 0
W(x,p) ~ d&(p> —m?)

@ We have

W(x,p) = 26(p* — m?) [O(po)f(x,p) +O(—po)f(x,—p)]

o= [atoprwinp = [ d3pi_—: [7(x.p) — F(x.)]

™ = / d*p p#p" W(x,p) = / @’p pZ—py [F(x. p) + F(x.(8H)

p
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Wigner function: complex scalar field

@ Use second quantization to compute W(x, p)

d3p 1 —ip-x ip-x
o(x) = /(2%)3 \/E(ape P —l—b;f,ep)

= M (x) + ¢ (x) (25)
@ We have

d* ;
(+) — Y py (H)f
W+(x,p) 2/(2 )4e <g/) <X+

o - o G o0

X
+
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Wigner function: complex scalar field

@ Let's compute W(H)(x, p) and W()(x, p)
4 3 3 1 1
Ws) = 2 [ 2

2m)* (27)3 (27)3 \/2Ep1 \/2Ep2
X exp [—ip-y+ip1-(><+%)—ipz-(x— %)]
:a;ak: T
(e SR CHELY

(b — WA (Ep)
B 2/ dy d°p; 1

exp [—i(p — p1) - y] fE(Ep1)

R En) = e (2m)* (27)3 2Ep,
e (E0) = et 2 2 2y ()
= W@(PO)(S(P — m°)fgp’ (Ep)
wOlp) = o )36( po)(p? — mP) i) (Ep) (27)
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Wigner function: free Dirac field

@ Lagrangian and EOM
L = §(ird, — m) (28)
(178, — m)y = 0 (29)

@ Fermion number current, energy momentum tensor and angular
momentum tensor

= zﬁ’y%
T = S0 -
MPEY = B TPV ¥ TP +%?ﬁ{7”,5“”}¢ (30)

{70, €™} = {70, %k} = 345
2

SHY = L[y, Y]
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Wigner function: free Dirac field

@ Definition of Wigner function

W) = [ e (x5 e (x-3)) 1)

@ Fermion number current and energy momentum tensor

= / d*KTe[* W (x, p)]

TPo = / d*kTr[y*W(x, p)]p” (32)
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Wigner function: free Dirac field

@ EOM for Wigner function

[’yp <%i8j§ + pp> _ m] W(x,p) = 0 (33)

1., o (1.«
() e ren) o
1
— [—18)2( + p2 —m ip”(?;(] W(x, p)
L1924 2 ) W —
. {( 105 +pP—m) W =0 (34)

p?OsW =0
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Wigner function: free Dirac field

@ Proof of EOM for Wigner function

"’Y:‘f%‘/‘/jk(&p) = iv,-j’- / (Z;§4e—fp'y
s (B (< 3) s (+=3))
R E
x{zlvﬁ<—w< b))
+< "Y'Jaxp‘bf( ;>>]

= pp'}/u + 2m5u) k(Xa p)
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Wigner function: free Dirac field

@ For the first term, we have used

e_ip'yQi’YZ)' <ip?;k (X + Z) Vj (X - §)>

o e () (x- )

+e_ip'y<&k<x y)”ua 70 (x ';)>

= (=2ppj; + mdy) Wik(x, p)
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Wigner function: free Dirac field

@ Quantization for fermionc field

B dp 1
Y(x) = /W—2Ep
{ur(p)awe_"p'x + v,(p)b;,e"”'x}
= )+ (%) (35)

@ Decomposition of Wigner function (s = =)

) = [ e ) (e ) ()
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Wigner function: free Dirac field

@ Calculate positive (negative) energy part

Wip) = [ @re e (59 (x 5) ol (x- )
= /ﬂe—ipy d*p 1 Pp 1
- ) @) 2n)? \/2E,; | (2n) \/2E,,

x <aIT91,rlaP2,r2>elp1'(x+y/2) e~ P2 (x=y/2)

T
<ap1.r13p2,r2

= 5 (o1 — p2) X Ur2(P2)Ur1(pP1)
Sr1,r2fn (Ep1)
FD\Fp d p1 1
= f
/(27r)3 26,1 ECY

e—i(P—p1)-y

xur1(p1)Ur1(P1) / (;77))/4
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Wigner function: free Dirac field

@ Calculate positive (negative) energy part

WEP) = (555,760~ B (E) S ule)i(p)

- (21)3 (po)d(p? — m*)£Ss, (E,,)Zur(P tr(p)

W xp) = s f—pe® — I (E) S (P ()

(37)
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Chiral fermions in EM field

@ Right-handed and left-handed sectors are decoupled,
L = Piv’Dyp = Yrin”Dyr + Yriv’ Dby

R and L projector Dy = 0p + ieA,

Ay = % (li’vs) TZJR/L — Ai¢

AL =Ap,ApAy =0

covariant derivative

VriL = 11):?/[70 = ¢TAiy0 = OA;
YRIVOpL = AN iy Dytp =0

PLinOr = YALA_inDytp =0 (38)

YINL = Agr®
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Chiral fermions in EM field

@ Dirac equations in Weyl representation
YDy = 0
0 Upr XL . o - DXR =0
<5pr 0 ><XR> - 0%{50;@:0 (39)

where

0
(=10
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Chiral fermions in Pauli space

@ Dirac equation for right-handed (left-handed) fermions
& = xhio-Dxr+x|i5-Dx1
L
o-Dxg = 0, xko-DI =0
H
-Dx. = 0, x}d-Df =0 (41)
@ Two-point Green function for right-handed fermions
Sal2) = (xhGe)xala)) (42)

ag - DXIS(Xl,Xz) = 0 (43)
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Equation for 2-point function

