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Introduction

Fundamental Tool in Flavour Physics = KM matrix

U =







Uud Uus Uub

Ucd Ucs Ucb

Utd Uts Utb







U supposed unitary =⇒ U × U∗ = I3

∗ means Hermitian conjugate, I3 is the 3-dim. unit matrix
∑

j=d,s,b

|Uij |2 = 1, i = u, c, t (1)
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Introduction

∑

j=d,s,b

UujŪcj = 0,
∑

j=d,s,b

UujŪtj = 0,
∑

i=u,c,t

UidŪib = 0 (2)

Above relations generate triangles

U =







c12c13 c13s12 s13e
−iδ

−c23s12 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13







s12 = sin θ12, c12 = cos θ12, etc. Four independent
parameters: δ, sij , ij=12,13,23
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Unitarity conditions

Standard unitarity triangle
Notation |Uij | = Vij

s12 = λ =
Vus

√

V 2
ud + V 2

us

, s23 = Aλ2 = λ
Vcb

Vus
(3)

s13e
iδ = Ūub = Aλ3(ρ + iη) (4)
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Unitarity conditions

Standard unitarity triangle approach
(3) + (4) =⇒

ρ =
s13

Aλ3
cos δ =

s13

s12s23
cos δ, η =

s13

s12s23
sin δ (5)

tan δ =
η

ρ
, ρ2 + η2 =

(

s13

s12s23

)2

=

(

Vub(1 − V 2
ub)

VusVcb

)2

(6)

(6) given by M. Schmidtler and K. R. Schubert, Z.Phys. C
53, 347 (1992)

Unitarity and Global Fits in Flavour Physics – p.5/29



U matrix in Wolfenstein approx.

U =







1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 − λ4(1 + 4A2)/8 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 + Aλ4(1/2 − (ρ + iη)) 1 − A2λ4/2







Marina Artuso, Elisabeta Barberio and Sheldon Stone,
PMC Physics A, 3, 3 (2009)
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KM matrix determination

a. KM matrix experimental determination =⇒
- SM validation

- and/or new physics beyond it

a. is not easy! two reasons:

b. theoretical:

b1. sij mathematical parameters that do not enter
physical quantities
b2. U present form not rephaising invariant
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Novel approach

Jarlskog’s solution: use only inv. quantities, Vij = |Uij |;
C.Jarlskog, Z. Phys. C 29, 491 (1985), Phys. Rev. D 35,
1685 (1987)
c. experimental: Vij cannot be directly measured

simplest case: leptonic decays: P → ℓνl, provide
numbers for Vij fP

semileptonic decays:

H → Pℓνl, provide numbers for Vij|f+(q2)|,
Concl.: 1. Vij are natural parameters entering data
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Novel approach

Concl.: 2. from such simple relations one can’t find two
parameters!

Real problem: Use Vij but you have no unitarity!!

Consistency Problem ≡ what are the necessary and
sufficient conditions on the set Vij to represent moduli of
a unitary matrix

Problem solved: P. Diţă, J. Math. Phys. 47, 083510
(2006)

Unitarity and Global Fits in Flavour Physics – p.9/29



Novel approach

V 2
ud = c2

12c
2
13, V 2

us = s2
12c

2
13, V 2

ub = s2
13,

V 2
cb = s2

23c
2
13, V

2
tb = c2

13c
2
23,

V 2
cd = s2

12c
2
23 + s2

13s
2
23c

2
12 + 2s12s13s23c12c23 cos δ

V 2
cs = c2

12c
2
23 + s2

12s
2
13s

2
23 − 2s12s13s23c12c23 cos δ

V 2
td = s2

13c
2
12c

2
23 + s2

12s
2
23 − 2s12s13s23c12c23 cos δ

V 2
ts = s2

12s
2
13c

2
23 + c2

12s
2
23 + 2s12s13s23c12c23 cos δ

From any four independent moduli we can compute sij

and δ

Unitarity conditions =⇒ sij ∈ (0, 1) and cos δ ∈ (−1, 1)
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Novel approach

