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Ubiquitous CFT’s

I CFT’s are the building blocks of quantum field theories

UV ⌘ CFT1

IR ⌘ CFT2

I Classical and quantum phase transitions in real physical systems
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Ubiquitous CFT’s

I Quantum gravity via AdS/CFT correspondence

Usually: Classical gravity ⇒ Strongly coupled CFTs

Lately: 2D CFTs ⇒ Black holes physics
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How to study CFTs?

D=2 is a great deal:

buy 1

(scale invariance)
⇒

get ∞
(Virasoro algebra)

D>2, much harder. Usually rely on

I perturbative expansions (in couplings, dimensions, number of fields,...)

I supersymmetry

I strong/weak dualities (AdS/CFT, ...)

I Simulations (Lattice, MonteCarlo)

Today: Conformal Bootstrap
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What are CFTs?

Theories invariant under the conformal algebra SO(D|2) which includes:

I translations
I Lorentz transformations
I dilatations
I ”inversion”

They are described by three ingredients:

1) Spectrum: infinite set of operators O�,`
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3) Crossing symmetry constraints: see next slides...
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The power of conformal invariance

In CFT we are interested in computing correlations functions 〈Oi (x1)...Oj(xn)〉:

fixed by symmetry

 〈Oi (x1)Oj(x2)〉 X

〈Oi (x1)Oj(x2)Ok(x3)〉 X

encode dynamics

 〈Oi (x1)Oj(x2)Ok(x3)Ol(x4)〉

. . .
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Four point functions

Use OPE to reduce higher point functions to smaller ones:

〈O(x1)O(x2)O(x3)O(x4)〉 ∼
∑
O

1 Introduction and formulation of the problem

Our knowledge about non-supersymmetric Conformal Field Theories (CFTs) in four dimensions
(4D) is still quite incomplete. Su�ces it to say that not a single nontrivial example is known which
would be solvable to the same extent as, say, the 2D Ising model. However, we do not doubt that
CFTs must be ubiquitous. For example, non-supersymmetric gauge theories with Nc colors and
Nf flavors are widely believed to have “conformal windows” in which the theory has a conformal
fixed point in the IR, with evidence from large Nc analysis [1], supersymmetric analogues [2], and
lattice simulations [3]. Since these fixed points are typically strongly coupled, we do not have
much control over them. In this situation particularly important are general, model-independent
properties.

One example of such a property is the famous unitarity bound [4] on the dimension � of a
spin l conformal primary operator O�,l :1

� � 1 (l = 0) , (1.1)

� � l + 2 (l � 1) .

These bounds are derived by imposing that the two point function hOOi have a positive spectral
density.

As is well known, 3-point functions in CFT are fixed by conformal symmetry up to a few arbi-
trary constants (Operator Product Expansion (OPE) coe�cients). The next nontrivial constraint
thus appears at the 4-point function level, and is known as the conformal bootstrap equation. It
says that OPE applied in direct and crossed channel should give the same result (see Fig. 1).

The bootstrap equation goes back to the early days of CFT [5]. However, until recently, not
much useful general information has been extracted from it2. All spins and dimensions can apriori
enter the bootstrap on equal footing, and this seems to lead to unsurmountable di�culties.
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Figure 1: The conformal bootstrap equation. The thick red line denotes a conformal
block, summing up exchanges of a primary operator O and all its descendants.

Recently, however, tangible progress in the analysis of bootstrap equations was achieved in
[7]. Namely, it was found that, in unitary theories, the functions entering the bootstrap equations

1Here we quote only the case of symmetric traceless tensor operators.
2Except in 2D, in theories with finitely many primary fields and in the Liouville theory [6]. We will comment

on the 2D case in Sections 4.1 and 5 below.
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Crossing symmetry: two expansions must give the same result!

(Constraint on spectrum and interactions)

7



Definition of a CFT:

A CFT is an infinite set of primary operators O∆,` and OPE coefficients Cijk

that satisfy crossing symmetry for all set of four-point functions.

