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Motivation

• Electroweak corrections becoming essential

✤ Fixed order adequate at present energies

✤ Enhanced higher orders important for FCC

• SM may be valid up to much higher energies

✤ Implications for cosmology and astrophysics

• Need full simulations of  VHE interactions: 
parton shower event generators for full SM

✤ First step: event generators need PDFs
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Outline
• Electroweak effects at high energies

✤ Non-cancelling large (double) logarithms

• SM parton distributions 

✤ DGLAP and double-log evolution

✤ L-R and isospin asymmetries

✤ Electron PDFs (preliminary)

• Lepton pair production

✤ Matching to fixed order

• Conclusions and prospects
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Electroweak Effects 
at High Energies
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Electroweak effects: e+e

• For massless bosons, IR divergences in each graph, 
cancel in inclusive sum over SU(2) multiplets

• For massive bosons, divergences become log(mw2/s), 
generally two per power of aw

5

Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons

4

Consider example of qq production 

Have contributions from virtual and real emission

For massive W,  IR divergences turn into log(mW2/s), and 
generally have two powers per power of alpha

Both virtual and real sensitive to log(mW2/s)
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Electroweak effects: e+e

•  aw log2(mw2/s) from each graph, cancel in 
inclusive sum over SU(2) multiplets

• But we don’t have nn or en colliders, so 
cancellation is incomplete
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Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons

4

Consider example of qq production 

Have contributions from virtual and real emission

For massive W,  IR divergences turn into log(mW2/s), and 
generally have two powers per power of alpha

Both virtual and real sensitive to log(mW2/s)
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Electroweak effects: qq

•  aw log2(mw2/s) from each graph, cancel in 
inclusive sum over SU(2) multiplets

• In pp,  u-quark PDF ≠ d-quark PDF, so 
cancellation is incomplete
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Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons

4

Consider example of qq production 

Have contributions from virtual and real emission

For massive W,  IR divergences turn into log(mW2/s), and 
generally have two powers per power of alpha

Both virtual and real sensitive to log(mW2/s)
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Parton Distribution 
Functions

8



Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

PDFs as bilocal operator MEs

9

Parton	distribu@on	func@ons	are	matrix	elements	of	collinear	
bi-local	operators

26

Diagramatically, can think of them as

2. The evolution of parton distributions in the full Standard model

2.1 Definition of the parton distribution functions

The standard definition of an x-weighted parton distribution is given by the matrix element

of a bi-local operator, separated along the lightcone. For fermions, one finds the standard

definition, but without spin averaging as we are separating the fermions into left and right

handed, thus each fermion has only one possible spin determined by its helicity and the

sign of its momentum.

fi(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)

f
¯i(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
. (2.2)

To include all gauge interactions of the standard model, one needs to include separate

parton distribution functions for left- and right- handed fields. This implies that for each

generation, there are a total of 8 quark PDFs and 6 lepton PDFs to consider, for a total

of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by

fV (x) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��V µ�(y)V�⌫(�y)

��p
↵���
spin avg.

. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixing

between these two bosons into account. This implies that besides PDFs for each of these

two particles, one needs to include a mixed PDF, which is given by

fBW (x) =
1

2

✓
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��Bµ�(y)W 3

�⌫(�y)
��p
↵���
spin avg.

+ h.c.

◆
. (2.4)

From these PDFs one can then construct the PDF for the Z, the photon and their mixed

state as a transformation of the PDF for the B, the W 3 and their mixed state. Using

A = cWB + sWW 3 and Z = �sWB + cWW 3 one finds
0

B@
f�
fZ
f�Z

1

CA =

0

B@
c2W s2W 2cW sW
s2W c2W �2cW sW

�cW sW cW sW c2W � s2W

1

CA

0

B@
fB
fW 3

fBW

1

CA . (2.5)

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) =

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.6)

and PDFs for each of the 4 Higgs fields H0, H̄0, H+ and H� are included.

In summary, there are a total of 52 parton distrbution functions that need to be

considered.
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Parton distribution functions are matrix elements of collinear 
operators of field separated along the light-cone

Once full SM evolution is considered, need pdf for every 
particle (including Higgs)

fi fV

CWB, Ferland, Webber (’17) 
see also Ciafaloni, Comelli (’00-’05)

Parton	distribu@on	func@ons	are	matrix	elements	of	collinear	
bi-local	operators
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Parton distribution functions are matrix elements of collinear 
operators of field separated along the light-cone

Once full SM evolution is considered, need pdf for every 
particle (including Higgs)

fi fV

CWB, Ferland, Webber (’17) 
see also Ciafaloni, Comelli (’00-’05)
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PDF Evolution

10

Before	I	show	results,	let	me	give	the	complete	evolu@on	of	
quark	pdf	as	an	example

32

The possible diagrams one can draw are

q d/dq f = P ⊗ f

q d/dq f = P ⊗ V

q d/dq f = P ⊗ H

f

ff

V

Hf
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Real and Virtual Contributions

• Reals have loops from one side to the other

• Virtuals have loops on same side

11

DGLAP	equa@ons	are	simply	renormaliza@on	group	equa@ons	
of	these	operators

28

As for any operator in field theory depend on renormalization 
scale, and RGE is derived from divergent structure of loops

Virtual contributions have loop stay on same side of operator

Real contributions have loop go from one side to other

DGLAP	equa@ons	are	simply	renormaliza@on	group	equa@ons	
of	these	operators

28

As for any operator in field theory depend on renormalization 
scale, and RGE is derived from divergent structure of loops

Virtual contributions have loop stay on same side of operator

Real contributions have loop go from one side to other



Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

SU(3) Evolution (DGLAP)
• Consider evolution of u quark PDF

• z=1 singularity cancels       single-log evolution

12

For	usual	QCD	evolu@on	of	PDF’s	solu@on	to	DGLAP	is	only	
single	logarithmic

34

Consider evolution of quark pdf:

Virtual Real

Combination

Logarithmic singularity as z→1 vanishes

t

d

dt
fu(x, t) =

↵CF

⇡

P

V
q (t)fu(x, t)

P

V
q (t) = �

Z z
max

(t)

0
dz Pqq(z)

t

d

dt
f

q

(x, t) =
↵C

F

⇡

Z
z

max

(t)

x

dz P
qq

(z)f
q

(x/z, t)

t

d

dt
fq(x, t) =

↵CF

⇡

Z z
max

(t)

0
dz Pqq(z) [fq(x/z, t)� fq(x, t)] + . . .

q

@

@q

fu(x, q) =
↵3CF

⇡

P

V
f (q)fu(x, q)

Pff (z) =
1 + z2

1� z

For	usual	QCD	evolu@on	of	PDF’s	solu@on	to	DGLAP	is	only	
single	logarithmic

34

Consider evolution of quark pdf:

Virtual Real

Combination

Logarithmic singularity as z→1 vanishes

t

d

dt
fu(x, t) =

↵CF

⇡

P

V
q (t)fu(x, t)

P

V
q (t) = �
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0
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t

d
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f

q
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↵C

F

⇡

Z
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dz P
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q
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t

d
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⇡

Z z
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(t)

0
dz Pqq(z) [fq(x/z, t)� fq(x, t)] + . . .

