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N = 4 gauge theory (in 4D) is a supersymmetric version of QCD

Field content
SU(N) matrices:

What is the N=4 planar gauge theory? 

it can be obtained by dimensional reduction from D=10 N = 1 SYM

planar (‘t Hooft) limit:    N  → ∞  with                         fixed



Symmetries 
-  the beta function is zero, presumably at all orders              the Poincaré group gets 
promoted to the conformal group SO(4,2) ≅ SU(2,2)

-  there are four copies of supersymmetry generators, which are rotated into one another 
by the R-symmetry SO(6) ≅ SU(4)

the coupling constant is not running!

- the total symmetry super-group is PSU(2,2|4)



Why the N=4 planar gauge theory? 

“more is less”: it is simpler than QCD and may be exactly solvable 
due to the high amount of symmetry

although not realized in nature, it can help our understanding of strongly 
coupled gauge theories

first example of precise duality with a string theory (type IIB on AdS5 xS5 )
[Maldacena 97; Witten 98; Gubser, Klebanov, Polyakov 98]



String/gauge duality

Feynman graphs for large N gauge theories ~ string expansion [‘t Hooft]

propagators: vertices:

loops: factor of N from Tr 1

diagram with E edges, V vertices and F loops:

genus:

string expansion: gS ~1/N2

low-dimensional example: duality between matrix models and non-critical string 
theories and 2d quantum gravity [Kazakov, Migdal, Kostov,...]
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AdS/CFT correspondence

Correspondence between string theory on an AdS space and a conformal 
field theory on the boundary of AdS [Maldacena 97]

- context: string theory in presence of D-branes [Polchinski; Witten; Klebanov; 
Horowitz, Strominger,...]

- rejoins early ideas about gauge/string correspondence  [Wilson; Polyakov; ‘t Hooft]

First example: N = 4 gauge theory in 4D is dual to type IIB string theory 
on AdS5 x S5 [Maldacena 97; Witten 98; Gubser, Klebanov, Polyakov 98]  

S5:

AdS5:

More recently: N = 6 Chern-Simons theory in 3D is dual to type IIB 
string theory on AdS4 x CP3 [Aharony, Bergman, Jafferis, Maldacena, 08]  

Strings on AdS5 × S5

IIB superstrings propagate on the curved superspace AdS5 × S5

−→ × × fermi

Coset space

AdS5 × S5 × fermi =
PSU(2, 2|4)

Sp(1, 1)× Sp(2)
.

Decomposition of the algebra u(2, 2|4) to sp(1, 1)× sp(2)

j ∈ psu(2, 2|4), j = h + q1 + p + q2, h ∈ sp(1, 1)× sp(2).

Algebra j = [j1, j2] respects Z4-grading h : 0, q1 : 1, p : 2, q2 : 3 [
Berkovits

Bershadsky, Hauer
Zhukov, Zwiebach

]
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Dictionary of the correspondence 

the same global symmetry PSU(2,2|4)

E(g), S1, S2, J1, J2, J3
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‘t Hooft coupling string tension

number of colors string coupling

local operators string states

N = 4 gauge theory

• fundamental fields: Aµ, ΦI (I = 1, ..., 6), Ψα(α = 1, ..., 4) and derivatives

• symmetries: − conformal group SO(2, 4) " SU(2, 2)

− R-symmetry SO(6) " SU(4)

− supersymmetry ⇒ global symmetry: PSL(2, 2|4)

Correspondence

Local operators in the gauge theory

e.g. Tr (ΦI1ΦI2 ...ΦIL
) ↔ One-string states

Anomalous dimensions ↔ Energy spectrum

R-charges ↔ Angular momenta Ji
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1 Introduction

The possibility of an exact duality between gauge and string theories was first pointed out by

’t Hooft more than 30 years old. This duality was first rigorously established for the low-

dimensional matrix models and the noncritical strings. The world sheet of the string appeared as

the result of condensation of dense planar diagrams.

Several years ago, a detailed conjecture about the gauge-string duality for the N = 4 su-
persymmetric YM theory was formulated by Maldacena [hep-th/9711200, cited in 5613 papers]

following works by Klebanov and Polyakov.

