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What is it

• An effective field theory (PPEFT) to describe a 
system of a heavy compact object and a light 
particle (bulk field)

• first-quantized language for the heavy compact 
object (localized at x = 0)

• second-quantized language for the light particle
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What is it good for
• Lots of examples in nature: atoms, solar system, …

• Only a few properties of the compact object 
actually matter: observables as expansion in 
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• Atoms

• Contact interactions (Pionic 
Atoms, Branes)

• Condensed Matter systems

• Monopole catalysis, Black holes

R/a

" ✏ a

Figure 1. A schematic of the scales arising when relating near-source boundary conditions to the source

action. We denote by ! the actual UV scale associated with the size of the source (e.g., the size of the proton),

which we assume is very small compared to the scale a of physical interest (e.g., the size of an atom). The

PPEFT uses the action of the point source to set up boundary conditions on the surface of a Gaussian pillbox

of radius ". The precise size of this pillbox is arbitrary, so long as it satisfies ! ⌧ " ⌧ a. We require ! ⌧ " in

order to have the first few multipole moments (in our example only the first is considered) dominate the field

on the surface of the pillbox, and we require " ⌧ a in order to be able to truncate the e↵ective action at the

few lowest-dimension terms. The classical RG flow describes how the e↵ective couplings within the PPEFT

action must change for di↵erent choices of " in order to keep physical quantities unchanged.

that follow from these questions). Our treatment here broadly agrees with what is done in the litera-
ture, di↵ering mainly in emphasis. We argue though that PPEFTs bring the following two conceptual
beneÞts.

A Þrst beneÞt of PPEFTs is the clarity they bring to which quantity is being renormalized in
these systems. The coupling being renormalized is usually an e↵ective contact coupling within the
low-energy point-particle e↵ective action (more about which below). In the simplest situations this
coupling turns out to contribute to physics precisely like a delta-function potential would,1 showing
that one never really has an inverse-square potential in isolation. Rather, one isobliged also to include
a delta-function coupling whose strength runs Ñ in the renormalization-group (RG) sense, though
purely within the classical approximation Ñ in a way that depends on the inverse-square couplingg.
Many otherwise puzzling features of the inverse-square system become mundane once this inevitable
presence of the delta-function potential is recognized. For instance, the inverse-square potential is
known sometimes to support a single bound state, even wheng is small (and sometimes even when it
is negative, so the potential is repulsive). It turns out this state is simply the bound state supported
by the delta-function, which can remain attractive for the range of g for which the bound state exists.

Using the EFT lens also has a second conceptual beneÞt. In particular, most treatments of the
system agree there is a basic ambiguity to do with how to choose the boundary condition on the
wave-function at r = 0. This is often phrased as a failure of the Hamiltonian to be self-adjoint [4, 5],

1See also [7], whose point of view on this is close to our own.
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What is new

• Explicit connection between PPEFT and near-
source boundary condition for bulk fields

• Recipe to calculate finite size corrections 
including back reaction

• Easier than full 2-quantized framework such as 
NRQED/ NRQCD in certain limits (bound states)

• By-product: Understanding of divergent potentials 
(       ) in Quantum mechanics via classical 
renormalization
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[Caswell, Lepage 1986]

[Holstein 1996, Essin, Griffith 2006]
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Action: Schrödinger field
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Stot = SBulk + Sbrane

where W indicates the integration is over the world-line, yµ(! ), of the source. In the final equality
LB and L

p

are both regarded as being functions of the bulk fields evaluated at an arbitrary spacetime
point, xµ. L

p

is also a function of the ‘brane-localized’ position field, yµ(! ).

2.1 Action and field equations

Taking the bulk dynamics to be QED with a fermion of charge �e, the bulk action becomes

SB = �
!

d4x

"
1

4
F
µ! F

µ! + " ( /D +m)"
#
, (2.2)

with D
µ

" = (#
µ

+ ieA
µ

)" . This should be considered in the spirit of a Wilson action, and so in
principle also includes an infinite series of subdominant local terms involving more powers of the fields
and their derivatives (whose e↵ects are not important in what follows).

The point-particle action is similarly given by an expansion in these fields, for which (for a spinless,
parity-preserving source) the leading parity-even terms are2

S
p

= �
!

W
d!

