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(Perturbative) superstring theory predicts the extra 6D space.

１０＝４＋６

Extra 6D space should be compactified to be consistent with 
the observational and experimental data.

 Stabilization of the extra dimensional space
Moduli stabilization

6D Calabi-Yau (CY)Manifold

𝑅𝑖𝑗 = 0

Moduli stabilization in string theory



①Closed string moduli

Complex structure moduli
Kähler moduli
Dilaton
Kalb-Ramond field

②Open string moduli
D-brane

Brane deformation

Two types of moduli fields



①Closed string moduli

GVW superpotential is calculated by the closed mirror symmetry.
Stabilization of complex structure moduli and dilaton

②Open string moduli

Brane superpotential is calculated by the open mirror symmetry.
Stabilization of open string moduli

In this talk, we study their stabilization based on F-theory 

[Giddings-Kachru-Polchinski ‘01,..

𝑊flux ∝ න
Γ,𝜕Γ=0

Ω

[Gukov-Vafa-Witten ’99]

𝑊brane ∝ න
Γ,𝜕Γ≠0

Ω

Witten ‘97

Flux compactification in type IIB on CY



Outline

○ 4D N=1 effective potential 
i) Flux-superpotential
ii) Brane superpotential

○ Flux compactification in F-theory

○ Conclusion



Flux superpotential in type IIB [Gukov-Vafa-Witten ’99]

𝑊flux(𝜓, 𝜏) = න
𝑀

𝐺3(𝜏) ∧ Ω(𝜓) =𝑁𝑎න
Γ𝑎,𝜕Γ𝑎=0

Ω

Ω : holomorphic three-form
𝜓 : Complex structure (CS) moduli
𝜏 : Axio-dilaton

𝐺3 = 𝐹3 − 𝜏𝐻3 : Background three-form fluxes

The background flux generate the potential of the CS moduli 
and dilaton.
(Potential of closed string moduli)



Brane Superpotential:

𝑊brane = 𝑁𝑏න
Γ𝑏,𝜕Γb=C

Ω

When branes wrap on the whole CY, 
open string partition function is given by holomorphic CS theory

𝑊 = න
𝐶𝑌

Ω ∧ Tr[A ∧ ҧ𝜕𝐴 +
2

3
𝐴 ∧ 𝐴 ∧ 𝐴]

Brane superpotential can be derived from dimensional reduction 𝐴 → 𝜙
When branes wrap on holomorphic submanifold 𝐶, [Aganagic-Vafa ‘00]

𝑊brane(𝜓, 𝜙) = 𝐶Ω𝑖𝑗𝑧 𝜙
𝑖 ҧ𝜕𝑧𝜙

𝑗𝑑𝑧𝑑 ҧ𝑧

= න
Γ,𝜕Γ=C

Ω 𝐶

Γ

CY

[Witten ‘92]



● Brane superpotential (Open mirror symmetry)

Mirror Quintic CY3 (degree 5 hypersurface in 𝐶𝑃4)

𝑃 𝜓 = σ𝑖=1
5 𝑦𝑖

5 − 5𝜓𝑦1𝑦2 𝑦3 𝑦4 𝑦5 = 0

Let us consider holomorphic 2-cycles 
where the brane wraps[Morrison-Walcher ’07]

𝐶±: 𝑦1 + 𝑦2 = 0, y3 + y4 = 0, 𝑦5
2 ± 5𝜓𝑦1𝑦3 = 0

𝑊 = න
Γ

Ω

No moduli dependence at fixed 𝐶±
Brane deformation： 𝜕Γ into non-holomorphic curve

𝐶+

𝐶−

Mirror Quintic CY3

Γ



● Brane superpotential (Open mirror symmetry)

Mirror Quintic CY3 (degree 5 hypersurface in 𝐶𝑃4)

𝑃 𝜓 = σ𝑖=1
5 𝑦𝑖

5 − 5𝜓𝑦1𝑦2 𝑦3 𝑦4 𝑦5 = 0

Continuous deformation of 𝐶±:
(Holomorphic divisor)

Q 𝜙 = 𝑦5
4 − 5𝜙𝑦1𝑦2𝑦3𝑦4 = 0

Brane superpotential: 

𝑊brane 𝜓,𝜙 = න
Γ

Ω(𝜓,𝜙) =න
Γ,𝜕Γ=𝑄 𝜙

𝐹 ∧ Ω

which is related to D7-brane with magnetic flux 𝐹

𝐶+

𝐶−

Mirror Quintic CY3

Γ

Brane deformation

𝝓 = − 𝟓𝝍
𝝓 = + 𝟓𝝍

[Grimm-Ha-Klemm-Klevers ’09]



● Elliptically fibered CY fourfold

○In the toric language, CY3 + brane deformation can be 
uplifted to an elliptically fibered CY4 without brane.

