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Ridge : remarkable effect of MPI@LHC

2

Di-hadron correlations in relative pseudorapidity (Δη) & azimuth (Δφ) 
High multiplicity p+p/A  → strikingly similar to A+A
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Ridge : remarkable effect of MPI@LHC

Things look very different in min-bias p+p/A collisions
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A rare process Not a rare process
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The ridge in all systems 
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High multiplicity events & collectivity

p

p

Two main puzzles :
Some times many particles come out, but why ?
The particles in high multiplicity events show collectivity.

p

p

correlated
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What do I mean by collectivity ?

Let me give you a working definition :
Correlations among particles over a wide range of momentum space

Δφ = π
η

Strong correlations do not necessarily mean collectivity

Di-jets produce strong
correlations but no collectivity 
 ~falls off 1/N (random walk)

η

Fluid dynamic correlations 
correlations in are collective

Δφ

Δη 
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The ridge in all systems 

There could be different ways to approach this problem
7

Approach this way
(position space 
correlations + 

fluid-dynamics)

Approach this way
(intrinsic momentum

space correlations, MPIs)
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The Qualitative picture
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3

sensitive 
to non-equilibrium

FIG. 2. Illustration of long-range azimuthal correlations
in small systems, a slightly modified version of the figure
from [54].

Clearly the aforementioned examples illustrate that it
is important to consider both initial state momentum
space correlations and the response to the initial state
geometry due to final state e↵ects in order to describe
azimuthal correlations in small systems over a wide kine-
matic range. Our qualitative expectation is illustrated
in Fig. 2, where the azimuthal correlation strength due
to initial state and final state e↵ects is shown versus the
event multiplicity e.g. in p+p collisions for a fixed trans-
verse momentum range e.g. 1�3 GeV. Based on our
discussion we expect that in low multiplicity or min-bias
events the azimuthal correlations between 1�3 GeV par-
ticles are pre-dominantly due to back-to-back mini-jets
(peaked at �� = ⇡). With increasing event-multiplicity
the contribution from multi-parton processes, such as the
”Glasma graphs” (Sec. II C 3), becomes increasingly im-
portant resulting azimuthal correlations that has sym-
metric structure in relative azimuthal angle �� around
⇡/2. When increasing the multiplicities even further, fi-
nal state interactions in this transverse momentum re-
gion can no longer be neglected at some point and lead
to a depletion of initial state correlations. Even though
min-jets do not fully equilibrate yet, the system starts
to show a response to the initial state geometry, which
in this low opacity region is presumably dominated by
the path length dependence of the parton energy loss –
also referred to as parton escape mechanism [53]. Ulti-
mately, in the limit of very high multiplicities, mini-jets
are fully quenched resulting in the formation of a ther-
malized medium and the complete loss of initial state mo-
mentum space correlations. In this high opacity regime,
azimuthal correlations are dominated by the response to
initial geometry described by a hydrodynamic expansion
of a thermalized Quark-Gluon plasma.
One can attempt to further estimate the multiplicities

corresponding to the transitions from the initial state to
the final state dominated regime, exploiting recent theo-
retical progress in the understanding of the equilibration
process [55]. Since the equilibration time at weak cou-

pling corresponds to the time scale when a semi-hard
parton ⇠ Q

s

looses all its energy to form a soft thermal
bath, one naturally expects the cross-over from the initial
state to final state dominated regime to occur when the
associated equilibration time ⌧

eq

becomes comparable to
the system size R. Conversely, as long as ⌧

eq

� R typical
semi-hard partons escape without encountering signifi-
cant final state interactions, whereas for ⌧

eq

⌧ R semi-
hard partons are fully quenched, equilibrium is reached
early on and the dynamics is dominated by the subse-
quent hydrodynamic expansion. Based on the estimate of

the equilibration time Q
s

⌧
eq

' 10(⌘/s)4/3
Teq

(g2N
c

)1/3 ' 10

for (⌘/s)
Teq ' 5/4⇡ at realistic coupling g2N

c

' 10
[56, 57] and the multiplicity dN/dy ' ⇠Q2

s

⇡R2 with
⇠ ' 1/4 [58] we obtain that

⌧
eq

R
'

s
100

dN/dy
, (1)

corresponding to a cross-over at around dN/dy ⇠ 100,
which in fact is much larger than the min-bias multi-
plicities reached in p + p or p + Pb collisions [59]. We
caution however that the estimate in Eq. (1) is inferred
from leading order weak-coupling calculations and should
only serve as a ballpark figure.
Beyond simple analytic estimates probably a promis-

ing alternative approach is to directly attempt an ex-
traction of the boundaries between the di↵erent regimes
through detailed comparisons of theory and experiment.
While a first principle theoretical description is compli-
cated throughout most of the multiplicity regimes shown
in Fig. 2, significant theoretical progress has been made
in understanding the features of initial state correlations
in the regime where final state e↵ects can be neglected.
In the following we will review the theoretical computa-
tion of initial state correlations in the Color-Glass Con-
densate (CGC) e↵ective field theory of high-energy QCD
and critically access to what extent these calculations are
compatible with the experimental observations.