$
M �QA

µ

ẏµ + c
s

" " + ic
v

" $
µ

" ẏµ � h̃r ·E+ · · ·
%
, (2.3)

where the over-dot denotes di↵erentiation with respect to proper time, the coe�cients c
s

, c
v

and h̃ all
have dimension length-squared and the ellipses indicate terms suppressed by more than two powers of
length. Notice that terms involving more than two powers of " first arise suppressed by a coupling with
dimension (length)5, and so are nominally subdominant to several terms involving only two powers of
" but more derivatives than those written above.

Specializing to the rest frame for a motionless source, ẏµ(! ) = %µ0 , with charge Q = Ze the bulk
field equations become

( /D +m)" + J = 0 and #
µ

Fµ! � ie "$ ! " + j! = 0 , (2.4)

where

J := �#L
p

#"
=
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" %3(x) + · · · , (2.5)

and

j! :=
#L

p

#A!
= Ze

(

1 +
r2
p

6
r2

)

%3(x) %!
0 . (2.6)

This last equality trades the parameter h̃ for the mean-square charge radius: r2
p

= hr2i of the source
charge distribution using h̃ = 1

6 Ze r2
p

.

2.2 Bulk solutions

We seek solutions to the bulk equations with a motionless point charge situated at the origin. The
Maxwell equation is straightforwardly solved for the given source by choosing A = 0 and electrostatic
potential

A0 = Ze

*
1

4&r
� r2

p

6
%3(x)

+

. (2.7)

2Our metric is mostly plus and our Dirac conventions in rectangular and polar coordinates are given in Appendix A.
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charge distributions are also considered in the Appendix, and are compared with the more general
EFT estimates.

2 Nonrelativistic mixed Coulomb and inverse-square potentials

Much of the physics needed for the relativistic case hinges on the competition between the inverse-
square and Coulomb potentials, so we start our discussion with the Schrödinger system involving these
two potentials. Our treatment follows closely that of [1], which examines the classical renormalizations
associated with the inverse-square potential, though we extend this analysis here by adding also a
Coulomb potential.

2.1 Schrödinger action

We take, therefore, our action to be S = SB + S
b

where SB is the Schrödinger ‘bulk’ action

SB =

Z
dt d3x

⇢
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�

, (2.1)

where m is the particle mass and S
b

describes a microscopic contact interaction between the Schrödinger
field and the point source localized at the origin r = 0:

S
b

=

Z
dt L

b

[! (x = 0), ! ⇤(x = 0)] =

Z
dt d3x L

b

(! , ! ⇤) �3(x) , (2.2)

with
V (x) = �s

r
� g

r 2
and L

b

= �h ! ⇤! (2.3)

used, for coupling constants s, g and h, when an explicit form is required.
The field equation found by varying ! ⇤ then is the Schrödinger equation,

i@
t

! = � 1
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r2! + V (x)! +
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b

@! ⇤ �
3(x) , (2.4)

which for energy eigenstates, ! (x, t) =  (x) e�iEt, and with the choice (2.3) becomes
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 , (2.5)

with 

2 = �2mE . For bound states — when E  0 —  is real, but when discussing scattering
— where E � 0 — we switch to  = ik with real k given by k2 = +2mE . Expanding in spherical
harmonics, Y!! z (✓,�), implies the radial equation is given by

1

r 2
d
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✓
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
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r 2
+ U(r )
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 !! z = 

2

 !! z , (2.6)

where U = 2m[V +h �3(x)] while ` = 0, 1, 2, · · · and `
z

= �`,�`+1, · · · , `� 1, ` are the usual angular
momentum quantum numbers.

2.2 Source action and boundary conditions

The source action, S
b

, appears here only through the delta-function contribution to U and the only
e" ect of this is to determine the boundary condition satisfied by  at r = 0. This can be obtained as
described in [1] by integrating (2.5) over an infinitesimal sphere, S, of radius 0  r  ✏ around x = 0
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wherem is the particle mass and Sb describes a microscopic contact interaction between the Schrödinger
field and the point source localized at the origin r = 0:
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Sb = !
!

dt d3x �3(x)
"
M ! QAµ ẏµ + h�! � ! h̃" áE + . . .

#

Potential

source mass
source charge

source world 
line

Contact 
interactions

bulk particle mass
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Boundary Condition
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�2A0 = Q �3(x)��
0

Integrate over Gaussian pillbox of size    :�
and using continuity of ! there to see that only the integral of the second derivative contributes from
the left-hand side of (2.5) as " ! 0. This leads to the result
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, (2.7)

where # := 2mh while n ádx = dr is the outward-pointing radial unit vector, d2⌦ = sin&d&d' is
the volume element on the surface of the angular 2-sphere and the last equality assumes a spherically
symmetric source so that ! is also spherically symmetric to good approximation for " su�ciently small.

