
pp cross-section relevant for burn-off
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HL-LHC coordination meeting 21/02/017 H. Burkhardt

Realistic prediction for pile-up and beam+luminosity lifetime needed to plan and optimize
running schemes  LHC, HL-LHC, HE-LHC  and FCC

Predictions
pile-up,     σinelastic   81 ± 3 mb  reference      
burn-off,   σtot         >100 mb   too pessimistic

Ideally :

• simple ~ analytic model with dependence on 
   √s  ( LHC 0.9 - 14 TeV ..  25 TeV HE-LHC, 100 TeV for FCC)
   and beam parameters (emittance, β*)

• event generator which can easily be interfaced with detailed machine tracking

• tuned to data

• estimate of uncertainty

Contacted TOTEM, ALFA, Theory (Michelangelo Mangano)
---->   advice and direct collaboration with TOTEM,  Jan Kaspar   CERN-THESIS-2011-214

BTW: e+e- burn-off σ ≈ 200 mb, R. Kleiss + H.B., ee-Fact 1999,  EPAC 1994, BBBREM generator; Beam-size effect Kotkin et al.

observed beam losses, LHC 2016
Fanouria Antoniou, Evian 12/2016
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http://cds.cern.ch/record/1441140
http://hbu.web.cern.ch/hbu/Fact99_SL.pdf
http://accelconf.web.cern.ch/AccelConf/e94/PDF/EPAC1994_1353.PDF
http://www.sciencedirect.com/science/article/pii/001046559490085X
https://journals.aps.org/prab/abstract/10.1103/PhysRevSTAB.7.101001


13 TeV,  β* = 90 m,  dσel/dt   + θ  axis   and straight (exp) dashed lines
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13 TeV,  β* = 90 m,  dσel/dt   + θ  axis   and straight (exp) dashed lines
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lost > 5σβ* = 40 cmβ* = 3 m



Kinematics and machine acceptance

3

Mandelstam variable   t = (p1+p2)2 = (p3+p4)2     at high energy  t ≈ 2 p 2 ( 1 - cos θ )
beam momentum p
for small angles  cos θ ≈ 1 - θ 2 / 2                            such that      t ≈ - p 2 θ 2           θ  ≈  

Primary collimator at 5.7 σ,  calculated for a nominal normalized emittance of  εN =  γε = 3.5 μrad
After multiple turns, removes all particles above 5.7 σ  both in position and angle
see    Intensity and Luminosity after Beam Scraping, H.B. + R. Schmidt,  CERN-AB-2004-032-ABP

Beam divergence at the IP  (α = β’= 0)  :

Particles on average at ~1 σ,  core contributes more to collisions
Lost when scattered by  θacc = 5 σ’       tlim = - p 2 θacc 2

Energy acceptance :   rf-bucket height, ΔE/E < 3×10-4   -- relevant for DS

√|t| 
p

x

x'

nσ

x

x'

nσ

ε
β*√σ’ =

2016 values, 13 TeV
ε = 505 μm
β* = 40 cm
σ’ = 35.5 μrad
θacc = 178 μrad
 tlim =  1.33 GeV2 

https://en.wikipedia.org/wiki/Mandelstam_variables
https://cds.cern.ch/record/777311


Simple parametrization, suitable for generator

4

Complex amplitude                                                                                         just two exp, with phase diff.

Diffr. cross-section                                                                                                                    all variables real > 0  (|t| written as t) 

Straightforward to generate  by inverse transform log(random) + hit&miss  and include if required deviations from 
exponential.
3 - parameters,  log(s) dependent,  use linear extrapolation to higher energies

CoulombInterference : only relevant for very high β’, where burn off no issue;  can safely be ignored for standard β*
in addition :   emittance increase by Coulomb scattering --   when needed included as intrabeam scattering

The deviation from exponential is rather small. Could easily be done by generating exp and do
rest with hit and miss. See how to parametrize a broad t region which for LHC energies is located
around 0.5 GeV.

