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EERREERFFIEORY BEYOND FLAT EARTH APPROIMIARIEIES

Christopher Colombus map. ¢.1490.
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e RRCEFIELD THEORY ON RIEMANNMAINIFEISS

NG S CGEOMETRY @ (Regge Calculus)

e o>IC AL ACTION: (“Finite element” approx. Hilbert space)
e E=—C ANTUM CT: (Simplicial Perturbation theory)

« CONVERGENCE PROOFS*  (No, only heuristics)

SNEIMERIC AL TESTS (Yes,one and |/2 CFT examples)

* ALL Renormalizable QFT (UV complete) ARE renormalizable on any Smooth Riemann Manifold.

CAN THE LATTICE DEFINE THE NON-PERTURBATIVE THEORY?



B Y SPHERES AND CYLINIBDIESSS

* Spheres and Cylinders are Weyl Maps* & CFT are “preserved'.
* Sphere: For CFT, no finite volume approx. & define:“c-theorems”

* Cylinders: Radial Quant”™* Bndry of global AdS (H = Dilatations)

Radius — O\\\\\\\\‘--.________—
Radius — oo

FRd S 2 - o Weyl 9 P
dshig = Y _ dotde* = e7®d0] =5 d0jF.
=l
d+1
e R x S¢ A%, = 3 datdat = e (de? + d03) T (de® + dQ3) .

S = i

*R.C.B., G.Fleming and H.Neuberger”Lattice Radial Quantization: 3D Ising” PL B721 (2013)




My Oringinal Motivation

® Conformal Field Theories, interesting for
BSM composite Higgs
AdS/CFT weak-strong duality
Model building & Critical Phenomena in general

Potential Huge Advantage for CFT!

Linear Hypercubic vs  Exponential Radial
Lattice

a<r<alL—1<log(r) <L

Both UV asy freedom and IR conformal on a lattice?



RADIAL QUANTIZATION: NATURAL FOR CFT

Conformal (near conformal) theories are interesting for
— BSM composite Higgs
— AdS/CFT weak-strong duality
— Model building & Critical Phenomena in general

R x T3 VS R x S

H=Fyint = D in 7 = log(r)

Potential advantage: Scales increases
exponentially in lattice size L!

S ol — 1 <71=loglr <l



\
BACK TO THE BOOTSTRAP! (CFTS : NO LOCAL LAGRANGIAN) ‘ .}“

(l.e. Data: spectra + couplings to conformal blocks)

wCEiEt and 3
correlators

Only “tree” diagrams!

d1 P4 P1
5 J14k
“partial waves” exp: sum k B
over conformal blocks Ek: flé_<34k o zk: I
P2 ¢s3 P2

23k

P4
3

CFT Bootstrap: OPE & factorization completely fixed the theory



INEQUALITIES FROM BOOTSTRAP*

Allowed Region Assuming A(e")=3.8

Ae
1.8¢
1.6¢
14}
1.2}
Allowed Region Assuming A(e'):
A
‘ 950
1.8t
Ising
1.6
14p Ll
12} Stronger assumptions!
/

0.50 055 060 065 070 075 080 7

"“Solving the 3D Ising Model with the Conformal Bootstrap" (El-Showk, Paulos, Poland,
Rychkov, Simmons-Duffin and Vichi) arXiv:1203.6064v | v [hep-th] (2012)



allowed region with Ay > 3 (Nyax = 6)
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Figure 2: Allowed region of (A,,A,) in a Zy-symmetric CFT3 where A,» > 3 (only one
Za-odd scalar is relevant). This bound uses crossing symmetry and unitarity for (cooo),
(ooee), and (eeee), with npmax = 6 (105-dimensional functional), vmax = 8. The 3D Ising point
is indicated with black crosshairs. The gap in the Zy-odd sector is responsible for creating a
small closed region around the Ising point.