Because solutions ! #m (r) vary like a power r

p as r ! 0, the boundary condition given above
becomes singular as " ! 0. This is dealt with by renormalizing # — i.e. by associating an implicit "-
dependence to # in such a way as to ensure that the precise value of " drops out of physical predictions.
With this in mind — and defining ! (0) := ! (r = ") — our problem is to solve the radial equation,
(2.6), subject to the boundary condition

$
4%r2

$
$r

ln !
%

r ="
= # , (2.8)

at the regulated radius r = ".
As mentioned in [1], this boundary condition can be regarded as a specific choice of self-adjoint

extension [18, 19] of the inverse-square Hamiltonian. The inverse-square potential requires such an
extension because its wave-functions are su�ciently bunched at the origin that physical quantities
actually care about the nature of the physics encapsulated by the source action, Sb. Writing the
extension in this way usefully casts its ambiguities in terms of a physical action describing the physics
that can act as a potential sink (or not) of probability at r = 0. As might be expected, this extension
is self-adjoint provided that the source action is real and involves no new degrees of freedom. In the
present instance this can be seen from the radial probability flux,

J = 4%r2 n áJ =
2%r2
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 $r 

! � ! $r 
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emerging from the source through the surface at r = ". Evaluating with energy eigenstates gives
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which shows no probability flows into or out of the source when its action is real (ie h

! = h).

2.3 Solutions

The radial equation (2.6) to be solved is
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where w = 2ms and v = 2mg� )()+1). This can be written in confluent hypergeometric form through
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12 Choosing the other root for p just exchanges the roles of the two independent solutions encountered below, so does
not introduce any new alternatives.
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= 2mh
!
4�r 2 !

! r A0

"
r=" = Q

0-th order in R (Gauss law): 1-st order in R:

� � Boundary condition
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Boundary condition

•     depends on integration constants of bulk 
equations

• The BC relates these with the effective coupling 
constants like 
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= 2mh

�

h

� Physical observables depend on h
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The potential and bulk solutions

• Consider potential

• For small r the solutions are                             

      with

      with                   and  
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
!

1

2m
" 2 + V (x)

�
 

�
, (2.1)

wherem is the particle mass and S

b

describes a microscopic contact interaction between the Schrödinger
field and the point source localized at the origin r = 0:

S

b

=

Z
dtL

b

[ (x = 0), ⇤(x = 0)] =

Z
dt d3x L

b

( , ⇤) �3(x) , (2.2)

with
V (x) = !

s

r

!
g

r

2

and L
b

= ! h ⇤ (2.3)

used, for coupling constants s, g and h, when an explicit form is required.
The field equation found by varying  ⇤ then is the Schrödinger equation,

i@

t

 = !
1

2m
" 2 + V (x) +

@L
b

@ ⇤ �
3(x) , (2.4)

which for energy eigenstates,  (x, t) =  (x) e�iEt, and with the choice (2.3) becomes

" 2

 + 2m
h
s

r

+
g

r

2

! h �

3(x)
i
 = 

2

 , (2.5)

with 

2 = ! 2mE. For bound states — when E # 0 —  is real, but when discussing scattering
— where E $ 0 — we switch to  = ik with real k given by k

2 = +2mE. Expanding in spherical
harmonics, Y

``z (✓,�), implies the radial equation is given by

1

r

2

d

dr

✓
r

2

d 
``z

dr

◆
!


`(`+ 1)

r

2

+ U(r)

�
 

``z = 

2

 

``z , (2.6)

where U = 2m[V +h �

3(x)] while ` = 0, 1, 2, á á áand `
z

= ! `, ! `+1, á á á, ` ! 1, ` are the usual angular
momentum quantum numbers.

2.2 Source action and boundary conditions

The source action, S
b

, appears here only through the delta-function contribution to U and the only
e↵ect of this is to determine the boundary condition satisfied by  at r = 0. This can be obtained as
described in [1] by integrating (2.5) over an infinitesimal sphere, S, of radius 0 # r # ✏ around x = 0
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� = �2mE

� = C+�+ + C���

�±(r) ! (2�r)
1
2 (�1±�s)

�s =
!