II. MULTI-PARTICLE PRODUCTION IN THE
CGC FRAMEWORK

A. High multiplicity events

Experimental observation suggest that long-range
ridge like correlations in small colliding systems appear
only in high multiplicity events. Before we turn to a
more detailed discussion of possible mechanisms to pro-
duce such correlations, a first necessary step is to under-
stand the origin of high multiplicity events that populate
the long tail of experimental multiplicity distributions.
Considering the most elementary case of p+p collisions,
high multiplicity events are a consequence of three major
sources of fluctuations

1) geometry of collisions

20

Qualitative Picture : Small systems

low multiplicity events

mini-jets escape

high multiplicity events

mini-jets quenched

20

Qualitative Picture : Small systems

low multiplicity events

mini-jets escape

high multiplicity events

mini-jets quenched

The Phase Diagram of Correlation
Schlichting 1601.01177, 

Schlichting, PT 1611.00329
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The Qualitative picture
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Initial state correlations
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The Qualitative picture
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The landscape of QCD : particle production 
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FIG. 1. Transverse profile of a single proton configuration at four di↵erent intervals dY of the evolution. The di↵erent
panels show a contour plot of the real part of the trace of the Wilson line <(tr[1 � V (x, y)])/N

c

as a function of the transverse
coordinates x and y. The small (large) blue circles show the position and size of the three constituent quarks (the proton).

emphasize that even though we will be interested in the
evolution of a finite size proton where translation invari-
ance is explicitly broken, the use of periodic boundary
conditions does not pose any additional problems. We
find that, as long as the kernel decays su�ciently fast at
large distance scales and the physical extent of the proton
is small compared to the lattice size, (unphysical) contri-
butions from across the lattice boundary are suppressed
by several orders of magnitude.
We solve the lattice version of Eq. (8) numerically by

performing a series of updates in dY according to the fol-
lowing procedure: We first generate the stochastic fields
⇠
x

at each lattice point and subsequently perform the
color rotations V

z

⇠
z

V

†
z

to obtain the argument of the left
hand side exponential. We then perform the two con-
volutions with the kernel, which for a lattice with pe-
riodic boundary conditions can be performed in Fourier
space at cost of order N2

? log(N2

?), which is significantly
more e�cient than the direct implementation in coordi-
nate space, which scales as N4

?. Finally, we perform the
matrix exponential by use of analytic matrix diagonaliza-
tion formulae [28] and compute the Wilson lines at the
next rapidity step. This procedure is then repeated to
obtain the evolution over a finite rapidity interval.
Within this framework observables can be computed in

a straightforward way as functionals of the Wilson lines
at any given Y [12, 14–16]. When converting the results
to physical units, the scale of the lattice computation is
set by the proton radius R

p

' 1 fm.1 If not stated other-
wise, the results presented in this paper are obtained for
N? = 2048 lattices with physical size N?a? = 8.53 fm,
lattice spacing a? = 4.167 ⇥ 10�3 fm, and rapidity step
size dY = 3.33 ⇥ 10�3. We will consider a fixed cou-
pling constant ↵

s

= 0.3 for simplicity and comment on
expected modifications due to running coupling e↵ects.

1

The precise value of R
p

can be fixed by fitting experimental data

on DIS cross sections within our model. We expect R
p

to be close

to the gluonic radius (see e.g. [29]).

IV. EVOLUTION OF A SINGLE PROTON

When studying the energy evolution of a single pro-
ton, we start at some moderately small value of x = x

0

,
where the evolution becomes dominated by the gluon de-
grees of freedom. We thus need a parametrization of the
initial Wilson line configurations of a proton at x

0

, which
in principle could be constrained by DIS data. Within
this exploratory study, we refrain from performing actual
fits to experimental data and instead consider di↵erent
parameters within a simple model of the proton.

Our approach is motivated by the phenomenologically
successful constituent quark model [30, 31] and amounts
to sampling a distribution of moderately small x gluons
around the large x constituent quarks. In practice we first
sample the positions ~x

CQ

= (x
CQ

, z

CQ

) of the three large
x constituent quarks according to a three dimensional
Gaussian distribution inside the proton, such that

h~x 2

CQ

i = R

2

p

. (10)

We then initialize the Wilson lines according to a
color neutral distribution of randomly distributed color
charges ⇢

a

(x) inside the constituent quarks, which we
think of as corresponding to the gluons radiated o↵ the
constituent quarks between x ⇠ 1 and the initial value of
x = x

0

.
We divide this large x region into N

0

Y

= 100 intervals,
such that the initial Wilson lines are given by [32]

V

0

(x) =

N

0
Y

Y

i=1

exp

✓

�ig

⇢

Yi
a

(x)ta

r2

? +m

2

◆

(11)

where r2

? = @

i

@

i and m ⇠ ⇤
QCD

is the same e↵ective
mass scale as in Eq. (9), which regulates the infrared be-
havior of the Coulomb tails. We consider a Gaussian
distribution of the color charges ⇢

Yi
a

(x), which – follow-
ing standard McLerran-Venugopalan type models [3] –
we take as uncorrelated between points (x and y) in the
transverse plane, di↵erent colors, and di↵erent rapidity
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FIG. 1. Transverse profile of a single proton configuration at four di↵erent intervals dY of the evolution. The di↵erent
panels show a contour plot of the real part of the trace of the Wilson line <(tr[1 � V (x, y)])/N

c

as a function of the transverse
coordinates x and y. The small (large) blue circles show the position and size of the three constituent quarks (the proton).
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transverse plane, di↵erent colors, and di↵erent rapidity
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with the color current

J⌫ = �⌫±⇢
A(B)