First Attempt: 3-d Ising at Wilson-Fisher FP

R x S°
(r=0)
oo T = logr 6o
Llsing = Z B2y obw)o(ty) + 82 ot + 1 x)o(t,z)

o(x,t)==%1

RCB, G. Fleming, H. Neuberger Phys.Lett, B721 (2013)



FREE SCALAR AND FERMON ON &2

/

approximate spherical triangles as flat in local tangent plane



REGGE: Piecewise linear metric FEM: Piecewise linear fields

(M, guv(x)) < (Mo, 9o = {lis}) gb(ﬂ?) o Qb F Z gbZWz

i R ke

A;ﬁ( /}é) ——————— (L—"
/\\ \\“\VZ//// A &
/
\ /

/ \ / o .
/ v \ 17 Basis function overlap v

v

/
/

#{’E?;X{/ ;;;;; x/
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o

Simplicial Complex/Delaunay Dual Actually fancier methods: Discrete Exterior
Complex + Regge flat metric on Calculus (scalar), Spin connection
each Simplex (Fermion), Wilson links (gauge) , etc.



FLAT SIMPLEX IN TANGENT
PLANE




RECGE CALCULUS FEM FORMIGIZATHIEHEN

|
Delaunay Link Area: Ag = hily

)
¢2 o ¢3 DISCRETE EXTERIOR CALCULUS
FEM ;i Ad ( ) or
l% CHRIST FRIEBERG & LEE

* H. Hamber; S. Liu, Feynman rules for simplicial gravity, NP B475 (1996)



BINEAR FINITE ELEMENT APEREEES

S=3 [ aPay5 19" 0,0w)0,0() + M2 (x) + 20
M

2
(y = &u171 + &2 + &373
* withér + & +83=1)

I = 5 [ dPu9ol) - Do) + m6*(y) + W)
— 5 [ PEVa g7 0(©0;6%(©) + () + 2
I, ~ \/% {géj (qbz ik ?OO)(lgboj % gbO) e m2¢(2) i )\qbé
i0 Y5



ESIEZDNSING/PHI 4™ ON THE RIEMANNSREIERE
15 O
14+ 2

Stereographic project of Complexflane: f s tan(@/z)e—iqb el

— k=8 +8 t=ta+i&

e =1la e 7 ]

‘771 —772‘ — 2—2COS((912)

Conformally Invariant ‘51 i ‘£2H€3 = 54‘ D ‘7‘1 ¥ 7“2H7°1 g

Cross Ratios are “Preserved” \51 o €3H€1 i 54‘



Order s Refined Triangulated Icosahedron
s =8

s =1

1=0(A),1(T1), 2 (H) are irreducible 120
lcosahedral subgroup of O(3)



FEM FIXES THE HUGE SPECTRAL DEFECTS
OF THE LAPLACIAN ON THE SPHERE

Fors = 8 first (I+1)*(l +1) = 64 eigenvalues

BEFORE (K = I AFTER (FEM K’s)

il S




SPECTRUM OF FE LAPLACIAN ON

|
0

1500 - S —

s = |28

Fit /

l +1.00012 [?
— 13.428110° I° — 5 5244 mEa




BiREEEON SIMPLIAL MANI RS

1 - (
S =5 [ PoyGile (0, - Jwi(e)) + miv(
et (z) = et(z)y®  Verbein & Spin connection™®
wp(z) = W,Zb(x)aab ,  Oab = t[Ya,Yal/2

(1) New spin structure “knows'™ about intrinsic geometry

(2) Need to avoid simplex curvature singularities at sites.

(3) Spinors rotations (Lorentz group) is double of O(D).

B2 as 6 — 27

| . Tociiiati :
| Must satisfy the tetrad postulate!  wf® = Se(el, — ell, +¢”

o

€,€vc,0)-



WIS UCTING THE DIRACTAGHHEIN

1 Vs ol B A = No 1L .
Snaive = 5 Z l_][wze ()7 "YQz'jwj T ¢3 ji€ @3, 'sz] S §m‘/;¢z¢z
(G
e (1) > (j)

.