N=4 Super Yang Mills Theory = Strings on AdS5 × S5

The extra radial dimension of the AdS5 appears as renormalization scale in the gauge theory.

Gravitational potential pushes the closed strings to the region far from the boundary of AdS5.

The S5 target space is related to theO(6) symmetry of the bosonic sector.
E N = 4 Supersymmetric Yang-Mills Theory
Field content

Aµ, Φi, ΨA
α in the adjoint of U(N).

i = 1, ..., 6 A = 1, ..., 4
The action:

S =
1

g2
YM

∫

d4x tr

(

1

2
F 2

µν + (DµΦi)
2 − 1

2
[Φi, Φj]

2 + fermions

)

N → ∞ with g2 =
g2
YM

N
16 π2 fixed

λ = g2
YMN, T =

√
λ

2π
N gs =

g

N

Local symmetry: U(N) , Global symmetry: PSU(2, 2|4)

U(N) × PSU(2, 2|4)

gs =
2πg2

N

〈Oi(x)Oj(y) 〉 =
δij

|x − y|2∆i

D |Oi 〉 = ∆i |Oi 〉

D(g) = L +
∑

m

g2mDn

Koch homepage

T = 2g
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1planar limit free strings

scaling dimension energy of the string

R-charges angular momenta
E(g)
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Integrability 

One loop dilatation operator 
=

integrable spin chain

2. Integrability in CFT

I will first explain how Bethe ansatz arises in perturbative SYM. It is especially useful in the semiclassical limit,
which is accurate for states with large quantum numbers. There are two basic types of local operators with large
quantum numbers in SYM. The majority of operators have large scaling dimensions at strong coupling [2], which is
the stringy regime of AdS/CFT. This regime is non-perturbative by definition and hard to access by conventional
field-theory methods. On the other hand, operators with a large number of constituent fields [4] can have huge
global charges independently of the strength of interaction and are thus expected to behave stringy even in
perturbation theory. The stringy behavior of both types of operators can be qualitatively explained by examining
planar diagrams that dominate their correlation functions. Typical diagrams at strong coupling diagrams have
large number of vertices and propagators and obviously resemble continuous string world-sheets. Planar diagrams
for large operators always contain many of propagators and resemble continuous strings even at the lowest orders
of perturbation theory.

The field content of N = 4 SYM theory consists of gauge fields Aµ, six scalars Φa and four Majorana fermions
Ψi

α, all in the adjoint representation of U(N). The action is

S =
1

g2
YM

Z

d4x tr



−1
2

F 2
µν + (DµΦa)2 + [Φa, Φb]

2 + fermions

ff

. (1)

The simplest local gauge-invariant operators are composed of two types of complex scalar fields Z = Φ1 + iΦ2

and W = Φ3 + iΦ4:

O = tr
“

ZL−MW M + permutations
”

. (2)

These operators transform non-trivially under a SU(2)×U(1) subgroup of the SO(6) R-symmetry. (Z, W ) trans-
form as a doublet of SU(2) and has the U(1) charge L. Correlation functions of operators (2) contain UV
divergences and need to be regularized and renormalized by adding counterterms. In general the renormalized
operator is a linear combination of several bare operators: OA = Z

B
A Obare

B , where A and B are multi-indices
that parameterize all possible operators with the same quantum numbers (the same number of Z and W fields in
the present case). The mixing matrix is defined as Γ = Z

−1dZ/d ln Λ, where Λ is a UV cutoff. Its eigenvectors are

conformal operators and its eigenvalues are their anomalous dimensions: Γ B
A O(n)

B
= γnO(n)

A
, so that the scaling

dimension of the operator O(n) is ∆n = L+γn. The set of operators (2) is closed under renormalization. Operators
from this set do not mix with operators that contain Fµν , fermions or derivatives [33,34]. Including such operators
is possible [33,8,35,34] but will not be discussed here for the sake of simplicity.