1 " 8mg

where we define for later notational simplicity ⇠ := 2mg and

⇣ :=
!
1 " 4v =

!
1 + 4`(`+ 1) " 4⇠ =

!
(2`+ 1)2 " 4⇠ . (2.13)

The two linearly independent radial profiles therefore are

 ± (r ) = (2r )
1
2 (�1± ! ) e�" rM

"
1

2

#
"

w


+ 1± ⇣

$
, 1± ⇣; 2r

%
, (2.14)

where M(a, b; z) = 1 + (az/b) + · · · is the confluent hypergeometric function regular at z = 0. We
therefore take our general radial solution to have the form  = C

+

 

+

+ C� �.
We next impose the boundary condition at r = 0 to determine the ratio C�/C

+

. Regularizing for
small r = ✏ the solutions  ± (r ) behave as

 ± (✏) = (2✏)
1
2 (�1± ! )

"
1 "

w✏
1± ⇣

+O(✏2)

%
, (2.15)

which has the familiar form of r l or r�l�1, with l as defined in (2.12). This shows that for some choices
of ⇠ neither of  ± is bounded at the origin. This implies that boundedness at the origin cannot be the
right physical criterion there, at least in the presence there of a physical source. This is not really a
surprise since fields generically diverge at the presence of a source, such as does the Coulomb potential
itself.

We do demand solutions be normalizable, however, and the convergence of the integral
&
d3x | |2

as r # 0 implies  cannot diverge faster than r�3/2 as r # 0. For  ± this implies 2 ± ⇣ > 0. For
concreteness’ sake in what follows we follow [1] and specialize to the case where the inverse-square
potential satisfies " 3

4

< ⇠ < 5

4

, because this captures all of the examples of most interest and has the
property that  � is not normalizable at r = 0 for any ` $= 0. This ensures that that the boundary
condition at the origin implies C� = 0 and so  % 

+

for ` $= 0.
It is only for ` = 0 that the contact interaction is needed to determine C�/C

+

, and for such
s-wave states we have ⇣(` = 0) = ⇣

s

:=
!
1 " 4⇠ and so 0 & ⇣ < 1 for 0 & ⇠ & 1

4

, and so both solutions
diverge but are normalizable at the origin.13 If 1

4

< ⇠ & 5

4

then ⇣
s

becomes imaginary, in which case
both | 

+

|2 and | �|2 diverge near r = 0 while remaining normalizable. In this case eq. (2.8) is the
condition that fixes C�/C

+

, evaluating the derivative using the small-r form for  ± leads to

� = 4⇡✏2
'
@

@r
ln 

(

r=#
= 2⇡✏2

)
C

+

(" 1 + ⇣

s

) (2✏)
1
2 (�3+! s) + C� (" 1 " ⇣

s

) (2✏)
1
2 (�3�! s)

C
+

(2✏)
1
2 (�1+! s) + C�(2✏)

1
2 (�1�! s)

*

= " 2⇡✏

"
1 + ⇣

s

'
R " 1

R + 1

(%
, (2.16)

where

R :=

'
C�
C

+

(
(2✏)�! s , (2.17)

and so, in particular, R = 0 when C� = 0.
To use this equation it is useful to rewrite it as

�̂ :=
�

2⇡✏
+ 1 = ⇣

s

'
1 " R
1 + R

(
, (2.18)

13The only exception to this is the case ⇠ = 0 for which l = ` and so  + is bounded. However once having discarded

boundedness as a valid criterion at the origin, it cannot be revived in this special case. In our view this is a deficiency

of most treatments of the Coulomb potential, a point to which we return below.
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both | + |2 and | ! |2 diverge near r = 0 while remaining normalizable. In this case eq. (2.8) is the
condition that fixes C! /C + , evaluating the derivative using the small-r form for  ± leads to

� = 4⇡✏2
✓
@

@r
ln 

◆

r = ✏

= 2⇡✏2

"
C+ (�1 + ⇣s) (2✏)

1
2 ( ! 3+ ⇣s) + C! (�1� ⇣s) (2✏)

1
2 ( ! 3! ⇣s)

C+ (2✏)
1
2 ( ! 1+ ⇣s) + C! (2✏)

1
2 ( ! 1! ⇣s)

#

= �2⇡✏


1 + ⇣s

✓
R � 1

R + 1

◆�
, (2.16)

where

R :=

✓
C!