q

@

@q

fu(x, q) =
↵3CF

⇡

Z 1�µ/q

0
dz Pff (z) [fu(x/z, q)� fu(x)]

q

@

@q

f

u

(x, q) =
↵3CF

⇡

Z 1�µ/q

x

dz P
ff

(z)f
u

(x/z, q)

u u
u u

g
g

µ ! 0

PV
f (q) = �

Z 1�µ/q

0
dz Pff (z)
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SU(2) Evolution
• Consider evolution of uL quark PDF

• z=1 doesn’t cancel       double-log evolution

13

For	usual	QCD	evolu@on	of	PDF’s	solu@on	to	DGLAP	is	only	
single	logarithmic

34

Consider evolution of quark pdf:

Virtual Real

Combination

Logarithmic singularity as z→1 vanishes
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single	logarithmic
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M Ciafaloni, P Ciafaloni, D Comelli,  hep-ph/9809321, 0001142, 0111109, 0505047
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Electroweak logarithms

• Electroweak logs get large at high energy

• Virtual corrections exponentiate as Sudakov factor

14

The	numerical	effect	of	EW	Sudakov	logarithms	becomes	
large	at	high	energies

5
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SM Fermion Evolution

15

Before	I	show	results,	let	me	give	the	complete	evolu@on	of	
quark	pdf	as	an	example

33

2.5 I = 3: SU(3) interactions

We start by considering the well known case of SU(3) interactions. The relevant degrees

of freedom are the gluon, as well as left and right-handed quarks. The coupling constants

are

Cqq,3 = Cgq,3 = CF , Cqg,3 = TR , Cgg,3 = CA . (2.34)

This gives for the evolution of a quark or gluon4


�q,3 q

@

@q

fq
�q,3

�

3

=
↵
3

⇡

⇥
CFP

R
ff,G ⌦ fq + TRP

R
fV,G ⌦ fg

⇤
, (2.35)


�g,3 q

@

@q

fg
�g,3

�

3

=
↵
3

⇡

2

4CAP
R
V V,G ⌦ fg +

X

f

CFP
R
V f,G ⌦ fq

3

5 . (2.36)

The Sudakov factor can be obtained from Eq. (2.13) using the coupling constants in

Eq. (2.34). This gives

P V
q,3(q) = �CF

Z
1

0

z dz
⇥
PR
ff,G(z) + PR

V f,G(z)
⇤

P V
g,3(q) = �

Z
1

0

z dz
⇥
CA PR

V V,G(z) + 8ng TR PR
fV,G(z)

⇤
, (2.37)

where we have used in the last line that there are 8 chiral quarks plus antiquarks per

generation.

Since the gluon is massless, the upper limit in all the z integration is equal to 1 [see

Eq. (3.13)]. This imples that the convolutions PR
ff,G⌦fq and PR

V V,G⌦fg in Eqs. (2.35) and

(2.36) are both divergent. However, at the same time the virtual splitting functions that

enters the Sudakov factors �q,3(q) and �g,3(q) defined in Eq. (3.9) are also divergent, such

that the divergences cancel in the evolution of the actual PDFs. Using +-distributions, as

explained in Section 3, one obtains evolution equations that are free of any divergences, and

which can be implemented numerically. Alternatively, for parton shower implementation,

one can impose a cuto↵ of the form Eq. (3.13) with mV replaced by a small parameter

mg > ⇤
QCD

.

2.6 I = 1: U(1) interactions

For U(1) the relevant degrees of freedom are left and right-handed fermions (denoted by

the label f), as well as the U(1) gauge boson B. The couplings involving fermions and

gauge bosons are

Cff,1 = CBf,1 = Y 2

f , CfB,1 = Nf Y
2

f , CBB,1 = 0 (2.38)

where the hypercharges of the di↵erent fermions are given by

YqL =
1

6
, YuR =

2

3
, YdR = �1

3
, Y`L = �1

2
, YeR = �1 , (2.39)

4From now on we omit the arguments of functions for brevity.
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and the color factor Nf is equal to 3 for quarks and 1 for leptons. The couplings involving

the Higgs bosons are

Chh,1 = CBh,1 = ChB,1 =
1

4
, (2.40)

where h here stands for any of the 4 Higgs bosons.

Plugging this into the general evolution equation gives

�f,1 q

@

@q

ff
�f,1

�

1

=
↵
1

⇡
Y 2

i

⇥
PR
ff,G ⌦ ff +NfP

R
fV,G ⌦ fB

⇤
, (2.41)


�B,1 q

@

@q

fB
�B,1

�

1

=
↵
1

⇡

2

4
X

f

Y 2

f P
R
V f,G ⌦ ff +

1

4

X

h

PR
VH,G ⌦ fh

3

5 , (2.42)


�H,1 q

@

@q

fh
�h,1

�

1

=
↵
1

⇡

1

4

⇥
PR
HH,G ⌦ fh + PR

HV,G ⌦ fB
⇤
. (2.43)

The virtual splitting functions, required for the Sudakov factor are given by

P V
f,1(q) = �Y 2

f

"Z
1�mV

q

0

z dz PR
ff,G(z) +

Z
1

0

z dz PR
V f,G(z)

#

P V
B,1(q) = �ng

✓
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9
NC + 3

◆Z
1

0

z dz PR
fV,G(z)�

Z
1

0

z dz PR
HV,G(z)

P V
H,1(q) = �1

4

"Z
1�mV

q

0

z dz PR
HH,G(z) +

Z
1

0

z dz PR
VH,G(z)

#
, (2.44)

where we have used in the second line that for each generation there are 4 left-handed quarks

(one needs to count particles and antiparticles separately), 2 right-handed up-type quarks,

2 right-handed down-type quarks, 4 left-handed leptons and 2 right-handed electrons, and

that there are a total of 4 Higgs bosons.

2.7 I = 2: SU(2) interactions

The SU(2) interactions are more complicated, since the emission of W± bosons changes

the flavor of the emitting particle. This, combined with the SU(2) breaking in the input

hadron PDFs, leads to double logarithmic dependence in the DGLAP evolution, rather

than only single logarithmic dependence as in the evolution based on U(1) and SU(3).

The relevant coupling constants are (where u and d denote any up- and down-type

fermion, and Wi any of the SU(2) gauge bosons)

Cud,2 = Cdu,2 = CW±f,2 =
1

2
,

Cuu,2 = CW 3u,2 = Cdd,2 = CW 3d,2 =
1

4
,

CfW±,2 = Nf
1

2
,

CuW 3,2 = CdW 3,2 = Nf
1

4
,

CWiWj ,2 = 1 , (2.45)
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where as before the color factor Nf = 3 for quarks, 1 for leptons. The couplings of the W 3

state to the Higgs are given by

Chuhu,2 = CW 3hu,2 = ChuW 3,2 = Chdhd,2 = CW 3hd,2 = �ChdW 3,2 =
1

4
, (2.46)

while those of the charged W states to the Higgs are given by

CH+H0,2 = CH0H+,2 = CH+W+,2 = CH�
¯H0,2 = C

¯H0H�,2 = CH�W�,2 =
1

2
(2.47)

This gives for the evolution of the fermions

�fL,2 q

@

@q

fuL

�fL,2

�

2

=
↵
2

⇡

⇢
PR
ff,G ⌦


fdL
2

+
fuL

4

�

+NfPfV,G ⌦

fW+

2
+

fW 3

4

��
(2.48)


�fL,2 q

@

@q

fdL
�fL,2

�

2

=
↵
2

⇡

⇢
PR
ff,G ⌦


fuL

2
+

fdL
4

�

+NfPfV,G ⌦

fW�

2
+

fW 3

4

��
, (2.49)

where uL and dL stand for left-handed up and down-type fermions and as always Nf = 3

for quarks and 1 for leptons.