(x⌥,x?) (6)

generated by a nucleus A (B) moving along the x+ (x�)
direction (the upper index is for nucleus A). In (6) we
have assumed that we are in a gauge where A⌥ = 0
such that temporal Wilson lines along the x+ (x�) axis
become trivial unit matrices.
The solution to Eq. (5) is most easily found in Lorentz

gauge @
µ

Aµ = 0, where the equation becomes a two-
dimensional Poisson equation

�r2

?A
±
A(B)

= ⇢
A(B)

(x⌥,x?) , (7)

whose solution can formally be written as

A±
A(B)

= �⇢
A(B)

(x⌥,x?)/r2

? . (8)

It will be more convenient to work in light-cone gauge
A+(A�) = 0 when computing the gluon fields after the
collision. The solution in this gauge is obtained by gauge
transforming the result in Lorentz gauge using the path-
ordered exponential

V
A(B)

(x?) = P exp

✓

�ig

Z

dx� ⇢A(B)(x�,x?)

r2

T

+m2

◆

, (9)

giving the pure gauge fields [10, 33, 34]

Ai

A(B)

(x?) = ✓(x�(x+))
i

g
V
A(B)

(x?)@iV
†
A(B)

(x?) , (10)

A�(A+) = 0 . (11)

The infrared regulator m in Eq. (9) is of order ⇤
QCD

and
incorporates color confinement at the nucleon level. 4

Physically, the solution (10,11) is a gauge transform of
the vacuum on one side of the light-cone and another
gauge transform of the vacuum on the other side. We
have chosen one of them to be zero as an overall gauge
choice. The discontinuity in the fields on the light-cone
corresponds to the localized valence charge source [5].
The initial condition for a heavy-ion collision at time

⌧ = 0 is given by the solution of the CYM equations
in Fock–Schwinger gauge A⌧ = (x+A� + x�A+)/⌧ = 0,
which is a natural choice because it interpolates between
the light-cone gauge conditions of the incoming nuclei. It
is also necessary for the Hamiltonian formulation that we
adopt (gauge links in the temporal (⌧) direction become

4 Other prescriptions which do not explicitly introduce a mass [35]
are feasible but they all inevitably involve introducing a nucleon
size scale. This is because there is a Coulomb problem in QCD
which is cured only by confinement. The presumption here is
that physics at high energies is dominated by momenta ⇠ Qs

and is insensitive to infrared physics at the scale m. From a
practical point of view, we observe that our results are weakly
sensitive to small variations in the scale m.

unit matrices in this gauge). It has a simple expression
in terms of the gauge fields of the colliding nuclei 5[5, 36]:

Ai = Ai

(A)

+Ai

(B)

, (12)

A⌘ =
ig

2

h

Ai

(A)

, Ai

(B)

i

, (13)

@
⌧

Ai = 0 , (14)

@
⌧

A⌘ = 0 (15)

In the limit ⌧ ! 0, A⌘ = �E
⌘

/2, with E
⌘

the longitu-
dinal component of the electric field. At ⌧ = 0, the only
non-zero components of the field strength tensor are the
longitudinal magnetic and electric fields, which can be
computed non-perturbatively. They determine the en-
ergy density of the Glasma at ⌧ = 0 at each transverse
position in a single event [8, 9].
The Glasma fields are then evolved in time ⌧ accord-

ing to Eq. (5). Over a time scale ⇠ 1/Q
s

the fields are
strong and the system is strongly interacting. Due to the
expansion of the system, the fields become weak after
this time scale and the system begins to stream freely.
Incorporation of quantum fluctuations in a 3+1 dimen-
sional CYM simulation will however lead to instabilities,
which will modify this behavior and potentially keep the
system strongly interacting for a more extended period
of time [37, 38]. As noted previously, these instabilities
could isotropize the system, naturally leading to a tran-
sition to viscous hydrodynamic behavior. The detailed
study of instabilities and the origin of isotropization is
a complex task and beyond the scope of this work. For
recent progress in this direction see [28, 39–41]. We em-
phasize that key aspects of this work, the event-by-event
determination of color charge distributions and solutions
of Yang–Mills equations will be essential ingredients in
these generalized frameworks as well. In particular, in
the framework of Ref. [28], the additional ingredient is
repeated solution of the CYM equations with slightly
di↵erent seeds drawn from an initial spectrum of fluc-
tuations.

III. NUMERICAL COMPUTATION

We will now discuss the numerical implementation of
the continuum discussion in the previous section. Be-
cause the classical gauge field configurations are boost
invariant, our computations are carried out on 2+1-
dimensional lattices. From the nuclear color charge den-
sity squared, determined as described in the previous sec-
tion, we can sample independent color charges ⇢a(x?)
(suppressing x from now on) according to

h⇢a
k

(x?)⇢
b

l

(y?)i = �ab�kl�2(x? � y?)
g2µ2

A

(x?)