Q: What choices of CFT data are consistent?
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Numerical bootstrap

Conformal
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Numerical Bootstrap
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C 2
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Known functions F∆,`

= 0

I Unitarity: C 2
∆,` ≥ 0

NoMaybe

⇤

F0,0 F�1,`1

F�2,`2

F�n,`n

F0,0 F�1,`1

F�2,`2

Existence of Λ can be recast into a linear (or semi-definite) programming

problem and checked numerically. [Rattazzi,Rychkov,Tonni, AV] 2008 11



Numerical Bootstrap

Rules of the game:

I Choose one or more operators O1,O2, ....

I Consider all four point functions containing those operators

< O1O1O1O1 >,< O1O1O2O2 >, ...

I Make assumptions on the operators (and coefficients) appearing in the

OPE’s Oi ×Oj

I Check numerically if assumptions are consistent with crossing symmetry

I If not consistent: no CFT with that operator content
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An application in 3D

Scalars σ ε, with OPE:
σ × σ ∼ 1 + ε+ ....

σ × ε ∼ σ + ....

ε× ε ∼ 1 + ε+ ....

Q: given ∆σ, how large can ∆ε be?

A: study < σσσσ >,< σσεε >,< εεεε >

Ising

0.50 0.55 0.60 0.65 0.70 0.75 0.80 Ds1.0

1.2

1.4

1.6

1.8

De

Figure 3: Shaded: the part of the (��,�") plane allowed by the crossing symmetry constraint
(5.3). The boundary of this region has a kink remarkably close to the known 3D Ising model
operator dimensions (the tip of the arrow). The zoom of the dashed rectangle area is shown in
Fig. 4. This plot was obtained with the algorithm described in Appendix D with nmax = 11.

end of this interval is fixed by the unitarity bound, while the upper end has been chosen
arbitrarily. For each �� in this range, we ask: What is the maximal �" allowed by (5.3)?

The result is plotted in Fig. 3: only the points (��,�") in the shaded region are allowed.4

Just like similar plots in 4D and 2D [16, 17, 23] the curve bounding the allowed region starts
at the free theory point and rises steadily. Moreover, just like in 2D [17] the curve shows a
kink whose position looks remarkably close to the Ising model point.5 This is better seen in
Fig. 4 where we zoom in on the kink region. The boundary of the allowed region intersects
the red rectangle drawn using the �� and �" error bands given in Table 1.

Ising

0.510 0.515 0.520 0.525 0.530Ds1.38

1.39

1.40

1.41

1.42

1.43

1.44
De

Figure 4: The zoom of the dashed rectangle area from Fig. 3. The small red rectangle is
drawn using the �� and �" error bands given in Table 1.

From this comparison, we can draw two solid conclusions. First of all, the old results
for the allowed dimensions are not inconsistent with conformal invariance, though they are

4To avoid possible confusion: we show only the upper boundary of the allowed region. 0.5  �"  1 is
also a priori allowed.

5In contrast, the 4D dimension bounds do not show kinks, except in supersymmetric theories [23].
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[El-Showk,Paulos,Poland,Rychkov,Simmons-Duffin, AV] 2011
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Can we narrow down the 3D Ising model?

So far we have assumed anything about the CFT besides unitarity.

The 3D Ising model has only two relevant perturbations

Q: if only σ and ε have dimension ≤ 3: allowed values for ∆σ, ∆ε?

Monte Carlo

Bootstrap

0.51808 0.51810 0.51812 0.51814 0.51816 0.51818 Δσ

1.4125

1.4126

1.4127

1.4128

1.4129

1.4130

Δϵ

Ising: Scaling Dimensions

0.518146 0.518148 0.518150 0.518152
1.41260

1.41261

1.41262

1.41263

1.41264

1.41265

Figure 1: Determination of the leading scaling dimensions in the 3d Ising model from the
mixed correlator bootstrap after scanning over the ratio of OPE coe�cients �✏✏✏/���✏ and
projecting to the (��,�✏) plane (blue region). Here we assume that � and ✏ are the only
relevant Z2-odd and Z2-even scalars, respectively. In this plot we compare to the previous
best Monte Carlo determinations [18] (dashed rectangle). This region is computed at ⇤ = 43.

partially motivated by the present ⇠ 8� discrepancy between measurements of the heat-
capacity critical exponent ↵ in 4He performed aboard the space shuttle STS-52 [16] and
the precise Monte Carlo simulations performed in [17]. While our new O(2) island is not
quite small enough to resolve this issue definitively, our results have some tension with the
reported 4He measurement and currently favor the Monte Carlo determinations.