@ Change of variables

1
X = E(Xl +Xx2), y =x2 — x1 (44)
1 1
Oy, = Eﬁx — 0y, Ox, = 58)( + 0, (45)
@ Equation for 2-point function
0 = 0-DyS(x1,x) =0 [0y + i€A(x1)]S(x1, x2)
——
1
~ O - |:§6X — 6y /

FieA(X) ~ iegy - 9xAX) | S(X.) (46)
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Gradient expansion

@ Gauge invariant 2-point Green function with gauge link

5(X,y) = U(X,X—%)S(X—%,X+%)U(X+§,X) (47)

X:

U(Xl,XQ) = Pexp [—ie/

2

1
dz - A(z)] (48)
@ Weak field limit ey - A < 1

S(X,y) ~ [1—iey-A(X)]S(X,y)+ O(e?)
S(X,y) =~ [L+iey-A(X)]S(X,y)+ O(e?) (49)
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Equation for gauge invariant 2-point functions

@ Equation for gauge invariant 2-point function

1 1
[50 “Ox —0-0, + Eieauny’“’

1. ) p
—|—§le(y -A)(o - 0x) —ie(y - A)(o - @,)] S(X,y) = 0 (50)
@ Fourier transform

C(X.p) = / d*ye PV C(X, ),
1

CXy) = o [ e CXp)  (6)

where p. is the canonical momentum and C = S,S.
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Equation for gauge invariant 2-point functions

@ Equation for gauge invariant 2-point function

1 1
[50 “Ox —0-0, + Eieauny’“’

tiely - Ao - x) —iely - Ao - ,)| 3(X,) = 0 (52)

@ Fourier transformation for y

1 1
[50 “Ox — 0+ pe — EeauF’W@L’C

—%e(A L0,.)(0 - Ox) + ie(o - A)
+ie(o - pe)(A- 9p )] S(X,p) = 0 (53)

dy — ip¢

Iz _0_
Y= i
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Equation for Wigner function

@ In terms of kinetic momentum p = p. — eA, we arrive at
[WR/L(Xu p) = SR/L(X7P)]

o <p + %iV) Wr(X,p) = 0 (54)

where V,, = 85 — eF0p.

@ Following the same method, we obtain its conjugate,
1. %
Wgr(X,p) |—0-p+ 5io =0. (55)

@ For left-handed, replace o* — G*.
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Equation for Wigner function

@ The Wigner functions for right- and left-handed fermions

WR(X,p) = 5‘”};,
Wi(x.p) = o 7. (56)

where 77 can be extracted by taking traces

= %Tr (0uWr), 7, = %T&" (3, W0). (57)
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Equation for Wigner function

@ The set of equations for the vector component /lf(x, p) for chiral
fermions (with chirality s = +)

P 7 (x,p)

VEZi(xp) =

X
Vi =0 — eF 0y

25(p* JL = pP JO) = NV, (58)
where _77(x, p) are defined as
s 1
/u(x7p) = 5[%(X7p) + S”(Z{M(X7p)] (59)
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Equation for Wigner function

@ Proof of Eq. (58). The equations of motion for right-handed fermions
read

1

Wa(X, p) [—a.p+%ia.<€] — 0 (60)

or explicitly with Wg(x, p) = &* _#,f
V= 1 Av4 + = 0
o’a" | p, + 5/ v /u =

Gho” [—py—l—%ivy] g5 =0 (61)
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Equation for Wigner function

@ Take the sum and difference of above equations to obtain
_ 1.
[cr",cr“]p,,/ﬂjr —i—{O‘V,O‘”}EIV,,/Ij' = 0
_ 1.
{o”,5"}p, 2,7 + [UV,U“]EIV,,/; =0 (62)

@ Taking the trace and using Tr({c”,3"}) = g"” and Tr([o”,3"]) =0,
we obtain

p'fs =0
V-7 = 0 (63)
o Eq. (62) itself gives
25(p* JL —p JI) =~V (64)

@ End of proof
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Solving equation perturbatively

@ We further assume that the space-time derivative 0 and the field
strength tensor F,,, are small quantities at the same order and can be
used as power expansion parameters (similar to the Knudsen number
expansion in hydrodynamics).

@ Then #7(x,p) can be expanded as

f;f(xvp):fi,(O)(X?p)+j:,(1)(xvp)+"' ) (65)

where the subscripts (0), (1), ... denote orders in the power expansion
in (0x)" and (Fu)".
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Solving equation perturbatively

© Note that #7  are related to ¢, ;) via last Eq. of (58) for
n > 1, so it serves as a recursive relatlon which can be used to solve

:(n) order by order

2s(p* L) — pr g2y =~y gE (66)

@ The zeroth or leading order can be obtained by taking ensemble
average,

S s (x,p) = PP£8(p%) (67)

where (pp = u - p)

(xp) = oy (O (po — 1) + (o) (—po + s fFE)
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Solving equation perturbatively

@ Check the first equation
P F0)s(x;p) = p°6(p*)fe =0 (69)

@ Let us check V - /5(0) = 0. Before we do it, we note that the
space-time derivative Jy is through T(x), u(x), ©(x) and us(x),

9 9 9 9
= O'T— oclUp (o 22 (ol 2 N
% =% Tog +0 Y ou, +0 Hau +9 5 s
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Solving equation perturbatively