N
y

, (16)

5 The metric in the (⌧,x?, ⌘) coordinate system is gµ⌫ =
diag(1,�1,�1,�⌧

2) so that A⌘ = �⌧

2
A

⌘ . The ± components
of the gauge field are related by A

± = ±x

±
A

⌘ .
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Physically, the solution (10,11) is a gauge transform of
the vacuum on one side of the light-cone and another
gauge transform of the vacuum on the other side. We
have chosen one of them to be zero as an overall gauge
choice. The discontinuity in the fields on the light-cone
corresponds to the localized valence charge source [5].
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⌧ = 0 is given by the solution of the CYM equations
in Fock–Schwinger gauge A⌧ = (x+A� + x�A+)/⌧ = 0,
which is a natural choice because it interpolates between
the light-cone gauge conditions of the incoming nuclei. It
is also necessary for the Hamiltonian formulation that we
adopt (gauge links in the temporal (⌧) direction become

4 Other prescriptions which do not explicitly introduce a mass [35]
are feasible but they all inevitably involve introducing a nucleon
size scale. This is because there is a Coulomb problem in QCD
which is cured only by confinement. The presumption here is
that physics at high energies is dominated by momenta ⇠ Qs

and is insensitive to infrared physics at the scale m. From a
practical point of view, we observe that our results are weakly
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system strongly interacting for a more extended period
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sition to viscous hydrodynamic behavior. The detailed
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a complex task and beyond the scope of this work. For
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phasize that key aspects of this work, the event-by-event
determination of color charge distributions and solutions
of Yang–Mills equations will be essential ingredients in
these generalized frameworks as well. In particular, in
the framework of Ref. [28], the additional ingredient is
repeated solution of the CYM equations with slightly
di↵erent seeds drawn from an initial spectrum of fluc-
tuations.

III. NUMERICAL COMPUTATION

We will now discuss the numerical implementation of
the continuum discussion in the previous section. Be-
cause the classical gauge field configurations are boost
invariant, our computations are carried out on 2+1-
dimensional lattices. From the nuclear color charge den-
sity squared, determined as described in the previous sec-
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(suppressing x from now on) according to
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• Compute fields due to fluctuating 
color charge density inside colliding

   hadrons/nuclei by solving

• Compute & evolve the color fields 
after collisions 

Multiparton interactions 
(MPIs) are naturally included 

in this approach
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Initial state correlations : IP-Glasma model

Schenke, PT, Venugopalan Phys. Rev. Lett. 108 (2012) 252301
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Input for hydro, transport, p+A , A+A collisions

Position space information
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Input for PYTHIA, p+p collisions

Momentum space information
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Fragmentation Transport, 
Hydrodynamic

Position space correlations

IP-Glasma (CGC Initial state correlations)

Momentum space correlations

(Mini-) jets, 
n-parton correlations Initial spatial anisotropy

16
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Lund String Fragmentation 

A new Monte-Carlo event generator : CGC-Lund (CGC-PYTHIA)

CGC + Lund : Fragmentation of strings

IP-Glasma : momentum distribution of gluons 

13
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The Qualitative picture

Experimentally observed correlations (both should contribute) 
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CGC meets Lund fragmentation of PYTHIA
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Momentum space anisotropy  
is already built in

IP-Glasma gluon dist→ Sampling gluons → Strings → Hadronization 

Schenke, PT, Venugopalan Phys. Rev. Lett. 108 (2012) 252301
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CGC meets Lund fragmentation of PYTHIA
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IP-Glasma gluon dist→ Sampling gluons → Strings → Hadronization 

Sampled gluons carry momentum  
space anisotropy

Schenke, PT, Venugopalan Phys. Rev. Lett. 108 (2012) 252301
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CGC meets Lund fragmentation of PYTHIA
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IP-Glasma gluon dist→ Sampling gluons → Strings → Hadronization 

No color-reconnection effect unlike standard PYTHIA
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CGC meets Lund fragmentation of PYTHIA
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Lund String Fragmentation 

A new Monte-Carlo event generator : CGC+Lund (CGC+PYTHIA)

IP-Glasma gluon dist→ Sampling gluons → Strings → Hadronization 
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Results from CGC + PYTHIA (Lund)

Mass ordering of pT

19

Mass ordering of average transverse momentum  
       → naturally reproduced in this framework
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multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN

ch

/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.

We now present results for the average transverse mo-
mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N

ch

/ hN
ch

i
in Fig. 3 [70].

Our results for the multiplicity dependence of hpT i in
the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
hpT i⇤>hpT iK0

S

>hpT ih over the entire range of multiplicity

considered.
The strong multiplicity dependence of hpT i and the

mass ordering was demonstrated to arise in the fragmen-
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN

ch

i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N

g

⇠ Q2

SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
N

g

/S? showing that the correlation between
hpT i and N

g

is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.

The hardening of the transverse momentum distribu-
tion and mass ordering of hpT i are often attributed to
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from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
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in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
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e↵ect of turning o↵ color reconnections in PYTHIA frag-
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We see a strong increase of hpT i with increasing multi-
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN
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i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N

g

⇠ Q2

SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
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/S? showing that the correlation between
hpT i and N

g

is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to

→,

CGC→ effects like MPI & color reconnection is already built-in 

Mass ordering of Schenke, PT, Venugopalan Phys. Rev. Lett. 108 (2012) 252301
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Explanation for the strong growth of hpT i with N

ch

/hN
ch

i has been pre-269

viously obtained within the color-reconnection scheme of pythia.68,80 In270

such implementation, di↵erent independent parton showers (MPIs) are cor-271

related by reconnection of strings and thereby exchanging momentum and272

color information. With di↵erent MPIs being able to exchange informa-273

tion, any pT kick generated due to a (semi-)hard interaction can be shared274

among all the produced hadrons. Color-reconnection, therefore, leads to275

a correlation of hpT i with the number of independent MPIs leading to its276

growth with N

ch

which is also proportional to the number of independent277

MPIs.278

It must be noted that such color-reconnection do not play any signifi-279

cant role in the CGC+Lund model for describing the growth of hpT i with280

N

ch

/hN
ch

i. Aforementioned, the CGC+Lund model uses pythia in hadron281

standalone mode where it was found that color-reconnection scheme plays282

a minimal role in re-arranging strings and exchanging information.4 The283

strong growth of transverse momentum with multiplicity is already gener-284

ated at the gluonic level, i.e. in the CGC initial state before hadronization.285