The number of operators of the same length L grows very quickly with L 3 , which makes perturbation theory for
large operators highly degenerate. Thus computation of anomalous dimensions is a non-trivial problem for large
operators even at one loop. The following parametrization of operators (2) enormously simplifies this problem.
Let us associate the field Z with spin up and the field W with spin down. An operator of the form (2) then defines
a distribution of spins on a periodic one-dimensional lattice of length L:

trZZZWWZZZWWWZWZZZZ . . . ←→ |↑↑↑↓↓↑↑↑↓↓↓↑↓↑↑↑↑ . . .〉 .

The map between the operators and the states of the spin chain is one-to-one if the states are required to be
translationally invariant. The mixing matrix acts linearly on the operators and thus can be interpreted as a
Hamiltonian of a spin chain.

The one-loop mixing matrix can be easily computed. The three diagrams that contribute at this order are shown
in fig. 1. The gluon exchange and the self-energy produce the same renormalized operator, while the scalar vertex
can lead to the interchange of Z and W fields. At large N the interchange can only occur between adjacent sites
of the lattice. Indeed, an insertion of the vertex between a pair propagators produces a non-planar graph unless
the propagators start from the adjacent sites. The planar mixing matrix is thus a Hamiltonian of a spin chain
with nearest-neighbor interactions. Explicitly [6],

Γ =
λ

16π2

L
X

l=1

(1 − Pl,l+1), (3)

where λ = g2N is the ’t Hooft coupling and P is the permutation operator: P a⊗b = b⊗a. The use of the identity
P = (1 + σ ⊗ σ)/2 brings the mixing matrix to the familiar form of the Heisenberg Hamiltonian:

3 Then the number of independent operators with the same length is exponentially large at N = ∞. At finite N the number of
degenerate operators is proportional to some power of L.
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D O∆(x) = ∆O∆(x)

∆(λ) = L + λ ∆1 + λ2 ∆2 + ...

gs = g2
YM =

λ

Nc
,

R2

α′
=

√
λ

TrZL

D̂1 = 2
L

∑

l=1

(1 − Pl,l+1)

D̂2 =
L

∑

l=1

(8Pl,l+1 − 2Pl,l+2 − 6)

D̂(λ) = L +
∑

m

λnD̂n
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3.7. Back to N = 4 and Nested Bethe Ansatz 65

arrive at (3.155)-(3.157). The same procedure applied to the Beisert S-matrix yields the

Beisert-Staudacher equations [35] yielding the full asymptotic spectrum of AdS5/CFT4.
These Bethe equations are a deformation of the one-loop Bethe equations through the
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The spectrum of all conserved charges is then given by the momentum carrying roots u4

alone from

Qn =
K4
∑

j=1

qn(u4,j) , qn =
i

n − 1

(

1

(x+)n−1
− 1

(x−)n−1

)

(3.199)

and the spectrum of anomalous dimensions (or string states energies) follows from

E = 2gQ2 . (3.200)

The BES dressing kernel [24] can be written in a simple integral form as [76]

σBES(uj, uk) = eiθjk , θjk = χ(x+
j , x+

k ) + χ(x−
j , x−

k ) − χ(x+
j , x−

k ) − χ(x−
j , x+

k ) − (k ↔ j)
(3.201)
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The spectrum of all conserved charges is then given by the momentum carrying roots u4

alone from

Qn =
K4
∑

j=1

qn(u4,j) , qn =
i

n − 1

(

1

(x+)n−1
− 1

(x−)n−1

)

(3.199)

and the spectrum of anomalous dimensions (or string states energies) follows from

E = 2gQ2 . (3.200)

The BES dressing kernel [24] can be written in a simple integral form as [76]

σBES(uj, uk) = eiθjk , θjk = χ(x+
j , x+

k ) + χ(x−
j , x−

k ) − χ(x+
j , x−

k ) − χ(x−
j , x+

k ) − (k ↔ j)
(3.201)

psu(2,2|4)

u1

u3

u2

u4

u7

u5

u6

[Beisert, Staudacher, 05]
[Beisert, 05]

[Arutynov, Frolov, Zamaklar, 06]

The all-loop Bethe Ansatz equations 

the form of these equations is almost entirely dictated by symmetry



Connection(s) with the Hubbard model 
2 seemingly unrelated connections with the 1d Hubbard model

- su(2) sector reproducible from the Hubbard model at half filling 
(except for the dressing phase)