DO NOT USE PIECEWISE LINEAR REGGE CALCULUS MANIFOLD!

Simplicial Tetrad Hypothesis (Z)J aQ TR ). (3)7“70“ — ()

ZJa

Gauge Invariance under Spin(D) transformations

% — AZ@D . &j a7 lﬁjA; ; e(i)j i AZG(Z)JA;[ : Qij s AzQz]A;



WILSON/CLOVER TERM

. . .
Ve (O — ZAM)]Q (O — ZAM)Q e 5(7“ Fuv

z ]- v ]‘ a 14
€5 (0 — iwy)]” = % uV 99" Dy — 59 “efiel Ry

SWilson = g Z 2 w] ]’L)(w R szwj)
(2,7

70



R DIRAC SPECTRA ON SFEFE

Im(A)

20 6Fr—— SSS338333888
000000000000
101 o2 o Leesiliiy
. Ap- 1111111 ST ST T AL . 5=
s=2
0 e S=8 —~
52. g 3 990008 - ——————————————————————————_ s=4
—1013 % s=16 o s=8
2‘**m‘.“”'.;;iifffo ************** e s=16
-20 s=24 XXX
T o s=24
| | | | | [ X X X J
0 20 40 60 80 XL T LY R
Re(A) 2 6 12 20 30 42
Eigenvalue
E=j+1/2

Exact is integer spacing for | = |/2,3/2,5/2 ... Exact degeneracy 2j + I: No zero mode in chiral limitl.

https://arxiv.org/abs/1610.08587

Lattice Dirac Fermions on a Simplicial Riemannian Manifold

Richard C. Brower, George T. Fleming, Andrew D. Gasbarro, Timothy G. Raben, Chung-I Tan, Evan S. Weinberg



https://arxiv.org/abs/1610.08587
https://arxiv.org/find/hep-lat/1/au:+Brower_R/0/1/0/all/0/1
https://arxiv.org/find/hep-lat/1/au:+Fleming_G/0/1/0/all/0/1
https://arxiv.org/find/hep-lat/1/au:+Gasbarro_A/0/1/0/all/0/1
https://arxiv.org/find/hep-lat/1/au:+Raben_T/0/1/0/all/0/1
https://arxiv.org/find/hep-lat/1/au:+Tan_C/0/1/0/all/0/1
https://arxiv.org/find/hep-lat/1/au:+Weinberg_E/0/1/0/all/0/1
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TEST CFT: PHI4TH AT WILSON-FISHER FIXED POINT IN 2D & 3D.

Wilson-Fisher FP

Gaussian FP
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SINIDER CUMULANT NEVER CONVERGES
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DIV ERGENCE BREAKS ROTAIRCHNS

O e = xe@ee))

one configuration average of config.



ON

S OFP COUNF

Am? = 6\ [K_lhi ~ 8—\/§Alog(1/mga?) Ve
7T

RT

Y2 \log(N,
— og (V)

" gxlog<a2/a?>

7

-RM




One loop

0.04

0.03

0.02

0.01

-0.01

T

>

s=24, Lt=4s, m=1.8+msc/g->nv, One loop error

0.6

Karea

- §=24

sS=48
s=72

- =96



0

CTL

1.5

1.4

1.3

il::2

1.1

PEL OF COUNFERSRSEN

sm3 = Y2 1og(N//3z) + O(1/N)
& ) Cx2_+_y2_+_1 }%2)3/2

No counter term s <32
Analytic s<128

Dilation of FEM diffeomorphism: ¢ = o

fit N >4000 0.06916 vsexact +/3/81 ~ 0.0689161 |

0 10000

20000 30000 40000 50000 60000
nv

70000



e C — |/ CFT ON 2D SEFlEisS

Exact Two point function

.

Jm —xo?2 |1 - costha|A

A:U/2:1/8 az2+y2+z2:1
4 pt function (1, 22, T3, 1) — (0 Z Nee)

1

=] 00) — PRER _2’1/4[]1+\/1 —z| 4+ |1 = v1—2z|]

(M*)

= 0.567336
3(M?2)(M?)