This is because, in some sense, the concept of parton showers, MPIs, and286

color-reconnection is already built in the framework of the CGC. In the287

flux-tube picture di↵erent independent ladders, as shown in Fig.2(right),288

that produce gluons, are correlated over a length scale of 1/Q

2

S . One finds289

that the typical number of produced gluons to be Ng / Q

2

SS?, i.e. propor-290

tional to the number of flux tubes. Also since the saturation scale is the291

only scale in the CGC, one finds the typical momentum of produced gluons292

to be hpT ig / hQSi, leading to hpT ig / p
Ng/S?. One naturally expects a293

strong growth of average transverse momentum with multiplicity in CGC294

which is already incorporated in the IP-Glasma model that initializes the295

CGC+Lund model and also propagates to the level of hadrons. The e↵ect296

of mass ordering comes purely from the Lund string fragmentation.297

4.3. Long-range ridge-like correlations298

The two-dimensional di-hadron correlation function in �⌘��� is shown in299

Fig.4 for p+p, p+A and A+A collisions. One of the most striking observa-300

tions in high multiplicity p+p (and also p+A) collisions in recent times has301

been the appearance of near side (�� ⇠ 0) ridge-like structure in such cor-302

relation functions that spread over a long range in pseudorapidity81,82,84–87

303

as shown in Fig. 4. The interesting feature of this data is that the structure304
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multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN

ch

/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
We now present results for the average transverse mo-

mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N

ch

/ hN
ch

i
in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
hpT i⇤>hpT iK0

S

>hpT ih over the entire range of multiplicity

considered.
The strong multiplicity dependence of hpT i and the

mass ordering was demonstrated to arise in the fragmen-
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN

ch

i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N

g

⇠ Q2

SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
N

g

/S? showing that the correlation between
hpT i and N

g

is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to
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the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
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independent of the number of showers and therefore in-
dependent of hN
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from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
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/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
We now present results for the average transverse mo-

mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N
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in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
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The strong multiplicity dependence of hpT i and the

mass ordering was demonstrated to arise in the fragmen-

 0

 0.5

 1

 1.5

 2

〈p
T 
〉 [

G
eV

]

p(−p)
K±

π±

CGC + Lund (p+p 7 TeV)

ALICECMS

 0

 0.5

 1

 1.5

 2

 0  1  2  3  4  5  6

〈p
T 
〉 [

G
eV

]

Nch / 〈Nch〉

Λ(−Λ)
K0

S

h±

CGC + Lund (p+p 7 TeV)

ALICE

× 0.75

FIG. 3. Mass ordering of hpT i plotted against scaled charged
hadron multiplicity N

ch

/hN
ch

i. Data points for identified par-
ticles from the ALICE [66] and CMS [67] Collaborations are
in the range |y| < 0.5 and |y| < 1, respectively. The val-
ues corresponding to hN

ch

i are obtained from Ref. [68] and
Ref. [63] for ALICE and CMS data correspondingly. The hpT i
values for charged hadrons are obtained from Ref. [69].

tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN
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i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN
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i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
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S are correlated. Specifically, with regard to the
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is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to
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multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN
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/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.

We now present results for the average transverse mo-
mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N
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/ hN
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i
in Fig. 3 [70].

Our results for the multiplicity dependence of hpT i in
the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN
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i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN
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i.
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are included in the CGC framework, and all the par-
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mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
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perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
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/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
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plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
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S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
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tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N
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in Fig. 3 [70].

Our results for the multiplicity dependence of hpT i in
the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN

ch

i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N

g

⇠ Q2

SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
N

g

/S? showing that the correlation between
hpT i and N

g

is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.

The hardening of the transverse momentum distribu-
tion and mass ordering of hpT i are often attributed to
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multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN

ch

/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
We now present results for the average transverse mo-

mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N

ch

/ hN
ch

i
in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
hpT i⇤>hpT iK0

S

>hpT ih over the entire range of multiplicity

considered.
The strong multiplicity dependence of hpT i and the

mass ordering was demonstrated to arise in the fragmen-
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN
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i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N
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SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
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/S? showing that the correlation between
hpT i and N
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is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to
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CGC→ effects like MPI & color reconnection is already built-in 
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Explanation for the strong growth of hpT i with N

ch

/hN
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i has been pre-269

viously obtained within the color-reconnection scheme of pythia.68,80 In270

such implementation, di↵erent independent parton showers (MPIs) are cor-271

related by reconnection of strings and thereby exchanging momentum and272

color information. With di↵erent MPIs being able to exchange informa-273

tion, any pT kick generated due to a (semi-)hard interaction can be shared274

among all the produced hadrons. Color-reconnection, therefore, leads to275

a correlation of hpT i with the number of independent MPIs leading to its276

growth with N

ch

which is also proportional to the number of independent277

MPIs.278

It must be noted that such color-reconnection do not play any signifi-279

cant role in the CGC+Lund model for describing the growth of hpT i with280

N

ch

/hN
ch

i. Aforementioned, the CGC+Lund model uses pythia in hadron281

standalone mode where it was found that color-reconnection scheme plays282

a minimal role in re-arranging strings and exchanging information.4 The283

strong growth of transverse momentum with multiplicity is already gener-284

ated at the gluonic level, i.e. in the CGC initial state before hadronization.285