Toric charge :
Quintic CY3              : 𝑙 = −5,1,1,1,1,1,0,0

Brane deformation : መ𝑙 = −1,0,0,0,0,1,1,−1

Compact CY4 (CY3 fibered over 𝐶𝑃1):

An elliptically fibered mirror CY4 in the B-model side  

[Berglund-Mayr ‘98, Grimm-Ha-Klemm-Klevers ’09]

𝑙1 = −4,0,1,1,1,1, −1,−1,0

𝑙2 = −1,1,0,0,0,0,1, −1,0

𝑙3 = 0,−2,0,0,0,0,0,1,1

𝑙1 + 𝑙2: Quintic CY3 
𝑙2: brane deformation 
𝑙3: base 𝐶𝑃1



● Elliptically fibered CY fourfold

○GVW superpotential + brane superpotential in type IIB 
=𝐺4-flux superpotential in F-theory

𝑊 = න
CY4

𝐺4 ∧ Ω

Imaginary self-dual three-form fluxes in type IIB
=Self-dual 𝐺4-fluxes 

𝐺4 =∗ 𝐺4

○By solving the Picard Fuchs equation, 
we can determine the holomorphic 4-form Ω of CY4.

[Grimm-Ha-Klemm-Klevers ’09]



Outline

○ 4D N=1 effective potential 
i) Flux-superpotential
ii) Brane superpotential

○ Flux compactification in F-theory

○ Conclusion



F-theory on elliptically fibered CY4 4D N=1 supergravity

Kähler potential:

𝐾 = −lnන
CY4

Ω ∧ ഥΩ − 2ln 𝑉

Superpotential:

𝑊 = න
CY4

𝐺4 ∧ Ω

Ω: Holomorphic 4-form of CY4
𝐺4: Background four-form fluxes
𝑉:  CY3 volume

We consider the large complex structure point of CY4.

c

In 4D N=1 SUGRA



● F-theory compactification on elliptically fibered CY4

𝑧: Complex structure modulus  

𝑆: Dilaton

𝑧1: Open string modulus

𝑛𝑖: Quantized fluxes

Kähler potential:

Superpotential:

Deviation from the weak coupling limit



● F-theory compactification on elliptically fibered CY4

𝑧: Complex structure modulus  

𝑆: Dilaton

𝑧1: Open string modulus

𝑛𝑖: Quantized fluxes

Kähler potential:

Superpotential:

The self-dual 𝐺4 fluxes

Deviation from the weak coupling limit



● Vacuum structure of F-theory

After imposing the self-dual condition to 𝐺4 fluxes, 
we find that minimum of all the moduli fields:

VEVs

𝐷𝑆𝑊 = 𝐷𝑧𝑊 = 𝐷𝑧1𝑊 = 0

𝑧: CS modulus  
𝑆: Dilaton
𝑧1: Open string modulus
𝑛𝑖: Quantized fluxes



Although the fluxes are constrained by the tadpole condition,

𝜒

24
= 𝑛𝐷3 +

1

2
න
𝐶𝑌4

𝐺4 ∧ 𝐺4

we find the consistent F-theory vacuum, e.g., 

All the moduli fields can be stabilized at the LCS point of CY fourfold

● Vacuum structure of F-theory

𝜒=1860: Euler number of CY4
𝑛𝐷3: # of D3



Conclusion

○Mirror symmetry techniques can be applied to the F-theory 
compactifications.

○We explicitly demonstrate the moduli stabilization 
around the large complex structure point of the F-theory fourfold. 

○All the complex structure moduli can be stabilized at the Minkowski
minimum.

Discussion
○Quantum corrections to the moduli potential
○Other CY4
○Stabilization of Kähler moduli
LARGE volume scenario or KKLT