@ Substituting /(%)S(X,p) = p?f0(p?) into V - /5(0) =0, we have
VoS ys = 0PIV s

of _ E
= §(p?) {—pp [@)% + ?p] —(u- p)up8p%

o(B - p)
p p"
+spp(9pT5 + (u- p)T[(u ~0)uy, — OuIn T
P’ 1
Pl w-o)T+2TAr
u o ey + 2 [(u )T + 3 8pua]
_ 1 1
pP =B+ (p- u)u = [ PR _ ZH2APC
o7 <p pio3pA )

ARV — gy _ gty
2
X [A"‘IA”B (&yuﬁ + Oguq — gAagAp"apuaﬂ }
= 0, (71)
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Solving equation perturbatively

@ We have used

2
uP = NATCAPB <6aU/5’ + Opuq — §AaﬁApaapuU>
+%[ua(u 0P + uP(u- O)ul] + %Aap(a - u)
S

of [1
Vpfs = 5P (0pBs + 0513
p's 8(,8 K p) 2 ( 14 P)
1 o OTHK H E M5
—Ep 6pa'Tl£Q — @,? — ?p + SarT s (72)
with 1 1
Q& = 565’7"‘791,0, Qo = 5(8,,ua — Oy uy). (73)

Qun Wang (USTC, China) CKT by Wigner Function Huada QCD School-2017 45 / 113



Static-equilibrium conditions

The static-equilibrium conditions must be fulfilled

ATONPP <8au5 + Oplip — %AQBAW@,UU) =0, (74)
TAUPap% +eE =0, (75)
uPo,u’ — A°P0,In T =0, (76)
80“—7? =0, u"&,% =0, (77)
o, T + %mmapua ~0. (78)

The conditions (74,75,76) mean 7" = ¥ = l/é‘ = h* = 0. The conditions
(75,76,77) are not independent due to the relation (80). Eq. (78) is
satisfied by ideal hydro.
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Static-equilibrium conditions

EM tensor, fermion number and axial charge current are

T = eutu” — (P + M)A
+h*u” + B ut + T,
j*o= nut ot
& = nsut+ 0t (79)

where h*, T1, 7*¥ v* and yé‘ are the heat flux, bulk pressure, shear viscous
tensor and diffusion currents, respectively. A relation from ideal hydro,

1 1
v . v
A 8“_T +—T(u d)u

LA (o ek py
- Sl (g ) e )
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Simplified version of static-eq

With constant temperature, the above conditions are reduced to following
simplified form

For ps5(x), see Wu, Hou, Ren (2016)

8U/L5 = 0, 80 T=0

U+ =0

0ot = —QE, (81)
Like Killing condition

Becattini (2012)

Becattini, Bucciantini, Grossi, Tinti (2015)
Becattini, Grossi (2015)
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Finding the 1st order solution

Contracting py with
25(p J2 — PP 7) =~ g (82)
and using p- _#°(x,p) =0, we obtain
PN, IS = —2sp® FL. (83)

The general form of _#/{ is

S
L= PO + 2L s BN, S (84)

where 7 should satisfy p- 25 = 0.
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Finding the 1st order solution

Substitute the general form (84) into Eq. (82) and obtain
s
(Puy = Po23)3(P%) = SeunnoP (V7 £)3(P%), (85)

where we have neglected the second or higher order terms. Now we
evaluate V”f; in Eq. (85) as

df.
Vofs = d—p:) (p"apua — Oppt — SOpfi5 — er5u§>
dfs |1
= d—pi) [Ep”(@,ua + Oytp) + pP7Qpe — Opt — SO, pt5 — ergu5
1 df ~
= _Ed—p:)paepaﬂcQTK’ (86)

where we have used the conditions (81).
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Finding the 1st order solution

Inserting Eq. (86) into Eq. (85) we obtain

s df. ~
(pu%u_pu%u)d(p2) = Zp)\padSep)\uuepm—nﬂma(pz)
Po
dfs

= Zd 3(p*)S2 (07,05 % + 05 pup” + 6, pup”

_5prpn_5557— 2_5np“p ]
= )bt — PO (87)
= " 2dm PuS2kp” — Pk p"],

where we have used p2§(p?) = 0. So we obtain

o, = 59

—Qapt
2dP0 u)\p (88)
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Finding the 1st order solution

The last term of Eq. (84) is of the first order if we replace _#Z; with the
zeroth order value p,f;0(p?), it becomes

S vpo S vV po
2_p26u oN I = 2—1326“ PPN [P fs0(p?)]
S ~
= —?eF’Wp,,fsé(pz). (89)
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Perturbative solution to the 1st order

Perturbation in (J)" and (F,)". The solution at the 0-th and 1-st order

Slysxp) = pP(P7)

S~ df- S =
Ihip) = —EQPBp@d—pzé(pz) — 2 QF P (p)
arB — %El’ﬁl“’Q‘“’ EPA — %e/”\’”’F‘w

Qp,u = %(au”u - auuu)

where f; is the distribution function (us =+ sus, po=p-u ),

2
fo(x,p) = E [©(po)fep (Po — is) + ©(—po)frn(—po + ps)]
fermion part anti-fermion part

frp (x) = ﬁ, Fermi-Dirac
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Currents from Wigner function

We can compute the left- and right-handed currents,
o= / d'p 7t W = 37y 005
= nsut + gB,sB“ + gswua (90)

The results for ns, {p s and &s are

1
— _T2 - 3
‘uS:lu_’_'us ng 6 /’LS+67T2/’L57
es
58,5 = HMS’
1 5 S 9
&s SET + a2 ts (91)
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Currents from Wigner function

Proof of Eq. (90). (p-u)u”
O = [ o ts(6?) = [ d*omfa(p?)
ns = / d*ppofsd(p?)