This is because, in some sense, the concept of parton showers, MPIs, and286

color-reconnection is already built in the framework of the CGC. In the287

flux-tube picture di↵erent independent ladders, as shown in Fig.2(right),288

that produce gluons, are correlated over a length scale of 1/Q

2

S . One finds289

that the typical number of produced gluons to be Ng / Q

2

SS?, i.e. propor-290

tional to the number of flux tubes. Also since the saturation scale is the291

only scale in the CGC, one finds the typical momentum of produced gluons292

to be hpT ig / hQSi, leading to hpT ig / p
Ng/S?. One naturally expects a293

strong growth of average transverse momentum with multiplicity in CGC294

which is already incorporated in the IP-Glasma model that initializes the295

CGC+Lund model and also propagates to the level of hadrons. The e↵ect296

of mass ordering comes purely from the Lund string fragmentation.297

4.3. Long-range ridge-like correlations298

The two-dimensional di-hadron correlation function in �⌘��� is shown in299

Fig.4 for p+p, p+A and A+A collisions. One of the most striking observa-300

tions in high multiplicity p+p (and also p+A) collisions in recent times has301

been the appearance of near side (�� ⇠ 0) ridge-like structure in such cor-302

relation functions that spread over a long range in pseudorapidity81,82,84–87

303

as shown in Fig. 4. The interesting feature of this data is that the structure304
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FIG. 2. Probability distribution of scaled charged hadron
multiplicity measured over |⌘| < 0.5 in p+p collisions at 7
TeV. The data points are from Ref. [63].

multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN

ch

/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
We now present results for the average transverse mo-

mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
with the scaled charged hadron multiplicity N

ch

/ hN
ch

i
in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
hpT i⇤>hpT iK0

S

>hpT ih over the entire range of multiplicity

considered.
The strong multiplicity dependence of hpT i and the

mass ordering was demonstrated to arise in the fragmen-
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in the range |y| < 0.5 and |y| < 1, respectively. The val-
ues corresponding to hN

ch

i are obtained from Ref. [68] and
Ref. [63] for ALICE and CMS data correspondingly. The hpT i
values for charged hadrons are obtained from Ref. [69].

tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN

ch

i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N

g

⇠ Q2

SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠

p
N

g

/S? showing that the correlation between
hpT i and N

g

is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to
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from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN
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/dy is about
50 � 75% larger than dNg/dy depending on the cou-
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change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
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S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
our calculation to the preliminary and published mea-
surements from the ALICE [66, 69] and CMS collabora-
tions [67]. To perform a consistent comparison between
data and our computation, we show the variation of hpT i
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in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
We see a strong increase of hpT i with increasing multi-
plicity, consistent with the data. More interestingly, we
find that our framework naturally reproduces the mass
ordering for di↵erent species: hpT ip >hpT iK >hpT i⇡ and
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>hpT ih over the entire range of multiplicity
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The strong multiplicity dependence of hpT i and the
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tation of mini-jets in HIJING calculations [72]. Such ef-
fects are also obtained in PYTHIA calculations within
the color-reconnection scheme [69, 73–75]. In PYTHIA,
high multiplicity events are associated with a large num-
ber of independent parton showers. These hadrons frag-
menting from independent showers will have hpT i to be
independent of the number of showers and therefore in-
dependent of hN

ch

i. The inclusion of color-reconnections
modifies this by generating correlations between partons
from di↵erent showers; this leads to collective hadroniza-
tion of strings and the strong correlation observed be-
tween hpT i and hN

ch

i.
Both parton showering and multi-parton interactions

are included in the CGC framework, and all the par-
ton ladders in rapidity, localized within a transverse area
⇠ 1/Q2

S are correlated. Specifically, with regard to the
correlation between multiplicity N
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SS? and mean
transverse momentum of gluons hpT i ⇠ QS , one finds
hpT i ⇠
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/S? showing that the correlation between
hpT i and N
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is already present at the gluon level. Con-
versely, the mass ordering of the hpT i of di↵erent species
can be attributed to the fragmentation scheme imple-
mented in the hadron-stand-alone mode of PYTHIA.
Color-reconnection only has a small e↵ect, because glu-
ons are not associated with separate showers and are al-
ready assigned to strings depending on their momenta.
The hardening of the transverse momentum distribu-

tion and mass ordering of hpT i are often attributed to
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multiplicity and the inclusive hadron multiplicity to ex-
perimental data on inelastic non-single di↵ractive events
from the CMS collaboration [63]. We note that the IP-
Glasma model naturally produces multiplicity distribu-
tions of gluons that are a convolution of multiple nega-
tive binomial distributions [43, 44, 64]. In computing
the multiplicity distribution, we included all events in
which the rapidity density of gluons dNg/dy � 1 [65].
The multiplicity of charged hadrons dN

ch

/dy is about
50 � 75% larger than dNg/dy depending on the cou-
pling used. Fragmentation however does not significantly
change the shape of the distribution of the scaled multi-
plicity. Within the available statistics we find very good
agreement with the data up to six times the mean mul-
tiplicity.
We now present results for the average transverse mo-

mentum hpT i for charged hadrons over the experimen-
tally used range of transverse momentum 0.15GeV <
pT < 10.0 GeV and |⌘| < 0.3, and for identified hadrons
⇡±,K±, p(p̄),K0

S and ⇤/(⇤̄) for a rapidity range of |y| <
0.5, with no cuts on transverse momentum. We compare
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data and our computation, we show the variation of hpT i
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/ hN
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i
in Fig. 3 [70].
Our results for the multiplicity dependence of hpT i in

the running coupling case are shown by solid lines. The
bands shown include the variation due to using fixed cou-
pling, which decreases hpT i by about 10 � 15% and the
e↵ect of turning o↵ color reconnections in PYTHIA frag-
mentation which decreases hpT i by about 5 � 10% [71].
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>hpT ih over the entire range of multiplicity
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The strong multiplicity dependence of hpT i and the
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Experimentally observed correlations (both should contribute) 

IP-Glasma (CGC Initial state correlations)
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and we have restricted ourselves to work in a gauge where the link operators along

the particle trajectories drop out.