This paper is organized as follows. In section 2 we review the bootstrap equations
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Why does it work?

Only a finite number of operators effectively matter

Decoupling of high dimensional operators:

s-channel: 〈O(x1)O(x2)O(x3)O(x4)〉 ∼
∑
O∆,`

1 Introduction and formulation of the problem

Our knowledge about non-supersymmetric Conformal Field Theories (CFTs) in four dimensions
(4D) is still quite incomplete. Su�ces it to say that not a single nontrivial example is known which
would be solvable to the same extent as, say, the 2D Ising model. However, we do not doubt that
CFTs must be ubiquitous. For example, non-supersymmetric gauge theories with Nc colors and
Nf flavors are widely believed to have “conformal windows” in which the theory has a conformal
fixed point in the IR, with evidence from large Nc analysis [1], supersymmetric analogues [2], and
lattice simulations [3]. Since these fixed points are typically strongly coupled, we do not have
much control over them. In this situation particularly important are general, model-independent
properties.

One example of such a property is the famous unitarity bound [4] on the dimension � of a
spin l conformal primary operator O�,l :1

� � 1 (l = 0) , (1.1)

� � l + 2 (l � 1) .

These bounds are derived by imposing that the two point function hOOi have a positive spectral
density.

As is well known, 3-point functions in CFT are fixed by conformal symmetry up to a few arbi-
trary constants (Operator Product Expansion (OPE) coe�cients). The next nontrivial constraint
thus appears at the 4-point function level, and is known as the conformal bootstrap equation. It
says that OPE applied in direct and crossed channel should give the same result (see Fig. 1).

The bootstrap equation goes back to the early days of CFT [5]. However, until recently, not
much useful general information has been extracted from it2. All spins and dimensions can apriori
enter the bootstrap on equal footing, and this seems to lead to unsurmountable di�culties.

‚
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O

f

f

f

f

O

Figure 1: The conformal bootstrap equation. The thick red line denotes a conformal
block, summing up exchanges of a primary operator O and all its descendants.

Recently, however, tangible progress in the analysis of bootstrap equations was achieved in
[7]. Namely, it was found that, in unitary theories, the functions entering the bootstrap equations

1Here we quote only the case of symmetric traceless tensor operators.
2Except in 2D, in theories with finitely many primary fields and in the Liouville theory [6]. We will comment

on the 2D case in Sections 4.1 and 5 below.
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︸ ︷︷ ︸
e−#∆fs (xi )

t-channel: 〈O(x1)O(x2)O(x3)O(x4)〉 ∼
∑
O∆,`
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︸ ︷︷ ︸
e−#∆ft (xi )

[Rychkov,Yvernay,’15]

[Pappadopulo,Rychkov,Espin,Rattazzi,’12]

In the numerical bootstrap functions fs,t ∼ O(1)

Large dimension operators exponentially suppressed!
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Euclidean VS lightcone limit

Euclidean configuration

O(x1)

O(x2)

O(x3)

O(x4)

t = 0

Maximal convergence

⇓

Good for numerical bootstrap

Lightcone limit

O(x1)

O(x2)

O(x3)

O(x4)

t = 0

No exponential decoupling

⇓

Sensitive to high dimensional operators
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Lightcone bootstrap

Goal: describe the sector of operators with large spin `

Different use of crossing symmetry:

I numerical: carve out the CFTs parameter space

I lightcone: prove existence of certain towers of operators
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Lightcone bootstrap

In lightcone limit:

∑
O∆,`
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︸ ︷︷ ︸
dominated by low twists

=
∑
O∆,`

1 Introduction and formulation of the problem

Our knowledge about non-supersymmetric Conformal Field Theories (CFTs) in four dimensions
(4D) is still quite incomplete. Su�ces it to say that not a single nontrivial example is known which
would be solvable to the same extent as, say, the 2D Ising model. However, we do not doubt that
CFTs must be ubiquitous. For example, non-supersymmetric gauge theories with Nc colors and
Nf flavors are widely believed to have “conformal windows” in which the theory has a conformal
fixed point in the IR, with evidence from large Nc analysis [1], supersymmetric analogues [2], and
lattice simulations [3]. Since these fixed points are typically strongly coupled, we do not have
much control over them. In this situation particularly important are general, model-independent
properties.