For the W+ and W 3 bosons we have

�W,2 q

@

@q

fW+

�W,2

�

2

=
↵
2

⇡

⇢
PR
V V,G ⌦ [fW+ + fW 3 ] +

1

2
PR
VH,G ⌦ [fH+ + f

¯H0 ]

+
X

gen

1

2
PfV,G ⌦ ⇥

fuL + f
¯dL

+ f⌫L + f
¯`L

⇤�
(2.50)


�W,2 q

@

@q

fW 3

�W,2

�

2

=
↵
2

⇡

⇢
PR
V V,G ⌦ [fW+ + fW� ] +

1

4
PR
VH,G ⌦

X

h

fh

+
1

4

X

fL

PR
fV,G ⌦ ffL

�
, (2.51)

and the equation for the W� can be obtained from that of the W+ by taking anti-particles

everywhere. The sum over j in the last line is over all left-handed fermions.

Finally, for the Higgs boson we have

�hu,2 q

@

@q

fhu

�h,2

�

2

=
↵
2

⇡

⇢
PR
HH,G ⌦


fhd

2
+

fhu

4

�

+PHV,G ⌦

fW+

2
+

fW 3

4

��
(2.52)


�hd,2 q

@

@q

fH0

�H0,2

�

2

=
↵
2

⇡

⇢
PR
HH,G ⌦


fhu

2
+

fhd

4

�

+PHV,G ⌦

fW�

2
+

fW 3

4

��
. (2.53)
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The virtual splitting functions are

P V
f,2(q) = �3

4

"Z
1�mV

q

0

z dz PR
ff,G(z) +

Z
1

0

z dz PR
V f,G(z)

#

P V
W,2(q) = �2

Z
1�mV

q

0

z dz PR
V V,G(z)� ng(NC + 1)

Z
1

0

z dz PR
fV,G(z)�

Z
1

0

z dz PR
HV,G(z)

P V
H,2(q) = �3

4

"Z
1�mV

q

0

z dz PR
HH,G(z) +

Z
1

0

z dz PR
VH,G(z)

#
, (2.54)

from which the Sudakov factor can be constructed using Eq. (3.9).

An important aspect of the SU(2) evolution equations is that, contrary to the other

gauge groups, the dependence on the ratio mV /q does not cancel between the real and

virtual splitting functions. As an example, consider the evolution equation for an up-type

fermion, given on the first line of Eq. (2.48), with the virtual contribution given by the

first line of Eq. (2.54). The sum of the contributions of real and virtual splitting functions

is given by

↵
2

⇡

Z
1�mV

q

0

dz
1

4
PR
ff,G(z) [2 fdL(x/z) + fuL(x/z)� 3 fuL(x)] . (2.55)

Thus, the SU(2) breaking in the proton, which renders fu(z) 6= fd(z), gives rise to a

logarithmic dependence on mv/q, which leads to a double logarithmic dependence upon

the integration over q. As we will see later, the e↵ect of this double logaritmic dependence

is to double logarithmically suppress the SU(2) breaking e↵ects at large energies.

2.8 I = Y : Yukawa interactions

The interaction of Higgs particles with fermions is described by the Yukawa interactions.

In this work we only keep the top Yukawa coupling, setting all others to zero. This gives

the following couplings

Cq3LtR,Y = CH0tR,Y = CH+tR,Y = CtRq3L,T
= C

¯H0tL,Y
= CH�bL,Y = 1 , (2.56)

where q3L denotes either the left-handed top or bottom quark. We furthermore need

CtRH0,Y = CtRH+,Y = CtL ¯H0,Y = CbLH�,Y = NC . (2.57)

This gives contributions to the top quark PDF, as well as the left-handed bottom PDF

"
�q3L,Y

q
@

@q

ftL
�q3L,Y

#

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ ftR +NCPfH,Y ⌦ f

¯H0

�


�tR,Y q

@

@q

ftR
�tR,Y

�

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ [ftL + fbL ] +NCPfH ⌦ [fH0 + fH+ ]

�

"
�q3L,Y

q
@

@q

fbL
�q3L,Y

#

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ ftR +NCPfH,Y ⌦ fH�

�
(2.58)
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It also contributes to the evolution of the Higgs bosons

�H,Y q

@

@q

fH+

�H,Y

�

Y

=
↵Y

⇡
PR
Hf,Y ⌦ ⇥

ftR + f
¯bL

⇤


�H,Y q

@

@q

fH0

�H0,Y

�

Y

=
↵Y

⇡
PR
Hf,Y ⌦ ⇥

ftR + f
¯tL

⇤
. (2.59)

The Sudakov factors can be obtained using Eq. (3.9) with

P V
q3L,Y

(q) =
1

2
P V
tR,Y (q) = �

Z
1

0

z dz PR
ff,Y (z)�

Z
1

0

z dz PR
Hf,Y (z)

P V
H,Y (q) = �2NC

Z
1

0

z dz PR
fH,Y (z) . (2.60)

2.9 I = M : Mixed B �W
3

interactions

Finally, we need to consider the evolution involving the mixed BW boson. The non-

vanishing couplings are

CBWfu,M = �CBWfd,M =
Yf
2

,

CfuBW,M = �CfdBW,M = Nf
Yf
2

. (2.61)

The diagonal coe�cients Cfufu,M and Cfdfd,M are zero because there is no vector boson

with both U(1) and SU(2) interactions. For the same reason, there are no Sudakov factors

associated with the mixed interaction. The couplings involving the Higgs bosons are

CBWhu,M = ChuBW,M = �CBWhd,M = �ChdBW,M =
1

4
. (2.62)

Plugging these into the general evolution equation gives the equations

q
@

@q
ffu

�

M

=
↵M

⇡

Yf
2
NfP

R
fV,G ⌦ fBW , (2.63)


q
@

@q
ffd

�

M

= �↵M

⇡

Yf
2
NfP

R
fV,G ⌦ fBW , (2.64)


�BW q

@

@q

fBW

�BW

�

M

=
↵M

⇡

⇥X

fu

Yf
2
PR
V f,G ⌦ ffu �

X

fd

Yf
2
PR
V f,G ⌦ ffd

+
1

4

X

hu

PR
VH,G ⌦ fhu � 1

4

X

hd

PR
VH,G ⌦ fhd

⇤
, (2.65)


q
@

@q
fhu

�

M

=
↵M

⇡

1

4
PR
HV,G ⌦ fBW , (2.66)


q
@

@q
fhd

�

M

= �↵M

⇡

1

4
PR
HV,G ⌦ fBW , (2.67)

where fu are the up-type left-handed fermions and antifermions, that is uL, ⌫L, ūL, ⌫̄L
for all generations, fd are the down-type left-handed fermions and antifermions, that is
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2.5 I = 3: SU(3) interactions