= / % [fFD(Ep — ts) — fFD(EP + s)]

1 o
= 2—7r2/0 dEpEg [frD(Ep — ps) — frp(Ep + 1s)]
1

1
= 17 (92)
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Currents from Wigner function
1) = [tV o

1 -
- _se/d4p?Fp/\PAfs5(P2)ZSB,SB’O

Bs = —se/d“p%fsé(pz) = —%se/d“pj—;zé(/vz)
= se# /OOO dE, [frn(Ep — 11s) — fep(Ep + ps)]
- 46_;#5, (93)
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Currents from Wigner function

0w = [dp AV, .,
= —ffl’”/d“ppx—sé(f) = Eowh
& = 2/d“ppo °6(p?)
S d3 d d
= 73 / W [d—EpfFD(Ep — ps) + d—EpfFD(Ep + 1ts)
o0
>3 / dEpEp [frp(Ep — ps) + frp(Ep + pus)]
0

. (94)
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CME and CVE

we can obtain the total fermion number and axial charge currents,
Jo= ) = nut g B 4 gwh, (95)

s==+
Bo= 3 st = nsut + EpsBY + G, (96)
s==+

where n and ng are the total fermion number and axial charge densities
and given by

1 1
no= nitno=z [uTz + — +3uu§)] :
1 1
ns = np—n_= § |:;L5 T2 + ;(Mg + 3,&5#2):| . (97)
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CME and CVE

The chiral magnetic and vortical conductivities (£g,&) and the magnetic
and vortical conductivities from the axial charge current (£gs, &5) are given
by

§8 = &y 88— = s,

2 2
1

£ = &+ +§—:—2MM5,

€B5 = €B+_€B 2 2”7

1 1
& = §+—§—:6T +2—7T2(N2+M§)' (98)
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Energy-momentum tensor

The total energy-momentum tensor is given by

14 1 14 4
T = / d*p 2(#‘% +p" )
s=
= (e+ P)utu” — Pgt”
1
His(ufe” + u"wh) + Sef(uB” + u”BY), (99)

where the energy density and pressure are

e = el Lt i+ i)
60 2 A2 )
1
P = 3e (100)
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Conservation laws

We can verify the conservation laws for j# and j£' as

oJ" = 0, (101)
and

. e

We can also verify the energy-momentum conservation in the background
field,

8,TP = eF7%,. (103)
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Derivation of conservation laws

We take divergence of jZ,
€B,s = 1oz ks

_ 12 s 2
& =s5T +47\'2M5

0pff = 0Op(nsu’ +&p sBY + Esw’)
= u0 pNs + B? 8p&B s+ £B s Bp + wp8p£5
a&B s gs

— B”@,y + 26 s(E - w) + —#wpﬁpu

= —H(E. B), (104)

where we haveused - u=0,9-w=0,9-B =2E -w and
e(afs/aﬂ) = 25:‘5’,5-
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Derivation of conservation laws

We verify the energy-momentum conservation (103),

0, TP = —07P+ (uPw? + uwP)0,ns + ns0,(uPw’ + uw?)
1 1
+§e£8p(up8" + u’B”) + Ee(upB" + u?B”)d,¢
oP

ns = 1 [usT? — 9% o, .p ohg o
= 1 + uwfo,u + e&(E - w)u

+ =y (13 + 3us )] o |+ g o |1 ( )
€= runs —i—eﬂ(upB" + u?B?)0, 1
26 = 9ns /Op 27T2

= enEf — ef(E - w)u® — e*p(E - B)u®
J— = eF"j, — etFw, — e*¢gF™ B,
TEgBH + Ewh _eé'(E . W)UV o eng(E . B)UU

= eFr7j, (105)
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Derivation of conservation laws

where we have used

u-owt = u-0B* =9 -w=0,
0-B = 2E-w,

wPOou, = epaaguawﬁwp =0,
BPO,u, = epaaguaw’BBp =0,
uwPO,p %—,/715 . = —2e¢(E - w)u’,
F”B, = —(E-B)u”,
FPw, = —(E-w)u’”+ epa"’guawng
= —(E-w)u”. (106)
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Derivation of Covariant Chiral Kinetic Equation

from Wigner function

@ CCKE is a phase-space equation for classical point particles (chiral
fermions)

@ One should reproduce j“(x) j5( ) T#(x) obtained by Wigner
function from veIouty and dr in CCKE, which incorporate CME,
CVE, chiral anomaly etc All j#(x), j¥(x), T*(x) are observables
which are results of corresponding phase-space quantities after
integration over momentum.

@ There is freedom to add terms to a phase-space quantity as long as
its momentum integral is vanishing, like gauge freedom.

@ Reference: J. Gao, S. Pu and Q. Wang, arXiv:1704.00244.
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Derivation of CCKE

We insert the Wigner function solutions into
Vil A os + sl = 0
The zero-th order is evaluated as

Valp'f0(p*)] = (9% — QF*™aD)[pH 0 (p%)]
= 5(P2)P”vufs

where we used p*V,6(p?) = 0 and V,p* = 0. The first order can also be
evaluated similarly.
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Derivation of CCKE

We combine the 0-th and 1st order contribution we obtain

Vu[/{é)s + /(/i)s]

1 .
= (5(,02) puvufs‘i‘SQ?Qu)\P)\F;mpﬂfs/

S~ 1.
_EQMAP)\(V/L’CSI)_SQ?Fu)\p)\(v,ufs) =0
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Derivation of CCKE