One example of such a property is the famous unitarity bound [4] on the dimension � of a
spin l conformal primary operator O�,l :1

� � 1 (l = 0) , (1.1)

� � l + 2 (l � 1) .

These bounds are derived by imposing that the two point function hOOi have a positive spectral
density.

As is well known, 3-point functions in CFT are fixed by conformal symmetry up to a few arbi-
trary constants (Operator Product Expansion (OPE) coe�cients). The next nontrivial constraint
thus appears at the 4-point function level, and is known as the conformal bootstrap equation. It
says that OPE applied in direct and crossed channel should give the same result (see Fig. 1).

The bootstrap equation goes back to the early days of CFT [5]. However, until recently, not
much useful general information has been extracted from it2. All spins and dimensions can apriori
enter the bootstrap on equal footing, and this seems to lead to unsurmountable di�culties.
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f
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Figure 1: The conformal bootstrap equation. The thick red line denotes a conformal
block, summing up exchanges of a primary operator O and all its descendants.

Recently, however, tangible progress in the analysis of bootstrap equations was achieved in
[7]. Namely, it was found that, in unitary theories, the functions entering the bootstrap equations

1Here we quote only the case of symmetric traceless tensor operators.
2Except in 2D, in theories with finitely many primary fields and in the Liouville theory [6]. We will comment

on the 2D case in Sections 4.1 and 5 below.

1

︸ ︷︷ ︸
”all” important

Twist: τ ≡ ∆− `

Unitarity:
τ ≥ D − 2 ` > 0

τ ≥ (D − 2)/2 ` = 0

τ = 0 identity operator

Main contribution from identity, conserved currents and scalars
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Lightcone bootstrap

In lightcone limit:

∑
O∆,`
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︸ ︷︷ ︸
dominated by low twists

=
∑
O∆,`

1 Introduction and formulation of the problem

Our knowledge about non-supersymmetric Conformal Field Theories (CFTs) in four dimensions
(4D) is still quite incomplete. Su�ces it to say that not a single nontrivial example is known which
would be solvable to the same extent as, say, the 2D Ising model. However, we do not doubt that
CFTs must be ubiquitous. For example, non-supersymmetric gauge theories with Nc colors and
Nf flavors are widely believed to have “conformal windows” in which the theory has a conformal
fixed point in the IR, with evidence from large Nc analysis [1], supersymmetric analogues [2], and
lattice simulations [3]. Since these fixed points are typically strongly coupled, we do not have
much control over them. In this situation particularly important are general, model-independent
properties.

One example of such a property is the famous unitarity bound [4] on the dimension � of a
spin l conformal primary operator O�,l :1

� � 1 (l = 0) , (1.1)

� � l + 2 (l � 1) .

These bounds are derived by imposing that the two point function hOOi have a positive spectral
density.

As is well known, 3-point functions in CFT are fixed by conformal symmetry up to a few arbi-
trary constants (Operator Product Expansion (OPE) coe�cients). The next nontrivial constraint
thus appears at the 4-point function level, and is known as the conformal bootstrap equation. It
says that OPE applied in direct and crossed channel should give the same result (see Fig. 1).

The bootstrap equation goes back to the early days of CFT [5]. However, until recently, not
much useful general information has been extracted from it2. All spins and dimensions can apriori
enter the bootstrap on equal footing, and this seems to lead to unsurmountable di�culties.

‚
O

= ⁄
O

f

f

f

f

O

Figure 1: The conformal bootstrap equation. The thick red line denotes a conformal
block, summing up exchanges of a primary operator O and all its descendants.

Recently, however, tangible progress in the analysis of bootstrap equations was achieved in
[7]. Namely, it was found that, in unitary theories, the functions entering the bootstrap equations

1Here we quote only the case of symmetric traceless tensor operators.
2Except in 2D, in theories with finitely many primary fields and in the Liouville theory [6]. We will comment

on the 2D case in Sections 4.1 and 5 below.

1

︸ ︷︷ ︸
”all” important

Main results:

I RHS needs an infinite tower of operators to reproduce LHS leading

singularities
I Can compute the anomalous dimensions and OPE coeff: 1/`τ expansion
I for 〈OOOO〉 the tower corresponds to double trace operators

O∂µ1∂µ`O with ∆` = 2∆O + `+ O(
1

`τmin
)

I subleading sigularities can also be reproduced: more towers...