We start by considering the well known case of SU(3) interactions. The relevant degrees

of freedom are the gluon, as well as left and right-handed quarks. The coupling constants

are

Cqq,3 = Cgq,3 = CF , Cqg,3 = TR , Cgg,3 = CA . (2.34)

This gives for the evolution of a quark or gluon4


�q,3 q

@

@q

fq
�q,3

�

3

=
↵
3

⇡

⇥
CFP

R
ff,G ⌦ fq + TRP

R
fV,G ⌦ fg

⇤
, (2.35)


�g,3 q

@

@q

fg
�g,3

�

3

=
↵
3

⇡

2

4CAP
R
V V,G ⌦ fg +

X

f

CFP
R
V f,G ⌦ fq

3

5 . (2.36)

The Sudakov factor can be obtained from Eq. (2.13) using the coupling constants in

Eq. (2.34). This gives

P V
q,3(q) = �CF

Z
1

0

z dz
⇥
PR
ff,G(z) + PR

V f,G(z)
⇤

P V
g,3(q) = �

Z
1

0

z dz
⇥
CA PR

V V,G(z) + 8ng TR PR
fV,G(z)

⇤
, (2.37)

where we have used in the last line that there are 8 chiral quarks plus antiquarks per

generation.

Since the gluon is massless, the upper limit in all the z integration is equal to 1 [see

Eq. (3.13)]. This imples that the convolutions PR
ff,G⌦fq and PR

V V,G⌦fg in Eqs. (2.35) and

(2.36) are both divergent. However, at the same time the virtual splitting functions that

enters the Sudakov factors �q,3(q) and �g,3(q) defined in Eq. (3.9) are also divergent, such

that the divergences cancel in the evolution of the actual PDFs. Using +-distributions, as

explained in Section 3, one obtains evolution equations that are free of any divergences, and

which can be implemented numerically. Alternatively, for parton shower implementation,

one can impose a cuto↵ of the form Eq. (3.13) with mV replaced by a small parameter

mg > ⇤
QCD

.

2.6 I = 1: U(1) interactions

For U(1) the relevant degrees of freedom are left and right-handed fermions (denoted by

the label f), as well as the U(1) gauge boson B. The couplings involving fermions and

gauge bosons are

Cff,1 = CBf,1 = Y 2

f , CfB,1 = Nf Y
2

f , CBB,1 = 0 (2.38)

where the hypercharges of the di↵erent fermions are given by

YqL =
1

6
, YuR =

2

3
, YdR = �1

3
, Y`L = �1

2
, YeR = �1 , (2.39)

4From now on we omit the arguments of functions for brevity.
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and the color factor Nf is equal to 3 for quarks and 1 for leptons. The couplings involving

the Higgs bosons are

Chh,1 = CBh,1 = ChB,1 =
1

4
, (2.40)

where h here stands for any of the 4 Higgs bosons.

Plugging this into the general evolution equation gives

�f,1 q

@

@q

ff
�f,1

�

1

=
↵
1

⇡
Y 2

i

⇥
PR
ff,G ⌦ ff +NfP

R
fV,G ⌦ fB

⇤
, (2.41)
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�B,1

�

1

=
↵
1

⇡

2

4
X

f

Y 2

f P
R
V f,G ⌦ ff +

1

4

X

h

PR
VH,G ⌦ fh

3

5 , (2.42)


�H,1 q

@

@q

fh
�h,1

�

1

=
↵
1

⇡

1

4

⇥
PR
HH,G ⌦ fh + PR

HV,G ⌦ fB
⇤
. (2.43)

The virtual splitting functions, required for the Sudakov factor are given by

P V
f,1(q) = �Y 2

f

"Z
1�mV

q

0

z dz PR
ff,G(z) +

Z
1

0

z dz PR
V f,G(z)

#

P V
B,1(q) = �ng

✓
11

9
NC + 3

◆Z
1

0

z dz PR
fV,G(z)�

Z
1

0

z dz PR
HV,G(z)

P V
H,1(q) = �1

4

"Z
1�mV

q

0

z dz PR
HH,G(z) +

Z
1

0

z dz PR
VH,G(z)

#
, (2.44)

where we have used in the second line that for each generation there are 4 left-handed quarks

(one needs to count particles and antiparticles separately), 2 right-handed up-type quarks,

2 right-handed down-type quarks, 4 left-handed leptons and 2 right-handed electrons, and

that there are a total of 4 Higgs bosons.

2.7 I = 2: SU(2) interactions

The SU(2) interactions are more complicated, since the emission of W± bosons changes

the flavor of the emitting particle. This, combined with the SU(2) breaking in the input

hadron PDFs, leads to double logarithmic dependence in the DGLAP evolution, rather

than only single logarithmic dependence as in the evolution based on U(1) and SU(3).

The relevant coupling constants are (where u and d denote any up- and down-type

fermion, and Wi any of the SU(2) gauge bosons)

Cud,2 = Cdu,2 = CW±f,2 =
1

2
,

Cuu,2 = CW 3u,2 = Cdd,2 = CW 3d,2 =
1

4
,

CfW±,2 = Nf
1

2
,

CuW 3,2 = CdW 3,2 = Nf
1

4
,

CWiWj ,2 = 1 , (2.45)
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where as before the color factor Nf = 3 for quarks, 1 for leptons. The couplings of the W 3

state to the Higgs are given by

Chuhu,2 = CW 3hu,2 = ChuW 3,2 = Chdhd,2 = CW 3hd,2 = �ChdW 3,2 =
1

4
, (2.46)

while those of the charged W states to the Higgs are given by

CH+H0,2 = CH0H+,2 = CH+W+,2 = CH�
¯H0,2 = C

¯H0H�,2 = CH�W�,2 =
1

2
(2.47)

This gives for the evolution of the fermions
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4

��
(2.48)
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fW 3

4

��
, (2.49)

where uL and dL stand for left-handed up and down-type fermions and as always Nf = 3

for quarks and 1 for leptons.

For the W+ and W 3 bosons we have

�W,2 q

@

@q

fW+
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�
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=
↵
2

⇡
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PR
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¯H0 ]

+
X
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1

2
PfV,G ⌦ ⇥
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+ f⌫L + f
¯`L

⇤�
(2.50)
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4
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�
, (2.51)

and the equation for the W� can be obtained from that of the W+ by taking anti-particles

everywhere. The sum over j in the last line is over all left-handed fermions.

Finally, for the Higgs boson we have
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(2.52)
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. (2.53)
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The virtual splitting functions are

P V
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z dz PR
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q

0
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V V,G(z)� ng(NC + 1)

Z
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4
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q

0

z dz PR
HH,G(z) +

Z
1

0

z dz PR
VH,G(z)

#
, (2.54)

from which the Sudakov factor can be constructed using Eq. (3.9).

An important aspect of the SU(2) evolution equations is that, contrary to the other

gauge groups, the dependence on the ratio mV /q does not cancel between the real and

virtual splitting functions. As an example, consider the evolution equation for an up-type

fermion, given on the first line of Eq. (2.48), with the virtual contribution given by the

first line of Eq. (2.54). The sum of the contributions of real and virtual splitting functions

is given by

↵
2

⇡

Z
1�mV

q

0

dz
1

4
PR
ff,G(z) [2 fdL(x/z) + fuL(x/z)� 3 fuL(x)] . (2.55)

Thus, the SU(2) breaking in the proton, which renders fu(z) 6= fd(z), gives rise to a

logarithmic dependence on mv/q, which leads to a double logarithmic dependence upon

the integration over q. As we will see later, the e↵ect of this double logaritmic dependence

is to double logarithmically suppress the SU(2) breaking e↵ects at large energies.