Example: Vus = a, Vub = b, Vcb = c;

s13 = Vub = b, s12 =
a√

1 − b2
, s23 =

c√
1 − b2

choose Vcd

cos δ =
(1 − b2)(V 2

cd
(1 − b2) − a2) + c2(a2 + b2(a2 + b2 − 1))

2abc
√

1 − a2 − b2
√

1 − b2 − c2

+ three similar formulae
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Comparison









0.97419 ± 0.00022 0.2257 ± 0.001 0.00359 ± 0.00016

0.2256 ± 0.001 0.97334 ± 0.00023 0.0415+0.001
−0.0011

0.00874+0.00026
−0.00037 0.0407 ± 0.0010 0.999133+0.000044

−0.000043









J = (3.05 +0.19
−0.20) × 10−5

A. Ceccucci, Z. Ligeti and Y. Sakai, Phys.Lett. B,
667,145-152 (2008)
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Comparison

r1 = V 2
ud + V 2

us + V 2
ub − 1, etc.

r1 = −4.65 × 10−7 c1 = 1.79 × 10−5

r2 = 8.37 × 10−6 c2 = −1.22 × 10−5

r3 = −3.71 × 10−7 c3 = 1.89 × 10−6

Jarlskog invariant: J = 2A where A is area of any unit. tr.

Unitarity =⇒ J2 ≥ 0

l1 = VudVus, l2 = VcdVcs, l3 = VtdVts, p = (l1 + l2 + l3)/2

Jc
1 = 2

√

p(p − l1)(p − l2)(p − l3)
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Comparison

Jc
1 = 4.55 × 10−5 Jc

2 = 3.05 ×10−5 Jc
3 = 1.55 × 10−5

Jr
1 = 3.09 ×10−5 Jr

2 = 2.53 ×10−5 Jr
3 = 3.05 ×10−5

〈J〉 = (3.18 ± 2.98) × 10−5

Using all 165 cos δ formulae, I got

〈cos δ〉 = 0.468 − 0.005 i, σ〈cos δ〉 = 0.2454 + 0.0096 i
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Comparison

Notation: Vud = a = 97419
105 , Vcd = d = 2256

104 ,

Vcb = f = 415
104 , Vts = h = 405

104







a
√

d2 + f2 − h2
√

1 − a2 − d2 − f2 + h2

d
√

1 − d2 − f2 f√
1 − a2 − d2 h a2 + d2 − h2







Vub =
√

1 − a2 − d2 − f2 + h2 =
√

72761
105 i ≈ 2.7 × 10−3 i

V CLS
ub = (3.59 ± 0.16) × 10−3

DS(Vud, Vcd, Vcs, Vts) leads to cos δ = 1.573
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Comparison. Another example

Case of Fourier matrix: V ij = 1√
3

=⇒

Standard unitarity triangle gives

ρ = 1
2 , η =

√
3

2 , tan δ =
√

3, δ = π
3 = 60◦

s13 = 1√
3
, s12 = s23 = 1√

2

V 2
ud = V 2

us = V 2
ub = V 2

cb = V 2
tb = 1

3

V 2
cd = V 2

ts = 1
3 +

√
3

12 , V 2
cs = V 2

td = 1
3 −

√
3

12

true δ value: δ = 90◦
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New Fit

Concl.: 1. cos δ(i) ≈ cos δ(j), i 6= j, all cos δ(i) ∈ (−1, 1)

2. χ2 has two components: unitarity +experiment

χ2
1 =

∑

j=u,c,t





∑

i=d,s,b

V 2
ji − 1





2

+
∑

j=d,s,b





∑

i=u,c,t

V 2
ij − 1





2

+

∑

i<j

(cos δ(i) − cos δ(j))2, −1 ≤ cos δ(i) ≤ 1
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New Fit. Experimental Data