[Fitzpatrick, Kaplan, Poland, Simmons-Duffin,’12]

[Alday,Bissi,Lukowski,Zhiboedov,’14-’17]

[Li, Meltzer, Poland,’15,’16] 19



Many faces, one face?

Q:Are there evidences of lightcone results in the numerical bootstrap?

A: Yes! [Simmons-Duffin,’16]

The 3D ising model is super constrained: solution of crossing can be

reconstructed up to O(100) operators

Compare numerical with lightcone

results:

where we used equation (5.48) for the Jacobian @h
@`

that relates f��[��]0 to ���[��]0 . The

actual operator dimensions are determined by solving h � 2h� � �(h) = 0, 2, 4, . . . .

A comparison between the above formula and numerics for ⌧[��]0 = 2��+2�[��]0 is shown
in figure 7. The discrepancy between analytics and numerics is 3 ⇥ 10�3 and 5 ⇥ 10�4 for
spins ` = 2, 4, respectively, and ⇠ 5 ⇥ 10�5 for ` > 4. Including additional higher-twist
operators (primaries or descendants) in (6.1) and (6.2) does not improve the fit for low
spins, and barely a↵ects it for high spins.
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τ

τ[σσ]0(h)

Figure 7: A comparison between the analytical prediction (6.5) (blue curve) and numerical
data (blue dots) for ⌧[��]0 . The two agree with accuracy 3 ⇥ 10�3 and 5 ⇥ 10�4 for spins
` = 2, 4, respectively, and ⇠ 5 ⇥ 10�5 for ` > 4. The grey dashed line is the asymptotic value
⌧ = 2��. The curve (2.3) from [1] looks essentially the same.

6.1.1 Di↵erences from [1]

Let us comment briefly on the (inconsequential) di↵erences between the above calculation
and the series (2.3) computed in [1]. Firstly, we have not included descendants of ✏, T ,

namely terms of the form W
(0)����
O,m and V

(0)����
O,m with m � 1, whereas [1] included descen-

dants at first order in z. This is because it doesn’t make sense to include level-1 descendants
of ✏, T without also including the double-twist operators [✏T ]0, [TT ]0, which contribute at
the same order in the large-h expansion. Also, because we organize everything as a series in
y instead of z, the contributions of descendants will di↵er somewhat (though the sum over

32

6.2.3 Comparison to numerics

We plot the twists ⌧[�✏]0 = �� + �✏ + 2�[�✏]0 in figure 13 and OPE coe�cients f�✏[�✏]0 in
figure 14, comparing the formulae (6.33) and (6.34) to numerical results. In both cases,
analytics matches numerics to high precision (⇠ 10�4) at large h, and moderate precision
(< 10�2) for all h. The agreement is particularly impressive because the corrections are
large compared to Mean Field Theory, in contrast to the case of [��]0. Correctly summing
the family [��]0 is crucial for achieving this.
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Figure 13: Comparison between numerical data and the analytical prediction (6.33, 6.34) for
⌧[�✏]0 . The blue curve and points correspond to even-spin operators and the orange curve and
points correspond to odd-spin operators. The dashed line is the asymptotic value ⌧ = ��+�✏.

7 Operator mixing and the twist Hamiltonian

7.1 Allowing for mixing

The naive large-h expansion of section 5 describes the operators [��]0 and [�✏]0 nicely.
However, it fails badly for [��]1 and [✏✏]0. As mentioned in the introduction, the numerics
indicate large mixing between these families. As a striking illustration, we plot the ratios
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7 Operator mixing and the twist Hamiltonian

7.1 Allowing for mixing

The naive large-h expansion of section 5 describes the operators [��]0 and [�✏]0 nicely.
However, it fails badly for [��]1 and [✏✏]0. As mentioned in the introduction, the numerics
indicate large mixing between these families. As a striking illustration, we plot the ratios
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Conclusions

CFT’s in D ≥ 3 (neglected for many years) are now under siege

I Numerical techniques allow to precisely determine CFT data

I Lightcone limit provides insights on ”large” spin operators

I Other complementary approaches available

I We have only scratched the surface:

are we on the verge of a ”CFT eight-fold way”?
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