2.8 I = Y : Yukawa interactions

The interaction of Higgs particles with fermions is described by the Yukawa interactions.

In this work we only keep the top Yukawa coupling, setting all others to zero. This gives

the following couplings

Cq3LtR,Y = CH0tR,Y = CH+tR,Y = CtRq3L,T
= C

¯H0tL,Y
= CH�bL,Y = 1 , (2.56)

where q3L denotes either the left-handed top or bottom quark. We furthermore need

CtRH0,Y = CtRH+,Y = CtL ¯H0,Y = CbLH�,Y = NC . (2.57)

This gives contributions to the top quark PDF, as well as the left-handed bottom PDF

"
�q3L,Y

q
@

@q

ftL
�q3L,Y

#

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ ftR +NCPfH,Y ⌦ f

¯H0

�


�tR,Y q

@

@q

ftR
�tR,Y

�

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ [ftL + fbL ] +NCPfH ⌦ [fH0 + fH+ ]

�

"
�q3L,Y

q
@

@q

fbL
�q3L,Y

#

Y

=
↵Y

⇡

⇢
PR
ff,Y ⌦ ftR +NCPfH,Y ⌦ fH�

�
(2.58)
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It also contributes to the evolution of the Higgs bosons

�H,Y q

@

@q

fH+

�H,Y

�

Y

=
↵Y

⇡
PR
Hf,Y ⌦ ⇥

ftR + f
¯bL

⇤


�H,Y q

@

@q

fH0

�H0,Y

�

Y

=
↵Y

⇡
PR
Hf,Y ⌦ ⇥

ftR + f
¯tL

⇤
. (2.59)

The Sudakov factors can be obtained using Eq. (3.9) with

P V
q3L,Y

(q) =
1

2
P V
tR,Y (q) = �

Z
1

0

z dz PR
ff,Y (z)�

Z
1

0

z dz PR
Hf,Y (z)

P V
H,Y (q) = �2NC

Z
1

0

z dz PR
fH,Y (z) . (2.60)

2.9 I = M : Mixed B �W
3

interactions

Finally, we need to consider the evolution involving the mixed BW boson. The non-

vanishing couplings are

CBWfu,M = �CBWfd,M =
Yf
2

,

CfuBW,M = �CfdBW,M = Nf
Yf
2

. (2.61)

The diagonal coe�cients Cfufu,M and Cfdfd,M are zero because there is no vector boson

with both U(1) and SU(2) interactions. For the same reason, there are no Sudakov factors

associated with the mixed interaction. The couplings involving the Higgs bosons are

CBWhu,M = ChuBW,M = �CBWhd,M = �ChdBW,M =
1

4
. (2.62)

Plugging these into the general evolution equation gives the equations

q
@

@q
ffu

�

M

=
↵M

⇡

Yf
2
NfP

R
fV,G ⌦ fBW , (2.63)


q
@

@q
ffd

�

M

= �↵M

⇡

Yf
2
NfP

R
fV,G ⌦ fBW , (2.64)


�BW q

@

@q

fBW

�BW

�

M

=
↵M

⇡

⇥X

fu

Yf
2
PR
V f,G ⌦ ffu �

X

fd

Yf
2
PR
V f,G ⌦ ffd

+
1

4

X

hu

PR
VH,G ⌦ fhu � 1

4

X

hd

PR
VH,G ⌦ fhd

⇤
, (2.65)


q
@

@q
fhu

�

M

=
↵M

⇡

1

4
PR
HV,G ⌦ fBW , (2.66)


q
@

@q
fhd

�

M

= �↵M

⇡

1

4
PR
HV,G ⌦ fBW , (2.67)

where fu are the up-type left-handed fermions and antifermions, that is uL, ⌫L, ūL, ⌫̄L
for all generations, fd are the down-type left-handed fermions and antifermions, that is
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U(1):

SU(2):

SU(3):

Yukawa:

Mixed:

(Nf = 3 for quarks, 1 for leptons)
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Mixed U(1)xSU(2) PDF

• Left-handed quarks have isospin and hypercharge, 
so they can generate fBW

• This means in broken basis we have fg, fZ and fgZ

16

Besides	these	“standard”	forward	pdf’s,	one	also	needs	to	
consider	non-forward,	mixed	pdf’s

27

2. The evolution of parton distributions in the full Standard model

2.1 Definition of the parton distribution functions

The standard definition of an x-weighted parton distribution is given by the matrix element

of a bi-local operator, separated along the lightcone. For fermions, one finds the standard

definition, but without spin averaging as we are separating the fermions into left and right

handed, thus each fermion has only one possible spin determined by its helicity and the

sign of its momentum.

fi(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)

f
¯i(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
. (2.2)

To include all gauge interactions of the standard model, one needs to include separate

parton distribution functions for left- and right- handed fields. This implies that for each

generation, there are a total of 8 quark PDFs and 6 lepton PDFs to consider, for a total

of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by

fV (x) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��V µ�(y)V�⌫(�y)

��p
↵���
spin avg.

. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixing

between these two bosons into account. This implies that besides PDFs for each of these

two particles, one needs to include a mixed PDF, which is given by

fBW (x) =
1

2

✓
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��Bµ�(y)W 3

�⌫(�y)
��p
↵���
spin avg.

+ h.c.

◆
. (2.4)

From these PDFs one can then construct the PDF for the Z, the photon and their mixed

state as a transformation of the PDF for the B, the W 3 and their mixed state. Using

A = cWB + sWW 3 and Z = �sWB + cWW 3 one finds
0

B@
f�
fZ
f�Z

1

CA =

0

B@
c2W s2W 2cW sW
s2W c2W �2cW sW

�cW sW cW sW c2W � s2W

1

CA

0

B@
fB
fW 3

fBW

1

CA . (2.5)

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) =

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.6)

and PDFs for each of the 4 Higgs fields H0, H̄0, H+ and H� are included.

In summary, there are a total of 52 parton distrbution functions that need to be

considered.
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This pdf is required to describe mixed processes with Z or 
gamma in initial state

p

p

W3 B

g

q
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q

p

p

W3 BfBW

Besides	these	“standard”	forward	pdf’s,	one	also	needs	to	
consider	non-forward,	mixed	pdf’s
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2. The evolution of parton distributions in the full Standard model

2.1 Definition of the parton distribution functions

The standard definition of an x-weighted parton distribution is given by the matrix element

of a bi-local operator, separated along the lightcone. For fermions, one finds the standard

definition, but without spin averaging as we are separating the fermions into left and right

handed, thus each fermion has only one possible spin determined by its helicity and the

sign of its momentum.

fi(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)

f
¯i(x) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
. (2.2)

To include all gauge interactions of the standard model, one needs to include separate

parton distribution functions for left- and right- handed fields. This implies that for each

generation, there are a total of 8 quark PDFs and 6 lepton PDFs to consider, for a total

of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by

fV (x) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��V µ�(y)V�⌫(�y)

��p
↵���
spin avg.

. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixing

between these two bosons into account. This implies that besides PDFs for each of these

two particles, one needs to include a mixed PDF, which is given by

fBW (x) =
1

2

✓
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��Bµ�(y)W 3

�⌫(�y)
��p
↵���
spin avg.

+ h.c.

◆
. (2.4)

From these PDFs one can then construct the PDF for the Z, the photon and their mixed

state as a transformation of the PDF for the B, the W 3 and their mixed state. Using

A = cWB + sWW 3 and Z = �sWB + cWW 3 one finds
0

B@
f�
fZ
f�Z

1

CA =

0

B@
c2W s2W 2cW sW
s2W c2W �2cW sW

�cW sW cW sW c2W � s2W

1

CA

0

B@
fB
fW 3

fBW

1

CA . (2.5)

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) =

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.6)

and PDFs for each of the 4 Higgs fields H0, H̄0, H+ and H� are included.

In summary, there are a total of 52 parton distrbution functions that need to be

considered.
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This pdf is required to describe mixed processes with Z or 
gamma in initial state

p

p

W3 B

g

q

g

q

p

p

W3 BfBW

↵M =
p
↵1↵2

right-handed. Thus, each fermion has only one possible spin determined by its helicity and

the sign of its momentum

fi(x, µ) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)

f
¯i(x, µ) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
, (2.2)

where µ is the renormalization scale. Since we have separate left- and right-handed PDFs,

for each generation there are a total of 8 quark PDFs and 6 lepton PDFs to consider, giving

a total of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by

fV (x, µ) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��V µ�(y)V�⌫(�y)

��p
↵���
spin avg.

. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixed

contributions of these two bosons into account. Such contributions arise from the fact that

the left-handed fermions and Higgs carry both isospin and hypercharge. This implies that

besides B and W
3

PDFs one needs to include a mixed PDF, which is given by2

fBW (x) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄⌫

⌦
p
��Bµ�(y)W

�⌫
3

(�y)
��p
↵���
spin avg.

+ h.c. . (2.4)

From these PDFs one can then construct the PDF for the photon, the transversely-polarized

Z0 and their mixed state as a transformation of the PDF for the B, the W
3

and their mixed

state. Using A = cWB + sWW
3

and Z0 = �sWB + cWW
3

one finds
0

B@
f�
fZ
f�Z

1

CA =

0

B@
c2W s2W cW sW
s2W c2W �cW sW

�2cW sW 2cW sW c2W � s2W

1

CA

0

B@
fB
fW3

fBW

1

CA . (2.5)

For the electroweak input at scale µ = q
0

we have f� 6= 0 and fZ = f�Z = 0, so the input

conditions at that scale are

fB = c2W f� , fW3 = s2W f� , fBW = 2cW sW f� . (2.6)

After evolving these three unbroken PDFs to a higher scale q, the physical photon and Z0

PDFs are reconstructed there using the corresponding running values of cW and sW .

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) = x

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.7)

2Note that our definition of the mixed PDF fBW is the sum of BW3 and W3B contributions, and

similarly for the mixed PDF f�Z .
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Isospin (T) + CP PDFs

• Double logs only appear in T≠0 PDFs

17

By	studying	the	equa@ons	more	carefully,	one	finds	that	the	
double	logarithms	restore	electroweak	symmetry	breaking

36

By switching from a flavor basis to an isospin basis

f

0(x, t) =
fu(x, t) + fd(x, t)

2
f

1(x, t) =
fu(x, t)� fd(x, t)

2

f

I
(x, t) ⇠ exp


�I(I + 1)

2

↵2

⇡

ln

2 t

mV

�

States with I ≠ 0 go double 
logarithmically to zero
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f0+
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�
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�
, f0�
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�
fuL + fdL � fūL � fd̄L

�
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f1+
qL =

1

4

�
fuL � fdL + fūL � fd̄L

�
, f1�

qL =
1

4

�
fuL � fdL � fūL + fd̄L

�
,

f2+
W =

1

6
(fW+ + fW� � 2fW 3)f1�

W =
1

2
(fW+ � fW�) ,f0+

W =
1

3
(fW+ + fW� + fW 3) ,

⇠ [�i,2(q)]
T (T+1)/2Ci

f

T±
i (x, q) ⇠ exp


�T (T + 1)

2

↵2

⇡

log

2

✓
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Counting PDFs

• 52 SM PDFs for unpolarised proton (36 distinct)

• Only those with same {T,CP} can mix

• Only {0,+} contribute to momentum

• Momentum conserved for each interaction

18

19
16
8
8
1
52

{T,CP} fields

{0,+} 2ng ⇥ qR , ng ⇥ `R , ng ⇥ qL , ng ⇥ `L , g ,W ,B ,H

{0,�} 2ng ⇥ qR , ng ⇥ `R , ng ⇥ qL , ng ⇥ `L , H

{1,+} ng ⇥ qL , ng ⇥ `L , BW,H

{1,�} ng ⇥ qL , ng ⇥ `L ,W,H

{2,+} W

Table 1: The 52 PDFs required for the SM evolution can written in a basis with definite conserved
quantum numbers. (5ng+4) PDFs contribute to the {0,+} state, (5ng+1) to the {0,�}, (2ng+2)
to each to the {1,+} and {1,�} and 1 to the {2,+}.

The sum of momenta of all non-mixed PDFs in the particle basis is conserved, since it

is the momentum of the proton. Momentum conservation applies independently for each

interaction X

i

Z
1

0

dx


q
@

@q
fi(x, q)

�

I

= 0 , (2.18)

This is equivalent to the sum over all T = 0, CP = + PDFs in the isospin and CP basis

because only these states contribute to a sum over the PDFs in the particle basis. For the

other values of T and CP, the PDFs correspond to di↵erences of PDFs in the particle basis.

For example an isospin 1 PDF is added in PDF of an up-type fermion, but subtracted in

the down-type PDF, thus it has no e↵ect on the sum.

Combining Eqs. (2.15) and (2.18) gives

0 =
X

i

P V
i

Z
1

0

dx fi(x, q) +
X

i,j

Cij,I

Z
1

0

dx

Z zij,Imax(q)

x
dz PR

ij,I(z) fj(x/z, q)

=
X

i

P V
i

Z
1

0

dx fi(x, q) +
X

i,j

Cij,I

Z zij,Imax(q)

0

dz PR
ij,I(z)

Z z

0

dxfj(x/z, q)

=
X

i

P V
i hfi(q)i+

X

i,j

Cij,I

Z zij,Imax(q)

0

z dz PR
ij,I(z)hfj(q)i , (2.19)

where we have defined the momentum averaged PDF

hfi(q)i ⌘
Z

1

0

dx fi(x, q) . (2.20)

Solving the equation for each of the hfi(q)i, since all the input particle PDFs can be set

independently, we get

P V
i,I(q) = �

X

j

Cji,I

Z zji,Imax(q)

0

z dz PR
ji,I(z) . (2.21)

Thus, momentum conservation determines the factor P V
i,I for all non-mixed fields in the

particle basis.
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SMevol Implementation
• Input at 10 GeV: CT14qed partons with LUXqed photon