Before the collision takes place, we find a solution of the equations of motion

to be

A+ = 0
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Ai = �(x�)�(�x+)↵i
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(x?) (12)

This is a solution of the Yang-Mills equations in all of space-time except on or

within the forward light cone, as shown in Fig. 3. In the forward light cone, we
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Heavy ion collisions have been studied extensively

Observation of long-range ridge-like azimuthal correlations is a signature 
of fluid-dynamic response to boost-invariant initial spatial anisotropy 

A fluid dynamic simulation (p+A, A+A)
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Results from CGC + Hydrodynamics (p+Pb)

9 B j ö r n  S c h e n k e ,  B N L

B. Schenke, R. Venugopalan, Phys. Rev. Lett. 113, 102301 (2014)
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IP-Glasma+MUSIC results
Experimental data: CMS Collaboration, Phys.Lett. B724, 213 (2013)

• 3He+Au, d+Au: Systematics of flow in different systems 
Explained by hydrodynamics. Initial state: no calculation  

• Higher order cumulants: Data shows that 
v2{4}≈v2{6}≈v2{8} …   
Natural in hydrodynamics but not a unique feature 

H O W  T O  D I S T I N G U I S H  “ F L O W ”  F R O M  
A N  “ I N I T I A L  S TA T E ”  S C E N A R I O

53 B j ö r n  S c h e n k e ,  B N L

M E A S U R E M E N T:   
P H E N I X  C O L L A B O R A T I O N  
P R L  1 1 4 ,  1 9 2 3 0 1  ( 2 0 1 5 )  
P R L  1 1 5 ,  1 4 2 3 0 1  ( 2 0 1 5    

C A L C U L A T I O N S :  
B O Z E K ,  B R O N I O W S K I ,  P L B 7 3 9  ( 2 0 1 4 )  3 0 8  
N A G L E  E T  A L ,  P R L 1 1 3  ( 2 0 1 4 )  
B O Z E K ,  B R O N I O W S K I ,  P L B 7 4 7  ( 2 0 1 5 )  1 3 5   
S C H E N K E ,  V E N U G O PA L A N ,  N PA 9 3 1  ( 2 0 1 4 )  1 0 3 9   
R O M A T S C H K E ,  E U R .  P H Y S .  J .  C 7 5  ( 2 0 1 5 )  3 0 5  

 HERA DIS e+p data → round proton → not eccentric enough,
                                                  can’t generate azimuthal 
                                                     anisotropy like data 

In CGC (IP-Glasma) the initial spatial anisotropy for p+Pb 
collisions is determined by the shape of proton

p+A
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New inputs from DIS data: snapshot of proton 
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FIG. 1: Left: Dipole cross-section in DIS. Right: Overlap of unintegrated gluon distributions in proton-proton collisions.

where Ũ(b⊥ ± r⊥
2 ) is a Wilson line in the fundamental representation representing the interaction between a quark

and the color fields of the target. The average ⟨· · · ⟩x is an average over these color fields; the energy dependence of
the correlator as a function of x (or the rapidity Y = ln(1/x)) is given by the JIMWLK equation [? ]. In the large Nc

limit, the equation for the energy evolution of this correlator is the Balitsky-Kovchegov (BK) equation [? ]. We note
however that neither JIMWLK nor BK is at present equipped to deal well with the impact parameter dependence of
the dipole cross-section; the dipole cross-section in this formalism is taken in eq. (2) to be independent of the impact
parameter. To address the impact parameter dependence of this equation, one resorts to models which parametrize
both saturation effects and the impact parameter dependence.

In hadron-hadron collisions, one can derive at leading order the expression [8]

dNg(b⊥)

dy d2p⊥

=
16αs

πCF

1

p2
⊥

∫

d2k⊥

(2π)5

∫

d2s⊥
dφ(x1,k⊥|s⊥)

d2s⊥

dφ(x2,p⊥ − k⊥|s⊥ − b⊥)

d2s⊥
(3)

This equation is a generalization of the well known k⊥ factorization expression for inclusive gluon production [? ?
] to include the impact parameter dependence of the unintegrated gluon distributions. Here CF = N2

c − 1/2Nc is
the Casimir for the fundamental representation. In the large Nc limit, these unintegrated gluon distributions can be
expressed in terms of the dipole cross-section as [? ]

dφ(x,k⊥|s⊥)

d2s⊥
=

k2
⊥NC

4αs

+∞
∫

0

d2r⊥eik⊥.r⊥

[

1 − 1

2

dσp
dip

d2s⊥
(r⊥, x, s⊥)

]2

(4)

Thus the impact parameter dependent dipole cross-section determined from HERA data can be used to compute the
single inclusive gluon distribution in proton-proton collisions with no additional parameters. This statement is strictly
valid to leading log accuracy for momenta k⊥ > Q2

s,p. However, as we shall discuss later, there will be additional
parameters that come in when one wants to make contact with the measured hadron spectrum.