Further simplification gives T = ok — QFieP
1 - ~ S =~
[(p“ -0 Fripy — s%wm + 5@%) Viufs
S x 1 ~
+ <—§QH’>\P>\QMV + SQ?Q/MP)\FWQPHUV> agfs:| 5(P2) = 0,

which can be cast into the form

x g dp"
5(p )<—a dTagg):o

Qun Wang (USTC, China) CKT by Wigner Function Huada QCD School-2017 68 / 113



Derivation of CCKE

Here dx*/dt and dp*/dt are given by

dx# 1 - - -
my—— = pk— SQ_QFIMP)\ — PGy 4 20y,
dr p 2
d M
oy = QFY v+502 2 P
T

+5Q?QVAP)\FVKPKUH - gQV)\QuAPH

1 ~ -
—i—ESQF’“’Ql,)\u)‘ — SQ%F”VQ,,)\[))\ (107)
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Derivation of CCKE

We can write dx*/d7 and dp"/dT in a different form

dxt 1~ 1
moi = p“—sQ—2F“’\p>\ +s po wh + 522 5(p - w)ut
dr p 2 p? p?
+X"
2P 2 PM g
— QFm™ FAAE,
0 QF" p, +sQ 152 A

1 1
—I—ESQ( w)u“—sQ 5(p-w)(p- E)u" +sQ 2po(p w)E!
+YH
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Freedom of adding more terms

The new terms X* and Y* can be added

dx* L
5 ¢ Xt = sC(p,u)w” +sC(p,u)(p-w)u
+sCG(p, u)(p - w)p"
dp*
d—"T Y = —sQ[Cu(p, u)(w - E) + Cs(p, u)(p-w)(p - E)Ju°

+sQCa(p,w)p”

which satisfy the equation

XO s+ YOORf, =0
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Freedom of adding more terms

We assume following forms for these unknown functions

p2
G(p,u) = GCo+ C11p—g
]- oefficients restricte

C2(p7 u) = C2Op_(2) + C2]-_ Sonsfirvati:)n oftch:r:eby

pl Po and energy-momentum
Glp,u) = Go—

P
Clpw) = Ciolw: E) + Cy—(p-w)(p E)
4 \p,w) = 40\W - £ )— 41— (P W)\p-

Po P?po

where {Cio, Ci1, Coo, Got, G0, Cao, Can
be determined.

re dimensionless constants to

Coefficients restricted by
matching power and force
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Constraints from currents

The currents for chiral fermions with chirality s = +1 are given by,
) dx*
g = /d4P5(P2)m0?fs
= J§(EM) +j¢(w)

where for the current from EM field

BEM) = —5Q [ d*ps(p) 5 PP, = ¢5B"
J(EM) = (£B+£§)BM=%M5B“
BEM) = (6~ €5)B" = 5 guB"
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Constraints from currents

For the current from vorticity

. 1 1
Hw) = <C10 - §C11 + §C3o + 1> Eswh
. . . 1 & = Sﬁ T2 + ﬁuz
HMw) = Ji(w) + 4 (w) — pul%w”
Ew) = jw)—jw)
1 1
e N

which gives the constraints

1 1
Cio — §C11+ §C30 =0
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Constraints from stress tensor

The energy mometum tensor in the relativistic chiral kinetic theory can be
obtained by

o)
dx f
dr

1
TP = Emo/d“pé(pz)Zp(”
— TP (EM) + 77 (w)

1 1 1 1 1 1 3
= ZQuPB) 4+ (ZCio—-Ciu+ -G+ ~Cop— =Coy + = (Pey?)
2Q§U +<2 10— 7Gu+ 7 Go+ 4 Go 5 2ty ) msutw

= %qu(p B?) + nsu(Pw,”)

which gives the constraints

1 1 1 1 1 3
— — = — — — = — = ]_
2C10 4C11+4C30+4C20 6C21+4
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We combine two constraints from conservation laws

1 1
Cio — §C11+ §C30 =0

2
Co — §C21 =1

We see that Cog and (o1 cannot all be zero.
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Chiral kinetic equation: from 4D to 3D

With CCKE in 4D, we can obtain its 3D version by integrating over pg,

dx® dp?
I = %) | == 05t + —— 0",
/dpoé(p)[dTaas—l— dra"s
= /Xo+/x+/po+/p
co=0 o=i p=0 p=i

Each term has three contributions
= 1(0) + [{EM) + ()

where j = x0, p0, x, p.
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Extract dp/dr

For an on-shell particle the energy is not an independent phase space
variable, its rate dEp/dT from /o can be determined by

dE, _p dp

dr — Ip| dr

So in derivation of the 3D chiral kinetic equation from the 4D one, the pg
degree of freedom is fixed and is not a kinematic variable in the 3D kinetic
equation.

We can extract the EM field contribution to dp/d7 from I,(EM) by
matching dE,/dT,

dp _ P 2(E . Blp_ -
I = (B 7xB) Q€ B
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Extract dp/dr

The energy rate from the vorticity can be obtained from /,o(w),

dE,

T2 = (Gt 1) 5

2lp|
3
+5Q(Czo + 1)@0’ -w)(p - E)

(E-w)

We can compare it with dp/dT extracted from I,(w),

L

dp B
o) = pp

1

—@ﬁ(p -w)(p-E)p
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Extract dp/dr

Enforcing % = |L . %, the coefficients must satisfy

p|
1
C4() == §(C30 + 1)
1 3
C4]_ == E—Z(C:J,O‘i‘].)