✤ Photon PDFs consistent, LUX much more precise

• SU(3)xU(1)em LO evolution (inc. leptons) up to 100 GeV

✤ Provides LO PDFs to match to LO SM evolution beyond

• SU(3)xSU(2)xU(1) LO evolution from 100 to 108 GeV

✤ Also evolution due to Yukawa interaction of top quark

✤ Neglect all power-suppressed effects

19

CT14: Schmidt, Pumplin, Stump, Yuan, 1509.02905

LUX: Manohar, Nason, Salam, Zanderighi,  1607.04266, 1708.01256

SMevol: Bauer, Ferland, BW, 1703.08562
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Matching at 100 GeV

• At q=100 GeV:  fg≠0, fZ=fgZ=0, hence

• Project back on fg, fZ and fgZ at higher scales

• fW=fH=0 at q≤100 GeV

• ft=0 at q≤mt(mt)=163 GeV

20

right-handed. Thus, each fermion has only one possible spin determined by its helicity and

the sign of its momentum

fi(x, µ) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)

f
¯i(x, µ) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
, (2.2)

where µ is the renormalization scale. Since we have separate left- and right-handed PDFs,

for each generation there are a total of 8 quark PDFs and 6 lepton PDFs to consider, giving

a total of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by

fV (x, µ) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄

⌫
⌦
p
��V µ�(y)V�⌫(�y)

��p
↵���
spin avg.

. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixed

contributions of these two bosons into account. Such contributions arise from the fact that

the left-handed fermions and Higgs carry both isospin and hypercharge. This implies that

besides B and W
3

PDFs one needs to include a mixed PDF, which is given by2

fBW (x) =
2

n̄·p
Z
dy

2⇡
e�i 2xn̄·p y n̄µn̄⌫

⌦
p
��Bµ�(y)W

�⌫
3

(�y)
��p
↵���
spin avg.

+ h.c. . (2.4)

From these PDFs one can then construct the PDF for the photon, the transversely-polarized

Z0 and their mixed state as a transformation of the PDF for the B, the W
3

and their mixed

state. Using A = cWB + sWW
3

and Z0 = �sWB + cWW
3

one finds
0

B@
f�
fZ
f�Z

1

CA =

0

B@
c2W s2W cW sW
s2W c2W �cW sW

�2cW sW 2cW sW c2W � s2W

1

CA

0

B@
fB
fW3

fBW

1

CA . (2.5)

For the electroweak input at scale µ = q
0

we have f� 6= 0 and fZ = f�Z = 0, so the input

conditions at that scale are

fB = c2W f� , fW3 = s2W f� , fBW = 2cW sW f� . (2.6)

After evolving these three unbroken PDFs to a higher scale q, the physical photon and Z0

PDFs are reconstructed there using the corresponding running values of cW and sW .

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) = x

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.7)

2Note that our definition of the mixed PDF fBW is the sum of BW3 and W3B contributions, and

similarly for the mixed PDF f�Z .
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right-handed. Thus, each fermion has only one possible spin determined by its helicity and

the sign of its momentum

fi(x, µ) = x

Z
dy

2⇡
e�i 2xn̄·p y⌦p

��  ̄(i)(y) n̄/ (i)(�y)
��p
↵
, (2.1)
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Z
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2⇡
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�� (i)(y) n̄/  ̄(i)(�y)
��p
↵
, (2.2)

where µ is the renormalization scale. Since we have separate left- and right-handed PDFs,

for each generation there are a total of 8 quark PDFs and 6 lepton PDFs to consider, giving

a total of 42 fermion PDFs.

Parton distributions functions of the vector bosons are given by
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��p
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. (2.3)

Since SU(3) is unbroken, we consider a single PDF to describe the gluon field. For the

SU(2) ⌦ U(1) symmetry, on the other hand, one needs to take the symmetry breaking into

account. For the W+ and W� boson we simply include separate PDFs for each of the two

gauge bosons. For the B and W
3

, however, one needs to be more careful to take the mixed

contributions of these two bosons into account. Such contributions arise from the fact that
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3

PDFs one needs to include a mixed PDF, which is given by2
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From these PDFs one can then construct the PDF for the photon, the transversely-polarized

Z0 and their mixed state as a transformation of the PDF for the B, the W
3

and their mixed
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3
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we have f� 6= 0 and fZ = f�Z = 0, so the input

conditions at that scale are

fB = c2W f� , fW3 = s2W f� , fBW = 2cW sW f� . (2.6)

After evolving these three unbroken PDFs to a higher scale q, the physical photon and Z0

PDFs are reconstructed there using the corresponding running values of cW and sW .

Finally, one needs to include PDFs for the scalar bosons. One writes

fH(x) = x

Z
dy

2⇡
e�i 2xn̄·p y ⌦p

���(y)�(�y)
��p
↵
,

(2.7)

2Note that our definition of the mixed PDF fBW is the sum of BW3 and W3B contributions, and

similarly for the mixed PDF f�Z .
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Results
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Quarks relative to QCD

22

��� ��� ��� ��� ���

���

���

���

���

���

���

���

���

��� ��� ��� ��� ���
���

���

���

���

���

��� ��� ��� ��� ���

���

���

���

���

��� ��� ��� ��� ���

���

���

���

���

���

��� ��� ��� ��� ���
���

���

���

���

���

���

���

��� ��� ��� ��� ���
���

���

���

���

���

���

���

���



Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

Bosons relative to gluon
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Leptons relative to gluon

• Masses neglected      all generations equal
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Asymmetries (fi-fj)/(fi+fj)
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Electron PDFs (preliminary)
• Electron+photon (Weizsacker-Williams) at 1 GeV

✤ SU(3)xU(1)em evolution up to 100 GeV

✤ Then unbroken SU(3)xSU(2)LxU(1)Y

✤ No beam-beam effects
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100 TeV pp Collider
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Lepton Pair Production

• QCED = SU(3)xU(1)em
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Lepton Pair Production

• SM = SU(3)xSU(2)LxU(1)Y

29
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Figure 6: The di↵erential cross section M4

``d�/dM``(pT ` > 100 GeV) for a 100 TeV collider,
showing the makeup of the total cross section in terms of the individual initial states.

grows with increasing M
``

. For a 100 TeV collider, the contributions with vector bosons

in the initial state are around 25% for M
``

= 104.5 GeV ⇠ 30 TeV.

Next, we take each of the four contributions and investigate their convergence under

EW perturbation theory. For this, we compare the result of the LL-resummed cross section

M4
``

d�LL/dM
``

with its first-order expansion [M4
``

d�LL/dM
``

]
↵

for the various initial states.

