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LHC processes

σ(H1H2 → X) =
∑
i,j

∫
dx1dx2 fi/H1

(x1, µ
2
F )fj/H2

(x2, µ
2
F )×

× σ̂ij→X(x1x2s, µ
2
F , µ

2
R)
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Parton luminosities

Change of kinematic variables: ŝ = x1x2s, y = 1/2 log (x1/x2)

dLij
dŝdy

=
1

s
κij
[
fi(x1, µ

2
F )fj(x2, µ

2
F ) + (1 
 2)

]

σ(H1H2 → X) =
∑
i,j

∫ (
dŝ

ŝ
dy

) (
dLij
dŝdy

)
(ŝσ̂ij→X)

Integrated luminosity
dLij
dŝ

=

∫
dy

dLij
dŝdy
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One example
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LHC kinematics
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PDF uncertainties for Higgs physics
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PDF uncertainties for new physics

systematic/quantitative assessment?
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PDF from DIS

kinematics:

kµ = k′µ + qµ

Q2 = −q2

ν = p · q

in the lab frame: p = (mN , 0)

Q2 = 2EE′ (1− cos θ) , ν = mN

(
E − E′

)
x = Q2/(2ν) , y =

q · p
k · p

= 1− E′/E

dσ =
d3k′

|k′|
1

2s(Q2 −m2
N )

Lµν(k, k′)Wµν(p, q)
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Hadronic tensor

Wµν(p, q) =
1

4π

∑
X

〈p|jµ(0)†|X〉〈X|jν(0)|p〉(2π)4δ (pX − p− q)

=
1

4π

∫
d4y eiq·y 〈p|jµ(x)†jν(0)|p〉

Wµν parametrized in terms of structure functions

Wµν(p, q) =

(
−gµν +

qµqν
q2

)
W1(Q2, ν)+

+

(
pµ − qµ

ν

q2

)(
pν − qν

ν

q2

)
W2(Q2, ν)

F1(x,Q2) = W1(Q2, ν)

F2(x,Q2) = νW2(Q2, ν)
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Factorization theorem

F (x,Q2) =
∑
i

∫
dz

z
Ci
(
z,Q2/µ2

F , αS(µ2
F )
)
fi(
x

z
, µ2

F )

=
∑
i

Ci
(
x,Q2/µ2

F , αS(µ2
F )
)
⊗ fi(x, µ2

F )

• Ci coefficient function, process specific - computed in perturbation
theory in a given scheme

• fi(x, µ2
F ) PDF, universal, nonperturbative dynamics

• using the equation above, fi can be fitted from experimental data
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DGLAP evolution
• Independence of F of the factorization scale:

µ2
F

d

dµ2
F

F (x,Q2) = 0

hence:

µ2
F

d

dµ2
F

fi(x, µ
2
F ) =

∑
j

Pij
(
x, αs(µ

2
F )
)
⊗ fj(x, µ2

F )

•Pij
(
x, αs(µ

2
F )
)
: Altarelli-Parisi splitting functions - computed in

perturbation theory -

• Solution of the evolution equation:

fi(x, µ
2
F ) =

∑
j

Γij(x, αs, α
0
s)⊗ fj(x, µ2

F,0)
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Non-singlet PDF

Simple example:

FNS
2 (x,Q2) = F p

2 (x,Q2)− F d
2 (x,Q2)

=

∫ 1

x

dy

y
CNS(y,Q2) qNS

(
x

y
,Q2

)
where

qNS(x,Q2) =
[(
u(x,Q2) + ū(x,Q2)

)
−
(
d(x,Q2) + d̄(x,Q2)

)]
combining the evolution and the coefficient function

FNS
2 (x,Q2) =

∫ 1

x

dy

y
KNS

(
y, αs

(
Q2
)
, αs

(
Q2

0

))
qNS

(
x

y
,Q2

0

)
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Fitting the data

• parametrize the PDF at some initial scale by some set of coefficients ω:

qNS

(
x,Q2

0

)
= φ (x;ω)

φ denotes the parametrization (NNPDF, fixed functional forms)

• minimize the χ2 function:

E[ω] =

Ndat∑
I,J=1

(
F

(dat)
I − FNS

I [ω]
) (

cov−1
)
IJ

(
F

(dat)
J − FNS

J [ω]
)

where:
FNS
I [ω] = KNS(xI , αs,I , α

0
s)⊗ φ (xI ;ω)
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Error propagation

• PDF fitted from data =⇒ data error propagates

• MC method (NNPDF): create an ensemble of replicas of data
distriburted according to the correlated errors of the real data.
Perform a fit for each replica, and study the distribution of the replicas.