So in this case we obtain dp/d7 from vorticity as

dp

Pw) = 0 #m-w) (G + 1) 5w E)p

2| 2
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Extract dxy/d7 and dx/dt

From from /g
0
dr
ﬁ
dr

where we have

and /, we obtain

= 1+ (gBSQ(Q . B) + <4 — §C21> s\p\(ﬂ . w),

= Pp+sQB(p Q)+ CesQ(E x Q)

1
+s <1 — §C30> ﬁ + 3SC30(Q . w)p,

used the constraints about Cig, Ci1, Coo,Co1 and Csp.
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CKE in 3D

[Son,Yamamoto 2012,2013; Stephanov,Yin 2012; Chen,Pu,Wang,Wang 2012;
Chen,Son,Stephanov,Yee,Yin 2014; Kharzeev,Stephanov, Yee 2016;
Hidaka,Pu,Yang 2016; Mueller,Venugopalan 2017]

d 2
% _ 14+ %8sQ(R-B)+ (4 — -G |s|p|(R - w)
dr 3
dx n N
4. = P+sQB(p- Q) +7esQ(E x Q)

+<1 - EC30)Si +3C305(R - w)p

2 Ip|
dp P 2 1
L Q<E+—><B>+SQ E-Blp—
dr Ip| (E-B) 2|p|3
1
+SQW {(p w)E—> (G +1)(w - E)p

+%(1 + 3C30)#(p w)(p- E)p]
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Coeffcients in 3D-CKE

@ CKE in 3D is not uniquely determined due to free coefficients
{Ca1, Ca0, 6B, 6E}

® %5, % =1 or 2. The freedom to choose %5 and % is because the
integration over p of their corresponding terms are all vanishing, we
can make choices as to keep or drop them following some physical
reasonings. The g = 1 is consistent to the previous result.

@ With the coefficients {Co1, Cz0, 65, ¢} = {0,0,1,1} we reproduce
our previous result of [Chen,Pu,Wang,Wang, PRL 110,
262301(2013)].
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Coefficients in 3D-CKE

Another possible choice C3p = 2/3. In this case the vorticity terms in
dx/dT read

~ ~

dx s s 2

E(W) = H(P ‘w)p + ng
When calculating the vorticity contribution to the current by the
integration over p for dx/dT times the distribution function, one can
verify that the first term of contributes to 1/3 of the chiral vortical effect
while the second term contributes to the rest 2/3. In comparison to the
result of [Kharzeev,Stephanov,Yee, 1612.01674], the 1/3 contribution
corresponds to that from the spin-vorticity coupling energy, while the rest
2/3 contribution corresponds to that from the magnetization current.
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Summary of CCKE from Wigner function

@ The CCKE is derived from 4D Wigner function by an improved
perturbative method under the static equilibrium conditions. The
CKE in 3D can be obtained by intergation over the time component
of the 4-momentum.

@ There is freedom to add more terms to the CCKE allowed by
conservation laws.

@ In the derivation of the 3-dimensional equation, there is also freedom
to choose coefficients of some terms in dxo/d7 and dx/dT whose
3-mometum integrals are vanishing.

@ So the 3-dimensional chiral kinetic equation derived from the CCKE is
not uniquely determined in our curre

@ nt approach which is a near-equilibrium approach.

@ To go beyond the current approach, one needs a new way of building
up the CKE in 3D from the CCKE or directly from the covariant
equation for the Wigner function.
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Wigner functions for massive fermions and

applications

@ This is last lecture. | would like to thank Defu and XuGuang for their
effort and time and for perfect organization. Also many thanks to
IOPP-CCNU for sponsoring such a nice summer school which benefit
the community especially young students. | myself benefit from it too
since it is a good chance for me to sort out my thread of thought
again and to deepen my understanding through re-thinking.

@ Build up the 1st order solution to Wigner functions for massive
fermions

@ Two applications: (1) The polarization for massive fermions; (2)
Pseudoscalar condensation induced by chiral anomaly and vorticity for
massive fermions.
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Equation for Wigner function

The Wigner function satisfies the following equation of motion,
(’YMKM - m) W(X?p) =0, (108)
where the operator K* is given by
1
K" = ply + ihEV“, (109)

with

1 .

Pw P! — h3 Qa(A)F O]

V= O — Qio(D)F L (110)
A= %h,ap - Ox, where Oy acts only on FHY

Jo(x) and jj(x) are spherical Bessel functions

Vasak, Gyulassy, Elze, Ann. Phys.173,462(1987)

Elze, Gyulassy, Vasak, Nucl. Phys. B276,706(1986)
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Wigner Function in 4D

Wigner function decomposition in 16 generators of Clifford algebra

1 . 1
W(X, p) = Z |}g + /’}/59 + 'Yu/y/u + 757”527” + Ea"uyf/(ﬂ,m/

scalar p-scalar vector  axial-vector tensor

Currents and energy-momentum tensor can be obtained from Wigner
function components

1
= [ dtor = [dpat, T =3 [ dtppr®

Vasak, Gyulassy, Elze, Ann. Phys.173,462(1987)

Elze, Gyulassy, Vasak, Nucl. Phys. B276,706(1986)
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Equation for Wigner function

If F*¥ is a constant we have simpler forms of these operators

Py = p*
Vo= O — QFMOR
1
Kt = p' iz V" (111)

The equation for Wigner function has the familiar form

[7 . <p n %ihV) - m] W(x,p) =0 (112)
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Equation for Wigner function

For constant field, in terms of component, Eq. (112) can be rewritten as
Kty —mF = 0

K", + imZ 0

K,# + iK'y, —m¥, = 0
0
0

1
ﬁ@9+§%wJ&yW+m%L:

—i(K. % — Ko Y) — €uwap K P —mS,, = 0. (113)
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Equation for Wigner function