5.3 elastic nuclear pp cross section parametrization
Very detailed in PDG rpp2016-rev-cross-section-plots.pdf, +local-copy, see Fig.51.10, 51.11, with
reference to CLM-compilation [48]. Showing lots together many pp and pp̄ differential cross sections
in double log view, extending down to below 10�4GeV2. Just for comparison with PDG, showing
here also the log log version of Fig.19 as Fig.18 Here better to keep a linear x-axis and start from
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Figure 18: LogLog version of Fig.19 for TOTEM
p
s = 13TeV similar to PDG plots, here not so

useful for the range of interest

simple approach, two exponential with interference term, math/ppGen.nb. Complex amplitude

amp(t) = a1e
�b1t/2 + a2e

�b2t/2
e

i� (5.3)

The parameters are all positive real numbers. The cross section with interference term is then

d�

dt

= |amp(t)|2 = a

2
1e

�b1t + 2a1a2e
�(b1+b2)

t

2 cos�+ a

2
2e

�b2t (5.4)

The simple formula appears to fit well the data, see Fig 19, taking a 5% error for each point (about
precision in reading from log plot). Fit also older ISR data. Search Durham HepData for re p p --> p p.
Find on 77. BREAKSTONE 1985 ? Experiment: CERN-R-420 (SFM). Smaller t values well be-
low the dip were published earlier at ISR, see https://hepdata.net/record/ins204422
– here not so useful. Download ins212895/d1/plain.txt and reformat a bit (remove header, tabs to
2 blanks). Data with fit are shown in Fig.20. The fitted interference angle are very simlar to the
fit for TOTEM. Slope ratio LHC 18.52/4.60=4.0, ISR 9.752/1.6=6.1; Could extrapolate the slopes
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TOTEM 13 TeV prelim.
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a=0.013360+/-0.001821

pp 53 GeV
A.Böhm et al.
Phys.Lett. B49 (1974) 491



Total cross section, Energy dependence
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Results, conclusion

6

Main conclusion  :       σinelastic      also relevant as cross section for burn-off at low β*
                                      conservative estimate   --  not all diffractive lost

Details :   simulation,  generator works, implementation in detailed tracking started
(SIXTRACK, by Kyrre Sjobaek)

Preliminary values with current parameters, to be checked and tuned  (  much of the forward LHC data not yet published )
and simulated in detail
   sqrt(s)     sigma_el
       GeV           mb
        53       7.5236
     8 000       26.413
    13 000       29.673
    14 000       30.193
    25 000       34.463
   100 000       46.134

 emitN=    3.5 mum emit=469.13 pm 

14 TeV, cut at nsigma = 5                                         cut at nsigma = 2
betastar divergence theta_acc         tlim  fraction lost         fraction lost, ~ relevant for Luminosity
    [m]       murad      murad       GeV^2
   0.15       55.92      279.6        3.831    3.401e-12          0.0004628
    0.3       39.54      197.7        1.916    2.518e-07          0.001346
    0.4       34.25      171.2        1.437    4.153e-06          0.003504
   0.55       29.21        146        1.045    4.099e-05          0.01522
      3       12.51      62.53       0.1916     0.008351          0.4057
     10       6.849      34.25      0.05747       0.2182          0.6614
     90       2.283      11.42     0.006385       0.7048          0.7956
   1000      0.6849      3.425    0.0005747       0.8036          0.8124
   2500      0.4332      2.166    0.0002299       0.8099          0.8134 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Backup



Code  (1/2)

8

1 / / ppGen . h Helmut Burkha rd t , 2 6 / 0 1 / 2 0 1 7
2
3 # i f n d e f ppGen h
4 # d e f i n e ppGen h 1
5
6 c l a s s p p g e n e l a s t i c
7 {
8 p u b l i c :
9 p p g e n e l a s t i c ( do ub l e a , do ub l e b1 , d o u b l e b2 , d o u b l e phi , d o u b l e tmin =0 , u n s i g n e d i n t s eed =0) ;

10 ˜ p p g e n e l a s t i c ( ) {} / / ( empty ) d e s t r u c t o r
11 d o u b l e t g e n ( ) ; / / g e n e r a t e t u p d a t e s s t a t i s t i c s , c a n n o t be c o n s t
12 p r o t e c t e d :
13 d o u b l e a , b1 , b2 , phi , tmin ;
14 u n s i g n e d i n t s eed ;
15 s t d : : mt19937 64 mt ; / / Mersenne T w i s t e r PRNG e n g i n e
16 s t d : : u n i f o r m r e a l d i s t r i b u t i o n <double> RanD ; / / f l a t d o u b l e i n d e f a u l t r a n g e 0 t o 1
17 d o u b l e b i n v [ 2 ] , s l o p e 2 p r o b ; / / d e r i v e d , used i n g e n e r a t i o n
18 } ;
19
20 # e n d i f

37

Standard (ISO) C++11, no external libraries, multithread safe (seed = thread number)
Can specify tmin,   by default 0  to generate full spectrum 



Code  (2/2)

9

1 / / ppGen . C Helmut Burkha rd t , 2 6 / 0 1 / 2 0 1 7
2 # i n c l u d e <cmath>
3 # i n c l u d e <random>