• Hessian method: quadratic expansion of the χ2 around its minimum

• systematic errors/bias

• lattice determination independent of the data
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Current dataset

L Del Debbio PDFs meet lattice QCD Oxford, March 2017 15 / 29



Change from new data/methodology

comparing NNPDF2.3 and NNPDF3.0
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Different perturbative orders
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DIS and OPE: analyticity

• deep-inelastic limit of Wµν related to
the short-distance limit of Tµν :

Tµν =

∫
d4y eiq·y 〈p|Tjµ(y)jν(0)|p〉

Wµν = 2 ImTµν

• Tµν can be expressed in terms of
form factors Ti

• For fixed Q2, Ti are analytic in the
complex ν plane,
cuts from the threshold ν = ±Q2/2
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DIS and OPE: dispersion relations
• Cauchy’s theorem:

Ti(Q
2, ν) =

1

2πi

∫
dν ′

ν ′ − ν
Ti(Q

2, ν ′)

• Expanding Ti in 1/x = 2ν/Q2

Ti =
∑
n

Ti,n(Q2)x−n

yields

Ti,n(Q2) =
1

2πi

∫
dν ′

ν ′

(
Q2

2ν ′

)n
Ti(Q

2, ν ′)

and finally

Ti,n(Q2) = −2i

∫
dx′ x′n−1

[
Fi(x

′, Q2)± F̄i(x′, Q2)
]

= Fi,n(Q2)±F̄i,n(Q2)

L Del Debbio PDFs meet lattice QCD Oxford, March 2017 19 / 29



DIS and OPE: small-distance expansion

Tµν ∼ −2i

∫
d4y eiq·y

∑
Ja

〈p|[OJaµ1...µJ ]|p〉 (−i)J×

×
[
yµ1 . . . yµJ

(
−gµν

∂2

∂y2
− ∂2

∂yµ∂yν

)
CJa1 (y2, αs, µ)+

+yµ3 . . . yµJ
(
gµ1µ

∂2

∂y2
− ∂2

∂yµ∂yµ1

)
. . . CJa2 (y2, αs, µ) + . . .

]
where

OJaµ1...µJ = ψ̄γµ1i
←→
D µ2 . . . i

←→
D µJλ

aψ

OJgµ1...µJ = Gµ1νiDµ2 . . . iDµJ−1G
ν
µJ

〈p|
[
OJaµ1...µJ

]
|p〉 = 〈p|

[
OJa

]
|p〉 pµ1 . . . pµJ
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moments of structure functions

transforming to momentum space

Tµν ∼
(
−gµν + qµqν/q

2
) [
−2i

∑
Ja

x−J 〈p|
[
OJa

]
|p〉CJa1 (Q2/µ2, αs)

]
+

+
(
pµ − qµν/q2

) (
pν − qνν/q2

)
×

×

[
−2i

∑
Ja

x1−J 〈p|
[
OJa

]
|p〉CJa2 (Q2/µ2, αs)

]

hence

F2,J−1(Q2)± F̄2,J−1(Q2) =
∑
a

CJa2 (Q2)〈p|[OJa]|p〉
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PDF moments
introducing Mellin moments

fJa(µ2
F ) =

∫
dz zJ−1fa(z, µ

2
F )

CJa(Q2/µ2
F , αs) =

∫
dz zJ−1Ci(z,Q

2/µ2
F , αs)

FJ(Q2) =
∑
a

fJa(µ2
F )CJa(αs, Q

2/µ2
F )

〈p|
[
OJa

]
|p〉 =

∫
dxxJ−1

[
fa(x, µ

2) + fā(x, µ
2)
]

renormalized operators

[OJ,a] = ZabOJb , β(g)
∂

∂g
Zab = γacZcb

renormalization of the lattice operators
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PDFs from non-local operators

q(x, µ2) =

∫
dξ−

4π
e−ixξ

−P+ 〈P |ψ̄(ξ)γ+×

× P exp

(
−ig

∫
dη−A+(η−)

)
ψ(0)|P 〉

time-independent non-local expression:

q(x, µF , Pz) =

∫
dz

4π
e−ixzPz 〈P |ψ̄(z)γz×

× P exp

(
−ig

∫
dz′Az(z′)

)
ψ(0)|P 〉

L Del Debbio PDFs meet lattice QCD Oxford, March 2017 23 / 29



Lattice correlators
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Bare quasi-distribution
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Connection with PDFs

One loop calculation at the partonic level

q(x, µ2, Pz) =
αs
2π

[
T (x)

Λ

Pz
+ P (x) log

ΛPz
λ2

]
where

Λ =
√
µ2 + (1− x)2P 2

z − (1− x)Pz

limit Pz →∞: recover the standard Altarelli-Parisi kernel
limit µ2 →∞: linear divergence

“factorization theorem”:

q(x, µ2, Pz) =

∫
dy

y
Z

(
x

y
,
µ2

P 2
z

)
q(y, µ2) +O(m2

N/P
2
z ) +O(Λ2

QCD/P
2
z )
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Renormalized quasi-distribution

interesting direction...
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Systematic errors

• Z
(
x
y ,

µ2

P 2
z

)
computed in perturbation theory at one-loop

subtraction of power divergences? matching to which scheme?

• extrapolation in m2
N/P

2
z , Λ2

QCD/P
2
z

large physical Pz are needed, fine lattices? noisy observables?

• quark mass? continuum limit, (aP ) artefacts?

• Minkowski to Euclidean rotation - recent paper by Briceno et al

L Del Debbio PDFs meet lattice QCD Oxford, March 2017 28 / 29



Outlook

• precision determinations of αs and PDFs needed for LHC

• kinematic regions not constrained by data - quantify this statement?

• renormalization and matching to MS scheme

• what is actually being computed?

• lattice input incorporated in global fits?

• limitations/opportunities in the computation of moments

• limitations/opportunities in the computation of quasi-distributions

L Del Debbio PDFs meet lattice QCD Oxford, March 2017 29 / 29