The real parts are

p'Y,—m#F = 0,
pu"(Z{M = 07

1
puF — EhV”ﬂW -mY, = 0,
1 1 8 cpvo
—§th9?’+ S€uproP S+ ma, = 0,

1
SHVuTy =V T) — Cpapp®d’ —ms,, = 0. (114)
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Equation for Wigner function

The imaginary parts are
rVEY, = 0,
1
EhV’ﬂafu +m?Z = 0,

1
Ehvuﬁ +p' Sy = 0,

1
PP + Zheuﬁwvﬁyua - 0,

1
(pu% - Pu%) + Ehﬁﬂvaﬁvadﬁ = 0. (115)
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Equation for Wigner function

For massless case, m = 0, we have two sets of equations which are
decoupled, one set is about (#*, o7*), another set is about
(FH, 2, 9M).
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Wigner function: the 0-th order

At leading order of electromagnetic interaction, the gauge link in the
Wigner function can be set to 1, we have

d4 ) _
Was(x. p) = / ﬁe—w (ol + T balx = ) (116)
The quantized field
P(x) = TZ [a (k, s)u(k, s)e”** 4 bi(k, s)v(k, s)e™*]

h(x) = — a'(k s)e’kx s s)e kx
P(x) \/—;\/—[ )u(k, s)e"* + b(k, s)v(k, s) ]
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Wigner function: the 0-th order

At leading or the O-th order

1
(2m)°

{069 X fen(Es ~ noJun(p.5)2:(.5

Wa/)’(X?p) 5([32 - m2)
00 X fen(Ep + a0, 9. 5) 117
S
where we have used

(a'(p.5)alp.s)) = fon(Ep— ps)

(bi(=p,$)b(~p,5)) = fin(Ep+ pis) (118)
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Wigner function: the 0-th order

We extract the scalar component as
Fo) = Te[W]=mi(p* —m’)> f
S

7= TR W] = pha(p? - m) Y £
S

fs = # [0(P°)fep (Po — 11s)
+0(—p°) fien(—po + fs)] (119)

where we have used

u(p,s)u(p,s) = 2m
v(—p,s)v(—p,s) = —2m
u(p, )y u(p,s) = 2(Ep,p)
V(=p, sV v(=p,s) = 2(Ep,—p)
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Wigner function: the 0-th or

For the axial vector component, we obtain

Ay = Tl W]
= ml[0(po)n*(p,n) — 0(—po)n*(—p, —n)]
xd(p? — m?) Z sfs (120)
S
where we have used
i(p, s)v*~ ulp,s) = 2msn* (p,n)
W(—p,5)7* 2 v(—p,s) = 2msn*(—p, —n)
W (pon) = AN (—vp)n” (0,m) = (TP+ ﬁ)
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Wigner function: the 0-th order

One can check that n#(p, n) satisfies "> = —1 and n- p = 0, so it behaves

like a spin 4-vector up to a factor of 1/2. For Pauli spinors xs and xs in

u(p,s) and v(—p,s’) respectively, we have Yioys = sn and

X0 Xs = —s'n. We can take the massless limit by setting n = p, then

mn*(p,n) — (|p|,p)
mn*(—p,—n) — (|p|,—p)

This way we can recover the previous results for massless case,

Ay > PR L s
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Wigner function: the 1-st order for axial vector

component

We now propose the form for the axial component at the first order for
massive fermions based on the solution in massless case,

o _ 1 Ao dfs 2 2
A1(x.p) = 52 p Es d—Pod(p —m)
- 5(p* — m?)
A §
—QhF“ P)\( - fs) p2 —m2 (121)

where the first term is induced by the vorticity and EM field. We can
check that p - A1)(x, p) = 0 is satisfied.
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Spin tensor and axial vector component

The spin tensor density is defined by

MPG) = PH)50"0x) = 5T (100" p(I()] . (122)
In terms of the Wigner function,

<M°"B(X)> = %/d“pTr [fyoaaﬁ W(X,p)]. (123)

If we take a3 = ij (spatial indices), we have a simple relation
i L ik L ik ok
MJ(X’p) = _EEJ Mk(x?p) = EEJ 4 (Xv p)v (124)
So we can regard the axial vector component as spin density in phase

space. This is a good approximation at non-relativistic limit E, ~ m (for A
hyperon at RHIC energy).
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Spin tensor and axial vector component

In relativistic case we have to put a Lorentz factor in accordance to
Pauli-Lubanski pseudovector,

1
SH — _ﬂeuvm M, pPo
S P, - Bk, p)
E. .
= 2 (xp) (125)
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Polarization density

Polarization density from axial vector current,
E

n = /d“p—p%‘f)(&p)

= ——h/d4pE QaUpUZ—é p? — m?)

~ 5(p —m )
4 A
—ﬂQh/d pE,F*p Zf
= o [ 25 (e Q—B“> (B — )L fon(Ep — )]

+<ﬁw - Qo) foo(Ep 1~ fonlEp ]| (126)
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Polarization density and fermion number density

@ Polarization density in phase space

+: fermions ni(x,p) = B <—w +Q >

—: anti-fermions x fep(EpFp)[1 — fFD(Ep:FN)] (127)
@ Polarization density in coordinate space
M) = [P (xp) (128)
+ (27T)3 +\*

@ Number density for fermions and anti-fermions in phase space and
coordinate space

p+(x,p) = 2fpp(EpTh), Pi(X)Z/(Zs)gpi( :P)
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Polarization density and fermion number density

Mean polarization per fermion in phase space and coordinate space

e = S
e = T
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Polarization on freezeout hypersurface

In order to derive the freezeout formula for non-isotropic distribution, we
cannot use p* — (u - p)u*, then the polarization density becomes

1 1 1
H — — | = ac 1 pa
Ni(x,p) = hﬁEp <2mQ pginmB >
xfep (EpFp)[L — fen(EpF )]
%
V. (. p) 5 e
B e dy Q27 p, + QB>
d3p 2mEp/ AP ( Pt )
xfop(EpFr)[l — fon(EpF )]
dp+(x, p) 2 / A
SRR~ 2 [ dnapMen(E
d3p E, AP~ fen(Ep 1) integration
P, dn’ (x, p)/d3p over hypersuface

dp+(x,p)/d3p
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At each energy, a positive polarization for
A andA at 1.1-3.60 level. The polarizations
decrease with energies. On average over
all data, o N
Py = (108 £ 0.15)%
Py = (138 =0.30)%

Systematic uncertainties are smaller than
statistical ones and are mainly from
estimated combinatoric background of
proton-pion pairs.