4
5 # i n c l u d e ” ppGen . h ”
6
7 p p g e n e l a s t i c : : p p g e n e l a s t i c ( do ub l e a , do u b l e b1 , d oub l e b2 , d ou b l e phi , d o u b l e tmin , u n s i g n e d i n t s e ed )

/ / c o n s t r u c t o r
8 : a ( a ) , b1 ( b1 ) , b2 ( b2 ) , p h i ( p h i ) , tmin ( tmin ) , s eed ( see d ) / / i n i t p a r a m e t e r s
9 {

10 mt . s eed ( seed ) ; / / random g e n e r a t o r seed
11 d o u b l e G1= exp(�b1⇤ tmin ) / b1 ;
12 d o u b l e G3=a⇤a⇤exp(�b2⇤ tmin ) / b2 ;
13 s l o p e 2 p r o b =G3 / ( G1+G3 ) ;
14 b i n v [ 0 ] = 1 . / b1 ; / / s t o r e i n v e r s e f o r g e n e r a t i o n
15 b i n v [ 1 ] = 1 . / b2 ;
16 } ;
17
18 d o u b l e p p g e n e l a s t i c : : t g e n ( ) / / g e n e r a t e t
19 {
20 d o u b l e t , g1 , g2 , g3 , r a t ;
21 u n s i g n e d i n t i =0 ;
22 do
23 {
24 i f ( RanD ( mt )>s l o p e 2 p r o b ) i =0 ; e l s e i =1 ;
25 t = tmin�b i n v [ i ]⇤ l o g ( RanD ( mt ) ) ;
26 g1= exp(�b1⇤ t ) ;
27 g2=2⇤a⇤exp ( �0.5⇤ ( b1+b2 ) ⇤ t ) ⇤ cos ( p h i ) ;
28 g3=a⇤a⇤exp(�b2⇤ t ) ;
29 r a t =( g1+g2+g3 ) / ( g1+g3 ) ;
30 }
31 w h i l e ( RanD ( mt )> r a t ) ;
32 r e t u r n t ;
33 }

Using multithreading (4 threads), the histogram of 1.e9 t-values generated in 1 minute on the
iMaci7 are shown in Fig. 23.
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Figure 23: d�/dt generated for 13 TeV parameters.
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generator, terms, integration

10

dσ/dt,  divided by a1,  just use amplitude ratio  a = a2 / a1;              normalize later anyway

probability distribution to generate

interference negative                                                                        dip when first and last term equal   

Split up in 3 terms

Integrate  (from 0 to ∞ )              

Generate                                                                                       by randomly switching between terms 1,3 
                                                                                                       probability for term 3  =  

Get exact g(t) by hit & miss on ratio       exact/appr 

Parametrization for normalization                                                                   TOTEM PRL 111 (012001) 2013    s in GeV2

to higher energies (as first guess linearly in log s ?). For the generation, divide by a

2
1 and use

a =
p

a

2
2/a

2
1 = a2/a1

g(t) =
1

a

2
1

d�

dt

= e

�b1t + 2ae�(b1+b2)
t

2 cos�+ a

2
e

�b2t (5.5)

We get a dip when the first and last term are equal

tdip =
log a�2

b1 � b2

= � 2 log a

b1 � b2

(5.6)

Indefinite integral
Z

g(t) dt = �e

�b1t

b1

� 4a cos(')e�
1
2 t(b1+b2)

b1 + b2

� a

2
e

�b2t

b2

(5.7)

definite integral from t to 1 (- indefinite integral)

G(t) =

Z 1

t

g(t) dt =
e

�b1t

b1

+
4a cos(')e�

1
2 t(b1+b2)

b1 + b2

+
a

2
e

�b2t

b2

(5.8)

Normalization Z 1

0

g(t) dt =
1

b1

+
4a cos(')

b1 + b2

+
a

2

b2

(5.9)

For generation useful to split up in 3 terms,

g1(t) = e

�b1t soft scatter, steep exponential (5.10)
g2(t) = 2ae�(b1+b2)

t

2 cos� interference
g3(t) = a

2
e

�b2t hard scatter, flat exponential.