Critical Binder Cumulant U =1-—

Dual to Free Fermion



N®ABINDER CUMULANT CONVEREESS

U (1%, A, 8) = Uzn,er + 02 (A) [p? — Mgr]sl/” + ban(A)s™
Icosahedron(s) Ny=1 A=1.0

I | I I I I | I I I I | ]
X 15=1.822420

FIT:

Uy = 0.85081(10)

0.854 —

1°=1.822410 ]

+ 1°=1.822405
~‘lll,—, I b P ||'|:f|

O u”

O

1.822395 |

0.852 — 1 1.822390 |

[l

2

RaeE 770 — (0.851021(5)] &

0.850 —

HIGHER MOMENT 2n = 4,6,8,10,12

Us = 0.77280(13) onsnl— /

0.000 0.005 0.010 0.015
o §[1 i <M4> ] T/S"
9 3(M?2) (M?)

Simultaneous fit for s up 800: E.G. 6,400,002 Sites on Sphere

p2 . = 1.82240070(34)

dof = 1701 ., oA /dof —SliEs



analytic CT, 1°=1.8224

- |:|:1 sI:leO ]
- & :
0.05F 0 =50 i
- ¢ =100 |
ﬁ 2 s=200
0.02 F 2 |
53.§ Moerit= 1.822386 (3)
0.01— b =
i | ]
0.005 - B 1
. ) ]
N
0.002 "2 |
‘ 5@
O D R R
0 5 10 15
1
2 1/8
dz(——)"*Py(2)
=

0.05

0.02

0.01

C1/00

0.005

0.002

0.001

analytic CT, s=200

IIIIIII

A:tﬁ;'f'-.‘

|

0 1*=1.8223
o u?=1.8224
% p°=1.8225

1E=1.822386(3)

IIIIIII

3)
]
|

A, = n/2 = 1 /SE=RBEES

16 16 48 816 12240 493680 33456 55760 3602096 20129360 541373840

77357161’ 3565’ 64883’ 3049501 234577 435643’ 30930653 187963199’ 5450932771

Very fast cluster algorithm:

Brower, Tamayo ‘Embedded Dynamics for phi 4" Theory” PRL 1989. Wolff

single cluster + plus Improved Estimators etc



Using Binder Cumulants

In infinite volume

3 Ma — n . .
o= 5 (- g) n = (9") Usn=0 in disordered phase
15 mg My .
v = 2 (1 e ) Usn=1 in ordered phase
ms Mg mi 2 my L
Us = §<1_630m§+425m§+18 m§_3m§> O<U2n<1 On Cr|t|Ca| Surface
U 2835 mio ms me My mg 5 mi 5 my
- 992 < 22680 mg 504 m% B 108m§ 18 mg + 36 m% 6 m%) Icosahedron(s) Ny=1 A=1.0 s=200
155925 mio mio me My ms 1.0 | R — | . — B g o @
Uz = “oas < 1247400 mS ' 18900 m3 ' 2520 m§ 420 mi i | o é ¢ i
m2 memmy me m3 m?2 my i ° 0 ]
27()()(;77,8 45 m3 15 m3 108 mS 4 mi ; m%) 0.8 — fg ]
* Uoyor are universal quantities. 0.6 o - ﬁf ou,
D“g’ i o o g 8? i
¥ i o + Uy 1
* Deng and Bl6te (2003): U, =0.851001 o4l o ‘ -~
« Higher critical cumulants computable ) SR =
using conformal 2n-point functions: [o,°- ]
Luther and Peschel (1975) Y B S S S E
1.815 1.820 1.825