C+

◆
(2✏)! ⇣s , (2.17)

and so, in particular, R = 0 when C! = 0.
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✓
1� R
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◆
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13The only exception to this is the case ⇠ = 0 for which l = ` and so  + is bounded. However once having discarded

boundedness as a valid criterion at the origin, it cannot be revived in this special case. In our view this is a deficiency

of most treatments of the Coulomb potential, a point to which we return below.
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and so, in particular, R = 0 when C� = 0.
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boundedness as a valid criterion at the origin, it cannot be revived in this special case. In our view this is a deficiency

of most treatments of the Coulomb potential, a point to which we return below.
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Running

• Differentiating the boundary condition yields

      where 

• Fixed points: 

• Trivial fixed points           only if           (no         
potential)

9

Physical observables do not depend on   ! � � d�
d� = 0

for ! a general" = 0 solution to the Klein-Gordon equation, then ö# := ( #/ 2$%) + 1 satisÞes the RG
equation

%
d
d%

!
ö#
&
s

"

=
&
s

2

#

$1 !

!
ö#
&
s

" 2
%

& (3.19)

for %small enough to use the small-r asymptotic solution for ! (r ). Here &
s

:=
'

1 ! 4(Z ' )2. As
Z ' " 0 it follows # as deÞned in (3.18) again satisÞes the RG equation (3.15).

These considerations show that whenZ ' vanishes, if we deÞne the quantity

#+
D := ( m + ( )(c

s

+ c
v

) = ( m + ( )4$%2
(

g+

f +

)
= 4$%2

(
! !

!

)
, (3.20)

for parity-even j = 1
2 states, then ö#+

D := ( #+
D / 2$%) + 1 satisÞes the same RG equation, eq. (3.15), as

doesö# in the Klein-Gordon case. Notice that in the nonrelativistic limit we have #+
D " 2m(c

s

+ c
v

)
in agreement with the Z ' " 0 limit of ( 3.14).

Parity-odd case

A similar argument goes through for the parity-odd j = 1
2 states. Parity-odd states satisfy the radial

equations (2.15) and so whenZ ' = 0 we have

f " =
g!

"

m ! (
. (3.21)

Repeating the arguments of the parity-odd case then shows thatg" = ! satisÞes the Klein-Gordon
equation and so implies that ö#"

D = ( #"
D / 2$%) + 1 satisÞes (for small %) the same RG equation, (3.15)

as do the parity-even and Klein-Gordon cases, provided we deÞne

#"
D := ( m ! ( )(c

s

! c
v

) = ( m ! ( )4$%2
(

f "

g"

)
= 4$%2

(
! !

!

)
. (3.22)

Flow patterns

The ßow obtained by integrating (3.15) is given (for %small enough that f and g are dominated by
their near-source asymptotic forms) by

ö#±
D (%) =

ö#±
0 (%+ %0±) + ( %! %0±)

(%+ %0±) + ö#±
0 (%! %0±)

=
(

%+ %
?±

%! %
?±

)
⌘±

, (3.23)

a ßow that is shown in Fig. 1. In the Þrst equality the integration constant is chosen using the initial
condition #±

D (%0±) = #±
0 , while in the second equality ) ± = sign( |ö#±

D | ! 1) and the RG-invariant
quantities %

?± are deÞned as the scales where theö#±
D approach zero (or diverge). Which of these one

uses depends on whether the RG trajectory of interest has|ö#±
D | greater than or smaller than 1. In

either case%
?± is given explicitly by inverting the Þrst equality of ( 3.23):

%
?±

%0±
= lim

�

±
D # 0

1

ö#±
D

ö#±
0 ! 1 ! (ö#±

D ! ö#±
0 )

ö#±
D

ö#±
0 ! 1 + ( ö#±

D ! ö#±
0 )

= ) ±

!
ö#±

0 ! 1
ö#±

0 + 1

"

. (3.24)

As shown in detail in [3, 4], the %-independence of physical quantities implies they depend only on
#±

D (%) and %through RG-invariant quantities like %
?±.
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The ßow obtained by integrating (3.15) is given (for %small enough that f and g are dominated by
their near-source asymptotic forms) by
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0 (%! %0± )

=
(

%+ %! ±

%! %! ±
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, (3.23)

a ßow that is shown in Fig. 1. In the Þrst equality the integration constant is chosen using the initial
condition #±

D (%0± ) = #±
0 , while in the second equality ) ± = sign( |ö#±

D | ! 1) and the RG-invariant
quantities %! ± are deÞned as the scales where theö#±