For pp scattering the interference is negative cos�  0, ⇡/2  �  ⇡.
Definite integrals (from 0 to 1) split up in 3 terms

G1(t) =
e

�b1t

b1

(5.11)

G2(t) = e

� 1
2 t(b1+b2)

4a cos(')

b1 + b2

G3(t) =
a

2
e

�b2t

b2

5.4 generator

cmakeXcode �r ˜ / c / ppGen

Generate the sum of the two exponential and correct for the interference by hit&miss.
Define

g(t)appr =
1

a

2
1

d�

dt

= e

�b1t + a

2
e

�b2t (5.12)

This is just the sum of two exponential which can be generated directly by generation randomly one
or the other exponential distribution.
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g1(t) = e

�b1t soft scatter, steep exponential (5.10)
g2(t) = 2ae�(b1+b2)

t

2 cos� interference
g3(t) = a

2
e

�b2t hard scatter, flat exponential.

For pp scattering the interference is negative cos�  0, ⇡/2  �  ⇡.
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5.4 generator

cmakeXcode �r ˜ / c / ppGen

Generate the sum of the two exponential and correct for the interference by hit&miss.
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g(t)appr =
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This is just the sum of two exponential which can be generated directly by generation randomly one
or the other exponential distribution.
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5.4 generator
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Generate the sum of the two exponential and correct for the interference by hit&miss.
Define
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This is just the sum of two exponential which can be generated directly by generation randomly one
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35

0 0.5 1 1.5
7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

2.52

g1 -g2

g3

| t |  [GeV2]
dσ

/d
t

g
1 +g

2 +g
3

g
1 +g

3

a  =  0.046
b1 = 18.52
b2 = 4.601
φ   = 2.647

Figure 21: d�/dt elastic terms.
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Figure 22: Ratio w/o interference.

Get the exact g(t) by hit&mis on the ratio

g(t) = g(t)appr
g(t)

g(t)appr
=

g1 + g2 + g3

g1g3

(5.14)

1 / / ppGen . h Helmut Burkha rd t , 2 6 / 0 1 / 2 0 1 7
2
3 # i f n d e f ppGen h
4 # d e f i n e ppGen h 1
5
6 c l a s s p p g e n e l a s t i c
7 {
8 p u b l i c :
9 p p g e n e l a s t i c ( do ub l e a , do ub l e b1 , do ub l e b2 , d o u b l e phi , d o u b l e tmin =0 , u n s i g n e d i n t s eed =0) ;

10 ˜ p p g e n e l a s t i c ( ) {} / / ( empty ) d e s t r u c t o r
11 d o u b l e t g e n ( ) ; / / g e n e r a t e t u p d a t e s s t a t i s t i c s , c a n n o t be c o n s t
12 p r o t e c t e d :
13 d o u b l e a , b1 , b2 , phi , tmin ;
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14 u n s i g n e d i n t s eed ;
15 s t d : : mt19937 64 mt ; / / Mersenne T w i s t e r PRNG e n g i n e
16 s t d : : u n i f o r m r e a l d i s t r i b u t i o n <double> RanD ; / / f l a t d o u b l e i n d e f a u l t r a n g e 0 t o 1
17 d o u b l e b i n v [ 2 ] , s l o p e 2 p r o b ; / / d e r i v e d , used i n g e n e r a t i o n
18 } ;
19
20 # e n d i f

1 / / ppGen . C Helmut Burkha rd t , 2 6 / 0 1 / 2 0 1 7
2 # i n c l u d e <cmath>
3 # i n c l u d e <random>

4 # i n c l u d e <i o s t r e a m> / / CSPE debug p r i n t
5
6 # i n c l u d e ” ppGen . h ”
7
8 p p g e n e l a s t i c : : p p g e n e l a s t i c ( do u b l e a , do u b l e b1 , d o ub l e b2 , d ou b l e phi , d o u b l e tmin , u n s i g n e d i n t s e ed )

/ / c o n s t r u c t o r
9 : a ( a ) , b1 ( b1 ) , b2 ( b2 ) , p h i ( p h i ) , tmin ( tmin ) , s ee d ( s ee d ) / / i n i t p a r a m e t e r s

10 {
11 mt . s eed ( se ed ) ; / / random g e n e r a t o r see d
12 d o u b l e G1= exp(�b1⇤ tmin ) / b1 ;
13 d o u b l e G3=a⇤a⇤exp(�b2⇤ tmin ) / b2 ;
14 s l o p e 2 p r o b =G3 / ( G1+G3 ) ;
15 b i n v [ 0 ] = 1 . / b1 ; / / s t o r e i n v e r s e f o r g e n e r a t i o n
16 b i n v [ 1 ] = 1 . / b2 ;
17 } ;
18
19 d o u b l e p p g e n e l a s t i c : : t g e n ( ) / / g e n e r a t e t
20 {
21 d o u b l e t , g1 , g2 , g3 , r a t ;
22 u n s i g n e d i n t i =0 ;
23 do
24 {
25 i f ( RanD ( mt )>s l o p e 2 p r o b ) i =0 ; e l s e i =1 ;
26 t = tmin�b i n v [ i ]⇤ l o g ( RanD ( mt ) ) ;
27 g1= exp(�b1⇤ t ) ;
28 g2=2⇤a⇤exp ( �0.5⇤ ( b1+b2 ) ⇤ t ) ⇤ cos ( p h i ) ;
29 g3=a⇤a⇤exp(�b2⇤ t ) ;
30 r a t =( g1+g2+g3 ) / ( g1+g3 ) ;
31 }
32 w h i l e ( RanD ( mt )> r a t ) ;
33 r e t u r n t ;
34 }