Other small systematic uncertainties in the
overall scale: a) A decay parameter a, (2%);
b) the reaction-plane resolution (2%); c)
detector efficiency corrections (3.5%)

The data contain both primary and those
feed-down contributions from heavier
particles. The effect of feed-down is about
20% difference between the polarization of
primary and all hyperons.

Qun Wang (USTC, China)

Py (%)

n

[=]

CKT by Wigner Function

STAR data for A polarization

T T L RN T
Au+Au 20-50%

“ A this study

® 1 this study

4 A PRCTE 024915 (2007)
O A PRC76 024915 (2007)

* 5:1].3& #

10 107
sy (GeV)

STAR collab., 1701.06657
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Can we extract B from data?

&
-
10
a1]
=4
=

Coutesy of Isaac Upsal
. for STAR Collab.
+ STAR data at low energies or ola

P =1-8% from 7.7 to 62.4 GeV
AP (A-A) =0.03% - 0.2%

@ this study
O PRCT6 024915 (2007)

+ P, is anti-parallel to B due to 5
negative magnetic moment
i # # W o
« Magnetic field that leads to o
AP i — =0(1
2" my (1) ‘Ism\ (GeV)
Z( d PfEn(l —fF-.) [Pang et al. 2016; Becattini et al. 2016
i\ Irﬂ-w fen Shuryak 2016]

too large for low energy
= B~ TmyAP “m HIC in freezeout scenario.

* From vorticity, there is more Pauli blocking effect for fermions than
anti-fermions in lower energy HIC
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Largest vorticity ever observed

+ The fluid vorticity may be estimated from the data using the
hydrodynamic relation with a systematic uncertainty of a factor of 2,
mostly due to uncertainties in the temperature

STAR Collab., 1701.06657;

w ~ kpT(Px+ Py)/h Becattini et al., 1610.02506;
Hi Pang et al., PRC 94, 024904(2016);
A (O+1)x 105y Aristova, Frenklakh, Gorsky,

Kharzeev, JHEP(2016);
+ This far surpasses the vorticity of all other known fluids

solar subsurface flow 10~ 7s 1

large scale terrestrial atmospheric patterns | 1077 — 10~ s~ !
Great Red Spot of Jupiter 107757
supercell tornado cores 10 Ts T
rotating, heated soap bubbles 100s~T
turbulent How in bulk superfiuid He-11 1508
superfluid nanodroplets 107s71
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Our latest results by AMPT model

Li, Pang, QW, Xia, 1704.01507

5l l o—s AMPT primary 1
== AMPT primary + feed-down
3 § ASTAR
4r & § ASTAR
w37 \
2 Tk
1+ }
0l L . ‘ i . ‘
1.7 11.514.5 19.6 27 39 62.4 200

Vsnn (GeV)
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Pseudoscalar condensation induced by chiral

anomaly and vorticity

In quantum electrodynamics the anomalous nonconservation of the chiral
or axial vector current can be written as

. Q@ _ -
ot = —2mP — a2 Fu F*™
: 2 Qe2 -uv
Oulr = famion — 5 FuF"

Here fermion current, JE = yHysip, P :_—i1/7’y51/1. For the pion current,
we have jg' = 1)y"y5(03/2)1), Pr = —ithy5(03/2)4, where ¢ = (u,d)"
and ¢ = (4, d). We have PCAC hypothesis, 2my P, = —fm2 ¢,
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Pseudoscalar condensation induced by chiral

anomaly and vorticity

There is an equation that relates the pseudoscalar to the axial vector
component which is of special interest,

Whtet, = —2mZ

An interesting observation of the above equation is that the pseudoscalar
component & is of quantum origin since it is proportional to the Planck
constant h.
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Pseudoscalar condensation induced by chiral

anomaly and vorticity

We obtain the pseudoscalar condensate [R. Fang, et al., 1611.04670 |
P = S3RQYE-B)—[Gi(Bm, Bu) — 1]
— 47T2 m 1 s P
1
+4—7r2520(5 -w)BmGy(Bm, Bp). (129)

From the small mass behavior C;(8m, 3u) — 1 ~ (8m)? and
Go(Bm, Bu) ~ O(1), the pseudoscalar is proportional to the fermion mass.
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Pseudoscalar condensation induced by chiral

anomaly and vorticity

We can also obtain the pion condensate at finite 7 and p,

Pro= 5u- e RQ¥E- B)_[Cl(ﬁmqvﬁuq)_l]

+Wh2Qe(E - w)Bmg Ca(Bmy, Biig)

In vacuum at zero temperature and chemical potentials, both functions
C; and G are vanishing and we obtain

vac __
P =

<(E - B), (130)

which is consistent with the result derived in the NJL model and chiral
perturbation theory [Cao, Huang, Phys. Lett. B757 (2016) 1].
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