B(P → lν̄l) =
G2

F MP m2
l

8π~

(

1 − m2
l

M2
P

)2

f2
P V 2

klτP

dΓ(H → P ℓ νℓ)

dq2
=

G2
F V 2

kl

192π3M3
H

λ3/2(q2)|f+(q2)|2

χ2
2 =

∑

i

(

di−edi

σi

)2
, χ2 = χ2

1 + χ2
2, di = |f+(q2

i )|Vkl
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Results

Param. Centr. Val. ± σ Param. Centr. Val. ± σ

fπ 131.131 ± 1.522 fBπ

+ (0) 214.9 ± 13.4

fK 154.97 ± 2.17 fDπ

+ (0) 653.2 ± 19.1

fK/fπ 1.1818 ± 0.0042 fDK

+ (0) 751.8 ± 10.4

fB 222.8 ± 25.0 fDK

+ (0)/fDπ

+ (0) 1.171 ± 0.04

fD 207.6 ±9.8 F(1) 957.5 ± 57.7

fDs
271.0 ± 18.0 G(1) 1,125.3 ± 40.7

fKπ

+ (0) 955.34 ± 9.27 λ -1.2686 ± 0.0057

Table 1: Fit results for fP , and f+(0), units in MeV
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Results

Bin fπ

+(q2) (π0e+νe) fπ

+(q2) (π−e+νe)

1 0.6895 ± 0.0576 0.7072 ± 0.0355

2 0.7514 ± 0.0709 0.7735 ± 0.0400

3 0.8442 ± 0.0841 0.7956 ± 0.0488

4 0.8926 ± 0.0974 0.9812 ± 0.0532

5 1.1005 ± 0.115 1.017 ± 0.065

6 1.3083 ± 0.151 1.101 ± 0.084

7 1.5789 ± 0.221 1.635 ± 0.111

8 - 1.759 ± 0.235

9 - 2.024 ± 0.30

Table 2: |f+(q2)| FF from D → πlν decays
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Results

Bin fK

+ (q2) (K−e+νe) fK

+ (q2) (K̄0e+νe)

1 0.7798 ± 0.0136 0.7808 ± 0.0208

2 0.8281 ± 0.0146 0.8096 ± 0.0239

3 0.8435 ± 0.0156 0.8466 ± 0.0259

4 0.9113 ± 0.0198 0.8856 ± 0.0289

5 0.9945 ± 0.0229 0.9175 ± 0.0331

6 1.007 ± 0.027 1.024 ± 0.039

7 1.128 ± 0.033 1.149 ± 0.048

8 1.212 ± 0.042 1.090 ± 0.062

9 1.303 ± 0.066 1.233 ± 0.092

10 1.561 ± 0.165 1.476 ± 0.210

Table 3: |f+(q2)| FF from D → Klν decays
Unitarity and Global Fits in Flavour Physics – p.21/29



Results

Vc =







0.974022 0.226415 0.0042512

0.226253 0.973323 0.0381075

0.0095692 0.0371307 0.999265







σVc
=







1.1 × 10−6 1.9 × 10−5 2.1 × 10−5

3.6 × 10−5 2.7 × 10−4 3.1 × 10−4

3.5 × 10−5 2.9 × 10−4 3.9 × 10−4
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Results

V+ =







0.974021 0.226332 0.0074844

0.226114 0.973083 0.044512

0.0124317 0.043391 0.998891







δ = (89.96 ± 0.36)◦, α = (64.59 ± 0.27)◦,

γ = (89.98 ± 0.06)◦, β = (25.49 ± 0.28)◦

Vc and V+ =⇒ fB ∈ (123.5, 222.8)
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Results. Fine structure analyses

KLOE coll. F. Ambrosino et al, JHEP04, 059 (2008)
FlaviaNet Working Group arXiv:0801.1817

fπK
+ (0)KLOE = 950.38 ± 5.56, and

fπK
+ (0)Flavia = 955.06 ± 4.31,

From Table 1. fπK
+ (0) = 955.34 ± 9.27
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Results
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Results
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Results
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Results
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