Using multithreading (4 threads), the histogram of 1.e9 t-values generated in 1 minute on the
iMaci7 are shown in Fig. 23.
5.5 �el parametrization for normalization
Simple parametrizations using only three constants which fit well are available from the literature

�el(s) = d1 � d2 log s+ d3 log
2
s (5.15)

for s in GeV. A good fit is obtained for d1 = 11.7, d2 = 1.59, d3 = 0.134, see for instance Fig.33.

5.6 use in tracking
Not straightforward, because of small probabilities and correlations between beams (particles must
be very close position to collide). Numerical example, LHC RUN II,

p
s = 13TeV.

�el(s) = 29.6732mb = 29.6732⇥ 10�27cm2 = 29.6732⇥ 10�31m2.
Single bunch luminosity Lbb = 4.479⇥ 1030 cm�2s�1 = 4.479⇥ 1034 m�2s�1

scattering rate dNel/dt = Lbb�el(s) = 132906Hz divide by frev = 11245.5Hz to get the scattering
rate of 11.8186 elastic scatterings per crossing. We have n = 1.25 ⇥ 1011 particles per beam. The
scattering rate per particles is 132906/1.25e11 Hz * 3600 = 3600*32906/1.25e11 dNel,par/dt =
1.06325⇥ 10�6

,Hz = 0.4710�4
/hour
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to higher energies (as first guess linearly in log s ?). For the generation, divide by a

2
1 and use

a =
p

a

2
2/a

2
1 = a2/a1

g(t) =
1

a

2
1

d�

dt

= e

�b1t + 2ae�(b1+b2)
t

2 cos�+ a

2
e

�b2t (5.5)

We get a dip when the first and last term are equal

tdip =
log a�2

b1 � b2

= � 2 log a

b1 � b2

(5.6)

Indefinite integral
Z

g(t) dt = �e

�b1t

b1

� 4a cos(')e�
1
2 t(b1+b2)

b1 + b2

� a

2
e

�b2t

b2

(5.7)

definite integral from t to 1 (- indefinite integral)

G(t) =

Z 1

t

g(t) dt =
e
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+
4a cos(')e�

1
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b1 + b2

+
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2
e
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(5.8)

Normalization Z 1

0

g(t) dt =
1

b1

+
4a cos(')

b1 + b2

+
a

2

b2

(5.9)

For generation useful to split up in 3 terms,

g1(t) = e

�b1t soft scatter, steep exponential (5.10)
g2(t) = 2ae�(b1+b2)

t

2 cos� interference
g3(t) = a

2
e

�b2t hard scatter, flat exponential.

For pp scattering the interference is negative cos�  0, ⇡/2  �  ⇡.
Definite integrals (from 0 to 1) split up in 3 terms

G1(t) =
e

�b1t

b1

(5.11)

G2(t) = e

� 1
2 t(b1+b2)

4a cos(')
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G3(t) =
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2
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b2

5.4 generator

cmakeXcode �r ˜ / c / ppGen

Generate the sum of the two exponential and correct for the interference by hit&miss.
Define

g(t)appr =
1

a

2
1

d�

dt

= e

�b1t + a

2
e

�b2t (5.12)

This is just the sum of two exponential which can be generated directly by generation randomly one
or the other exponential distribution. The probability for the second exponential is

G1

G1 +G3

(5.13)

35

=  0.008426

Statistics, for generation of 1.e7 accepted events
ngen[0]=  11378513 nacc[0]=   9933329 efficiency=0.87299
ngen[1]=     97050 nacc[1]=     66671 efficiency=0.686976
rat_min[0]=  0.119838 rat_max[0]=  0.935963
rat_min[1]=  0.119838 rat_max[1]=  0.999999
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sqrt(s) = 13 TeV parameters
1.e9 events generated + histogram filling in 57 sec on  iMaci7, using 5 threads