- Beisert’s su(2|2) symmetric S-matrix       ∼    Hubbard Shastry’s R-matrix    
           ⇒   hidden supersymmetry in the Hubbard model [Beisert, 06]

[Rej, Serban, Staudacher, 06]

A Root system and Dynkin diagrams for su(N |M)

The root system for a Lie algebra allows to encode in a simple fashion the commutation
relations. To each raising/lowering operator, one associates a vector in a vector space
with the dimension given by the rank of the group. The raising operators may be
associated to positive roots and the lowering to negative one. The choice between positive
and negative roots is arbitrary and it can be done with respect to an arbitrary hyperplane
which does not intersect the any root: all the roots on one side of the hyperplane can
be declared positive roots and the ones on the other side are the negative roots. The
simple roots are such that all the positive roots can be written as linear combinations of
the simple roots with non-negative coefficients. The number of simple roots equals the
rank of the group.

Let us give the example of su(N). Consider a N dimensional space generated by the
orthonormal vectors εi, i = 1, ..., N

(εi, εj) = δij .

The positive roots are given by εi − εj with i < j, while the simple roots are εi − εi+1,
i = 1, ...N − 1.. The root εi − εj corresponds to the generator Eij with a 1 on the ith
line and jth column and with 0 everywhere else.

Each Lie algebra is characterized by its Dynkin diagram, which is a graph made of a
number of nodes equal to the rank, together with some links between these nodes. For
a Lie algebra, the different choices of the system of simple roots are equivalent, being
connected by elements of the Weyl group (reflections group). This is not true for the
Lie superalgebra, where there are several inequivalent Dynkin diagrams for the same
superagebra.

The roots of su(N |M) can be generated using the basis vectors εi, i = 1, ..., N and
δi, i = 1, ..., M

(εi, εj) = δij , (δi, δj) = −δij .

The simple roots can be choosen now as εi − εi+1, εN − δ1 and δi − δi+1. The root
εN − δ1 has norm 0 and it is called a fermionic (or odd) root, because it corresponds to
a fermionic generator. This particular choice of the root system, with a single fermionic
root, is called a distinguished root system. Different choices of simple roots are possible,
with several odd roots.
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Penrose and Rindler, ”Spinors and Spacetime”.
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where the rapidities uk = u(pk) are related to the momenta pk through the expression
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Checks: the anomalous dimension of the 
L-twist operator 
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M is Lorentz spindescribed by a sl(2) spin chain

when M → ∞,    BA equations become integral equations

 L finite: universal (does not depend on L)

j =
L

lnM

f(g, L) = f(g, j)

f(g, L) = f(g)
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The universal scaling function 

3.1.1 Universal scaling function
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the most advanced test of the AdS/CFT correspondence via integrability:

perturbatively in gauge theory:

[Moch, Vermaseren, Vogt, 04]
[Lipatov et al., 04]

[Bern et al, 06]
[Cachazo et al, 06]

perturbatively in string theory 
at strong coupling:

1 Integral equation for the sl(2) sector

1.1 Preliminaries

The BAE take a particularly simple form in the rank-one sectors of N = 4 SUM. They are all
based on a vacuum state |...ZZZZZ...〉, which is half-BPS and therefore has exactly vanishing
anomalous dimension. The excitations of the vacuum are obtained by changing some of the Zs
into other elds. In the su(2) sector we replace Z by another complex scalarX . The su(1|1) sector
has fermionic excitations U . In the third sl(2) = su(1, 1) sector the excitations are covariant
derivativesDZ . In this last sector it is allowed to have unrestricted number of excitations DnZ
associated with a single site. The states of the sl(2) sector

tr
(

DMZL
)

+ . . . , (1.1)

are linear superpositions of states where the M covariant derivativesD act in all possible ways

on the L complex scalar fields Z . Here L is a su(4) R-charge andM is a Lorentz spin. In QCD,

the difference between the classical dimension and the Lorentz spin is called twist. In this case

the twist isM +L−M = L. In the magnetic spin chain picture, L is the length of the chain and
M is the magnon number.