D approach zero (or diverge). Which of these one
uses depends on whether the RG trajectory of interest has|ö#±

D | greater than or smaller than 1. In
either case%! ± is given explicitly by inverting the Þrst equality of ( 3.23):

%! ±

%0±
= lim
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D # 0

1

ö#±
D

ö#±
0 ! 1 ! (ö#±
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As shown in detail in [3, 4], the %-independence of physical quantities implies they depend only on
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Ð 10 Ð

�̂ = ±�s = ±
�

1 � 8mg

! = 0 g = 0 1/r2



Point Particle Effective Actions Markus Rummel / 13

Running

• Klein-Gordon equation can be brought into 
Schrödinger form with

• Relativistic scalars always run non-trivially!
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Figure 1. Plot of the RG flow of �̂±
D (as defined in the main text) vs ln ✏/✏? when Z↵ = 0. A representative

of each of the two RG-invariant classes of flows is shown, and ✏? is chosen as the place where �̂ = 0 or �̂ ! 1,

depending on which class of flows is of interest.

For ! ! !
?± (though ! not so large as to invalidate the small-r expansion of the mode functions

at r = ! ) the ßow approaches the Þxed point atö" ±
D = +1, with ö" ±

D " 1 # !
?±/! . Becauseö" ±

D " 1 #
(cs ± cv )/! this implies cs and cv simply become independent of! in this limit.

For small ! the ßow emerges from the repulsive Þxed point atö" ±
D = " 1 with ö" ±

D +1 $ " 2#±(!/!
?±)

with (as before) #± = sign( |ö" ±
D | " 1). Consequently for small! the couplings cs and cv evolve linearly

with ! (as opposed to the naive quadratic behaviour expected on dimensional grounds):

cs(! ) =
1
2

✓
" +

D

m + $
+

" !
D

m " $

◆
= "

4%m!
m2 " $2 + O(! 2)

and cv (! ) =
1
2

✓
" +

D

m + $
"

" !
D

m " $

◆
=

4%$!
m2 " $2 + O(! 2) . (3.25)

The ßow describes the transition between these two asymptotic states, and clearly no source coupling
(cs = cv = 0) is an RG-invariant Þxed point, and it is also RG-invariant to have cv = 0 while cs runs
(corresponding to !

?+ = !
?! ).

As a concrete example, suppose matching to a UV completion were to give the predictions

cv = gvR
2 and cs = gsR

2 at ! = R, (3.26)

for a microscopic scale 1/R ! $ % m and dimensionless constants|gv |, |gs| <& O(1) . Then " ±
D (R) =

(m± $)(gs ± gv )R2 while the signs#± = sign( ö" ±
D " 1) are #+ = sign(gs + gv ) and #! = sign (gv " gs).

Then the RG-invariant scales are!
?±/R = #±(ö" ±

D " 1)/(ö" ±
D + 1) and so

!
?±
R

= #±


(m± $)(gs ± gv )R/4%

1 + (m± $)(gs ± gv )R/4%

�
, (3.27)

and so!
?± ! R requires (gs ±gv )R $ " 4%/(m±$). Unlike for the nonrelativistic case there is always

an $ for which this can be satisÞed, but because$R ' 1 this is only possible in the e↵ective theory
if gs ± gv is su�ciently large and has the right sign.
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What about fermions?

•                   is IR fixed point of the Dirac PPEFT

           nothing new on the Proton radius problem

• Efficient parametrization of corrections:

• Checked with literature for toy charge distributions 
11

�

Sp = �
�

W d�
�
M � Q Aµ úyµ + cs

ø� � + icv
ø� �µ � úyµ � 2!

3 Z� r2
p � · E + · · ·

�

moments e.g.

where the e↵ective coupling h±
e! is given order by order in (Z↵)2 and (mRZ↵) by:

h+
e! ' ⇡Z↵R2

⇢
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2ĝ2 � 1

3n2


1 + 8n2

✓
1 +

3

2
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3
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+
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9

◆
(mRZ↵) + . . .

�
, (6.5)

These expressions apply for general f̂
i

and ĝ
i

out to subdominant order mRZ↵ and (Z↵)2, and
so su�ce for modern comparisons with precision measurements. As such they provide a model-
independent description of source e↵ects, allowing source e↵ects to be e�ciently parameterized when
comparing modern measurements [28] with other precisions corrections, such as those of QED.