Dotsenko and Fateev (1984) 2



2 FOUR POINT FUNCHRSIS

OPE Expansion: ¢ x¢dp=1+¢? or oxo=1+¢

oy ($1020364) \ \
I = 16 (b2t

1
o VI AR

Crossing Sym: [1++v1—2z|+[1—-v1—2|= \/2+2\/(1 —2)(1 —2)+2v2Z

| y4

To9o = 2

2 2
4 2%

2 .2
13724



0 2 SCAT TERING D

go(|2|) ZERO PARAMETER FIT
070[e
: s= 10 Run for 1/2 hour
0.65f =0
g(u,v) = gi(]2]) cos(16)
: l
0.55_—
045 st 1#=1.822405, A=1.0, 6=0, fitted norm
02 0.4 06 08 | Z| 10 G(r6)

ai(|2])




DESCENDANTS

go(|2) ZERO PARAMETER FIT

070

s= 10 Run for 1/2 hour

g(u,v) = 3 gi(]2]) cos(16)
I l

055

110

e

050

0451 o
L y ! 1

02 e Y |ZI)8 T 10
gi(|2]) log(g1)

{ 0.010
0.030F

0.025 F 0.001

0.020 ; 104

0.015F
_ 1033
0.010F

r 1076
0.005 -

log(]2])



BT AN

Glz] c=" minimal model
Im(z]

15}

-15}

BAC .




Log1g[counterterms or something]

U T URE:
EOUNTER TERM INTSES

X y
>
X
Linear Diverge —> Const shift in Lattice Variables! Now local CT but Exponential falls Ix - yl in lattice units!
Or
i QFE Action is LODAL but not Ultra-local
_5;
-10?
-15?
B, 6le — yl/
] 2 2 5 Ol a
25, Oper(T,Y) ~ AoCalzy + Age <
-30?




iRsIEBIC PROBLEM: RESTGRING
EETRIES FOR ON A SIMPLICIAE CEMFISERS

How much help do you need from FEM ?

Hypercubic Lattice

Is Renormalized perturbation theory at the UV fixed point enough
to uniquely/correctly define the IR Quantum Field Theory?



e TARALLEL CODE AN 600 CEEECGINES
HTTPS//ENWIKIPEDIA.ORG/WIKI/600-CEL L

RUBtIVRERe (27 — 5 ArcCos[1/3])/(27) = 0.0204336

16 vertices of the form:Bl (£l2, £1%, 15, +15%),
8 vertices obtained from (0, 0, 0, +1) by permuting coordinates.
96 vertices are obtained by taking even permutations of ¥z (x¢, =1, +1/¢, 0).

https://en.wikipedia.org/wiki/List of regular polytopes and compounds#Five-dimensional reqular polytopes and higher



https://en.wikipedia.org/wiki/600-cell
https://en.wikipedia.org/wiki/Even_permutation
https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher

FUTURE: SEEKING FUNDING TO EXPLORE
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Radial Quantization
—veliirert H = PO mt — Din 1= lOg(T’)

ds* = dx*dx,, = e*7 [azT2 + dO?]

Can drop /d

d—1
— R X S
VWeyl factor!

“time” T =log(r), "mass” A=d/2—1+n

D%xuaﬂzr&a:g



BERINGYS FULL CONFORMAL SYMIMIERENE

 General Field Theory with Scale invariance and Poincare Invariance

Swdi=== O(q,l|) (Isometries of AdS space)

Ly

\

K, : (inv — trans — ino)
K,,O()] = i(2%0, — 2x,2"0, + 22,A)O(x)
D,0(z)] = i(2"0, — A)O(x)

:Dv P,LL] — _iPM ? [Dv K,LL] — _|_ZKM ? [KLH PM] = 21D




EXACT CFT: POWER LAW

1
’371 i xQ‘QA

Conformal correlator: (¢(z1)¢(x2)) =C

1
A A
" To <¢(7'17 Q1)¢(7'27 Q2)> C [7“2/7“1 4 741/742 — 2COS(912)]A

Oo—(log(rz) — log(r1)A
OB_TA

1

With |21 — @2|® = rira[ra/r1 + 71/72 — 2 cos(012)]

as 7 = log(ry) — log(ry) — oo