When M → ∞ with L fixed, the anomalous dimension In the limit of large Lorentz spin S,
this quantity scales logarithmically (Sudakov scaling) [16, 17, 18, 19, 20]

∆ = M + L + f(g) lnM + . . . , (1.2)

where g is the coupling constant, related to the ’t Hooft coupling constant λ by is a function of
the t’Hooft coupling

g2 =
g2
YM N

8 π2
=

λ

16 π2
. (1.3)

For the minimal twist L = 2 it equals twice the cusp anomalous dimension of light-like Wilson
loops [16].

The universal scaling function f(g)was computed perturbatively in the gauge theory up to the
fourth order in g2 [25, 26]. On the string side, the universal scaling function was also computed

for the first three non-trivial orders [27, 28, 29, 30]

f(g) = 4 g − 3 log 2

π
− K

4 π2

1

g
+ . . . , (1.4)

where K= β(2) is Catalan’s constant. Both the weak coupling and the strong coupling results for
the universal scaling function can be reproduced from the conjectured Bethe ansatz equations.

In this context, it is determined by the integral equation, written down by Eden and Staudacher

[19].

σ(u) =
1

π

∫ ∞

−∞

dv
σ(v)

(u − v)2 + 1
−

∫ ∞

−∞

dv K(u, v)

(

σ(v) − 1

4πg2

)

. (1.5)

1

[Gubser, Klebanov, 
Polyakov, 98]

[Frolov, Tseytlin, 02] [Roiban, Tseytlin, 07]

both expansions can be 
reproduced from BES equation:

[Klebanov et al, 06]
[Kotikov, Lipatov, 06]
[Alday et al. 07]
[Kostov, D.S., Volin, 07]

[Casteill, 
Kristjansen, 07]
[Belitsky, 07]

[Basso, Korchemsky, 
Kotanski, 07]
[Kostov, D.S., Volin, 08]

weak coupling: [Beisert, Eden, Staudacher, 06]

non-perturbative corrections at strong coupling [Basso, Korchemsky, 08]
[Alday, Maldacena, 07]



Finite size corrections: the TBA program 
Use the field-theoretical methods to compute finite-size corrections: 

  - Lüscher terms  [Janik, Lukowski 07,...]

  - put the theory on the cylinder and make a “double Wick rotation”         1/T →  R
    [Arutynov, Frolov 07; Bajnok, Janik,08]

  - difficulty: the rotated theory is not equivalent to the original one   (“mirror theory”)

[Ambjorn, Janik, Kristjansen 05]

[Bajnok, Janik,08]: from the Thermodynamic Bethe Ansatz

[Fiamberti, Santambrogio, Sieg, Zanon ,08]:  perturbative computation in N=4 SYM

simplest wrapping correction: the four loop L=4  (Konishi operator) 

 =

> > >>1/T
R

- incorporate finite size effects into the Bethe Ansatz via the Hirota equation:
                  [Gromov, Kazakov, Vieira, 08-09]



The origin of integrability? 
There is more in N=4 SYM than the dilatation operator... 

     - the multigluon amplitudes have a particular structure at higher loops - >  
                  BDS conjecture [Bern, Dixon, Smirnov 05]   (fails for n>5)

     - this structure was checked at strong coupling for 4 (and many) gluons  
                                              [Alday, Maldacena 07]

     - dual superconformal symmetry [Drummond, Henn, Korchemsky, Sokatchev, 07-08]
     (and duality between  multigluon amplitudes and the Wilson loops with lightlike cusps)                                

    [the structure of the N=4 SYM amplitudes is a whole subject in itself]
    [Witten, Cachazo, Britto, Feng, Spradlin, Volovich, Arkani-Hamed, ... 03-09]

Connection between this structure and integrability? [Berkovits, Maldacena, 08]
[Beisert, Ricci, Tseytlin, Wolf, 08]
[Drummond, Henn, Plefka, 09],...

Integrable open spin chain for gluon amplitudes [Lipatov, 08]



Conclusion

• the AdS/CFT correspondence can be explored in detail using integrability

• integrability constitutes an extremely powerful non-perturbative tool

• the duality implies a non-trivial “change of variables” but it is not yet clear if there 
are some “more fundamental” variables

• 1/N corrections may also be accessible with the integrability tools

• less supersymmetric, finite N?