Finally, we have verified explicitly that these expressions reproduce those in the literature when
specialized to the special case where the source is modelled as an explicit charge distribution, and
for comparison purposes give expressions for the leading values of f̂

i

and ĝ
i

for several simple models
considered elsewhere.
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A Gamma-matrix conventions

When necessary we use the following representation for the tangent-frame gamma matrices:

�0 = �i� = �i

✓
0 I

I 0

◆
, �

k

= �i

✓
0 �

k

��
k

0

◆
, (A.1)

where �
k

are the Pauli matrices,

�1 =

✓
0 1
1 0

◆
, �2 =

✓
0 �i

i 0

◆
and �3 =

✓
1 0
0 �1

◆
, (A.2)
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limited sense of ‘model-independence’ than we use here, since the model-independence of the predic-
tions of the e↵ective action apply not just to static charge distributions, but essentially to any kind
of source physics that is su�ciently localized. (This model-independence of EFT methods for atomic
measurements are emphasized within the 2nd-quantized framework in [17, 21].)

We verify in Appendix B that for a general static charge distribution, ⇢(x), the quantity ĝ
1

that
dominates how source physics appears in g

+

/f
+

is related to the rms charge density, r 2p = hr 2i, by

(1 + 2ĝ
1

)R2 =
r 2p
3

, (5.3)

which implies that the leading energy shift given by (4.18) becomes

h+

e↵

' 2⇡

3
Z↵ r 2p , (5.4)

as required for consistency with (5.1). On the other hand, the boundary condition (3.8) shows how
the parameter ĝ

1

is also interchangeable with one combination of cs and cv tot

through

!
cs + cv tot

"

! =R
= cs + cv +

2⇡

3
Z↵ r 2p = 4⇡R2

#
g
+

f
+

$

r =R
= 4⇡ĝ

1

Z↵R2 . (5.5)

This implies
cs + cv = �2⇡Z↵R2 , (5.6)

i.e. the infrared fixed point found in (3.42). Note the di↵erence from the Schrödinger running where
we found that h = 0 is a fixed point that parametrizes a trivial boundary condition.

The subdominant (mRZ ↵) contribution also provides a relation between ĝ
2

and the higher moment
hr 3i

(2)

. Comparing (4.21) with (5.1) and using (5.3) shows

hr 3i
(2)

' �6R3

%
2ĝ

2

�
&
1 + 8n2

#
1 +

3

2
ĝ
1

(ĝ
1

+ 2)

$'
1

3n2

(
, (5.7)

Although we do not have a general proof of this result, we can verify it for specific charge distributions.
These higher terms can be related to higher-dimension interactions — such as those of (3.44) — in
Sp, using matching conditions similar to (5.5), although we do not pursue this here.

5.1.2 Specific charge distributions

The detailed calculations done for specific charge distributions [12, 19, 20] provide useful checks on the
higher-order terms, since these must agree on the series coe�cients for the specific charge distributions
studied. To provide this check we compute the couplings ĝi and f̂ i for various charge distributions in
Appendix B, and we here use these in the above expressions for h

e↵

to verify agreement where overlap
is possible.

Spherical charged shell

The simplest such example is that of a charged shell, for which

⇢ = � �(r � R) =
Ze

4⇡R2

�(r � R) (5.8)

which is convenient since the interior solution can be solved exactly in closed form. (We have checked
that our numerical results for this case agree with those of [20].) For this distribution the rms charge
radius is r 2p = R2 and hr 3i

(2)

= 16R3/ 5.
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[Friar 1979,  Nickel 2013]
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More applications

• Scattering for contact interactions (Deser formula)

• Vacuum polarization (Ueling potential)

• (Mesonic) Atoms with e.g.                    orbiting

• Exotic interactions

12

��, K�, p̄

[Ueling 1935]

[Deser, Goldberger, Baumann, Thirring 1954]

[e.g. Tucker-Smith, Yavin 2011, Barger, Chiang, Keung, 
Marfatia 2011, Batell, McKeen, Pospelov 2011, 
Carroll, Thomas, Rafelski, Miller 2011]
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Conclusions & Outlook

• PPEFT is efficient way to calculate finite size effects 
when source particle is approximately at rest (e.g. 
finite size corrections of nucleus in atoms)

• Manifests itself via boundary condition and classical 
renormalization

• Works in Schrödinger, Klein-Gordon and Dirac 
context

• Only the beginning: More applications on the way

13