The results are shown for a 100 TeV pp collider in Fig. 7, where in black we show the

resummed result, and in blue its first-order expansion. The di↵erence between these two

is the correction that should be added to a fixed-order calculation to achieve NLO+LL

accuracy. For comparison, we also show in red the “noEW” result. The di↵erence between

the blue and red curves shows the logarithmically enhanced order-↵ contribution. As

one can see, for the qq̄ channel, the expansion of the LL result is quite close to the full LL

result, indicating that the higher-order corrections are quite small. This is due to two facts:

First, the right-handed quarks do not receive any double-logarithmic contributions (and

their single logarithmic terms come with coupling constant ↵1 rather than ↵2). Second,

since sea quarks are mostly iso-singlet, the double logarithms only arise from iso-vector

contributions of the valence quarks. Each of these facts reduces the double logarithmic

e↵ect by roughly a factor of 2, such that overall the e↵ect is smaller by a factor of 4

compared to an individual q
L

q̄
L

parton luminosity. Note that one of these factors of two

– 13 –
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Matching to 
Fixed Order

30
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Matching to O(a) EW

• Define

• Then

31

q

@

@q

f

SM
i

(x, q) =
X

I

↵

I

(q)

⇡

2

4
P

V

i,I

(q) fSM
i

(x, q) +
X

j

C

ij,I

Z
z

ij,I
max

(q)

x

dz P

R

ij,I

(z)fSM
j

(x/z, q)

3

5

C Bauer, N Ferland, BW, 1712.07147

f

SM

i (x, q) = f

noEW

i (x, q) + gi(x, q) +O(↵2)

noEW=SU(3)xU(1)em up to 
100 GeV, then SU(3) only 

q

@

@q

g

i

(x, q) =
↵

3

(q)

⇡

2

4
P

V

i,3

(q) g
i

(x, q) +
X

j

C

ij,3

Z
1

x

dz P

R

ij,3

(z)g
j

(x/z, q)

3

5

+
X

I21,2,M

↵

I

(q)

⇡

2

4
P

V

i,I

(q) fnoEW

i

(x, q) +
X

j

C

ij,I

Z
z

ij,I
max

(q)

x

dz P

R

ij,I

(z)fnoEW

j

(x/z, q)

3

5



Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

Matching to O(a) EW

• Define

• Then

32

�[SM]↵

ij = �noEW

ij + fnoEW

i ⌦ �̂ij ⌦ gj + gi ⌦ �̂ij ⌦ fnoEW

j

f

SM

i (x, q) = f

noEW

i (x, q) + gi(x, q) +O(↵2)

�noEW

ij = fnoEW

i ⌦ �̂ij ⌦ fnoEW

j , �SM

ij = fSM

i ⌦ �̂ij ⌦ fSM

j

�
[SM]mod

↵
ij = �[SM]↵

ij when �[SM]↵
ij 6= 0 , else

�
[SM]mod

↵
ij = gi ⌦ �̂ij ⌦ gj (e.g. WW fusion)

�SM
ij � �

[SM]mod

↵
ij is resummation of HO logs
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Results for matching

33

• SM-[SM]a(mod) 
is extra HO 
contribution

• Large HO 
contributions 
to VBF
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Figure 7: The expansion of the various contributions to M4

``d�/dM``(pT ` > 100 GeV) for a 100
TeV collider. We show in black the result obtained using LSM, in red that using LnoEW, in blue
that using

⇥LSM

⇤
↵
and for VTVT initial states in orange that using

⇥LSM

⇤
mod

↵
.

would be absent for a pp̄ collider, so one would expect the e↵ect to be larger there by a

factor of 2.

For �� initial states, one needs to keep in mind that our definition of fnoEW does not

include any QED evolution for q > q
V

. This means that the photon PDF freezes out at

the scale q
V

for this PDF. Since the e↵ect of the evolution is of the same size as the value

of the PDF at q = q
V

, the first order (di↵erence of red and black) gives an O(1) e↵ect.

The second order (di↵erence of blue and black) is considerably smaller than the first order

for all values of M
``

, but from the absolute value of the correction it is also clear that the

expansion parameter is much larger than ↵em/⇡ as one might naively expect. For example,

for M
``

⇠ 1 TeV, the second-order correction is almost 5%.

Any process with massive bosons in the initial states is suppressed by one power of

↵ for each. Therefore the “noEW” luminosity vanishes for �V
T

and V
T

V
T

, and for V
T

V
T

the [SM]
↵

luminosity also vanishes, as indicated by the red and blue lines in the last

two plots. However, for �V
T

the second-order correction (the di↵erence between the blue

and the black line) reaches tens of percent at high M
``

, indicating that the higher order

perturbative corrections are significant. For V
T

V
T

initial states, we also show in orange
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Conclusions and Prospects
• Rich SM structure inside the proton

✤ 52 parton distributions (36 distinct)

• Symmetries restored double-logarithmically, 
distinct left and right-handed PDFs

✤ Onset of large effects around 10 TeV

✤ Significant for ~100 TeV collider

✤ Ready for matching to FO  

• Next step: complete SM event generator

✤ Electroweak jets, ISR, MET, …
34
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Backup

35
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PDFs and Parton Luminosity

• Factorization

• Momentum sum rule

• Luminosity

36

�pp!X(s) =
X

i,j

Z s

0
dM2 dLij

dM2
�̂ij!X(M2,M)

dLij

dM2
=

Z 1

0

dx1

x1

dx2

x2
fi(x1,M)fj(x2,M) �(M2 � x1x2s)

X

i

Z 1

0
dx fi(x, q) = 1

�pp!X(s) =
X

i,j

Z 1

0

dx1

x1

dx2

x2
fi(x1, q)fj(x2, q)�̂ij!X(x1x2s, q)



Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

Luminosities at 100 TeV

37

one would compute

hOiNLO+VV+LL = hOiNLO+VV + hOiLL � [hOiLL]mod
↵

. (2.20)

where

[hOiLL]mod
↵

=
X

AB

Z
d�

n

O
n

(�
n

)
⇥LSM

AB

(x
A

, x
B

;Q)
⇤mod

↵

B
AB

(�
n

) . (2.21)
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Figure 5: Plots showing luminosities for various choices of initial states. We show in black LSM,
in red LnoEW, in blue

⇥LSM

⇤
↵
and for VTVT initial states in orange

⇥LSM

⇤
mod

↵
.

In Fig. 5 we show the results for a few selected parton luminosities

LAB(M
``

) =

Z
dx

A

dx
B

LSM
AB

(x
A

, x
B

;M
``

) �
⇣
M

``

�
p

x1x2S
⌘
, (2.22)

for pp collisions at
p
S = 100 TeV, rescaled by the square of the invariant mass M

``

to

overcome the steeply falling nature of the functions. We show in black LSM, in red LnoEW,

in blue
⇥LSM

⇤
↵

and for VV initial states in orange
⇥LSM

⇤mod

↵

. One can see that for left-

handed quarks the di↵erence between LnoEW and LSM is larger than the di↵erence between⇥LSM
⇤
↵

and LSM for all values of M
``

considered, indicating that the double logarithms

are not yet large enough to have ↵ ln2(M2
``

/m2
V

) & 1. However, for M
``

& a few TeV

the higher-order terms become significant. For right-handed quarks, there are no double

logarithms and the coupling is smaller, so the convergence of the perturbation series is
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Lepton Pair Production

• QCED = SU(3)xU(1)em

38

pT ` > 100GeV
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Lepton Pair Production

• SM = SU(3)xSU(2)LxU(1)Y

39

pT ` > 100GeV
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Higgs PDFs

• Hence, neglecting power-suppressed 
symmetry breaking effects

40
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Higgs relative to gluon

41
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Figure 4: Longitudinal gauge and Higgs bosons PDFs normalized by the gluon PDF. The ZL PDF
is the same as the h PDF. For the hZL PDF, i is factorized.

Figure 5: First generation lepton PDFs normalized by the gluon PDF. Since we treat leptons as
massless, and all leptons have the same initial condition, the results for the other 2 generations are
identical.
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Lepton Pair Production at 1 PeV

42

pT ` > 100GeV
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