This approach was applied most recently to compute the single inclusive hadron spectrum in proton-proton collisions
at the LHC by Levin and Rezaeian [? ]. The quantitative differences of our study to their work are the following:
a) we consider all three dipole models that give good fits to HERA data to see whether they give results consistent
with the HERA data, b) we study and comment on the dependence of the results on variations of the parameters in
the study and c) we convolve the inclusive gluon distribution with fragmentation function instead of using a simple
fragmentation presciption as in ref. [? ]. We shall also comment on other quantitative differences in our respective
treatments. A qualitative difference of our work relative to that of ref. [? ] is that we compute directly the average
inclusive multiplicity at a given impact parameter. In computing the minimum bias single inclusive multiplicity
distribution, there are similar uncertainties as ref. [? ], which can be fixed by normalizing the data to single inclusive
data at lower center of mass energies. However, as we shall discuss later, the average multiplicity at a given impact
parameter however is an essential input in computing the probability distribution as a function of event multiplicity.
We shall compute the n-particle probability distribution and compare our results with the p+p collider data. These
results will be important in understanding the role of various sources of fluctuations in the p+p collider data.

Probing the spatial structure of the hadrons 

Quark structure (hotspots) → essential to describe Incoherent DIS data
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FIG. 2: Coherent and incoherent cross section as a function of
|t| calculated from the IP-Glasma framework compared with
HERA data [52, 53, 59, 60]. The bands show statistical errors
of the calculation.

production cross section, the incoherent cross section
is largely underestimated (by more than an order of
magnitude for |t| & 1 GeV2). Increasing the amount
of geometric fluctuations by using smaller quarks that
are further apart on average (Bqc = 3.5 GeV�2

, Bq =
0.5 . . . 1 GeV�2), leads to an incoherent cross section
compatible with the data, while maintaining a good de-
scription of the coherent |t| spectrum. Consequently we
also expect to maintain a good description of the Q2 and
W dependence of the coherent J/ production cross sec-
tion [6] and the agreement with the di↵ractive structure
function data [27] within the IPsat model.

Note that the average distance of a constituent quark

from the center of the proton is
q

hr2qi =
p

2Bqc =

0.28 fm for the smoother proton and 0.52 fm for the
lumpy proton we consider. We also show the conven-
tional IPsat result, which has zero fluctuations and thus
zero incoherent cross section.

In the IP-Glasma framework the additional color
charge fluctuations produce a non-zero incoherent cross
section even without geometric fluctuations. The e↵ect of
this kind of fluctuations on incoherent di↵ractive vector
meson production was considered in [61] in the Gaus-
sian approximation and found to be suppressed as 1/N2

c .
The result for a round proton with Bp = 4 GeV�2 and
m = 0.4 GeV in Fig. 2 shows that these fluctuations
alone are not enough to describe the measured incoher-
ent cross section. However, the IP-Glasma model com-
bined with a constituent quark picture with parameters
Bqc = 4 GeV�2

, Bq = 0.3 GeV�2, and m = 0.4 GeV pro-
duces coherent and incoherent cross sections compatible

FIG. 3: Four configurations of the proton in the IP-Glasma
model at x ⇡ 10�3, represented by 1 � Re( Tr V )/Nc.

with the data. This emphasizes the necessity of geomet-
ric fluctuations in a description of the transverse struc-
ture of the proton, which is in line with findings in p+A
collisions [14].
Note that even though the color charge density is sam-

pled from a proton described by the IPsat model, in the
IP-Glasma framework Coulomb tails are produced that
are regulated by confinement scale physics implemented
via the mass term m. These tails e↵ectively increase
the proton size, and when combined with the constituent
quark model, weaken the fluctuations. It is the combi-
nation of Bqc, Bq and m that characterizes the degree of
geometric fluctuations in the IP-Glasma framework. We
have checked that reducing m increases Coulomb tails
and requires the reduction of Bqc and Bq to maintain
agreement with the experimental data.
In the limit t ! 0 the incoherent cross section gets

only a small contribution from geometric fluctuations.
However, color charge fluctuations in the IP-Glasma
model and possible Qs fluctuations are important in this
limit. The geometric fluctuations start to dominate at
|t| & 0.1 GeV2. See Ref. [17] for a more detailed discus-
sion.
Fig. 3 shows example proton configurations in the IP-

Glasma model with constituent quarks, demonstrating
the strong shape variations required to achieve compati-
bility with experimental data. For simplicity, the quan-
tity shown is 1 � Re(TrV )/Nc.

Similar to the color charge fluctuations in the IP-
Glasma framework, saturation scale fluctuations alone
result in an incoherent cross section, which is orders of
magnitude below the experimental data. The coherent
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FIG. 1. The mean transverse momentum hpT i of identified
particles as a function of the number of charged hadrons per
pseudo-rapidity interval around mid-rapidity compared to ex-
perimental data from the ALICE collaboration [84].

formula. This sampling procedure introduces the least
distortion in the momentum distribution of particle sam-
ples when the Cooper-Frye formula takes on negative val-
ues in certain regions of the hypersurface [83].

We have checked by explicit calculation that for
charged hadrons the e↵ect of rescattering in UrQMD is
negligible. Proton spectra and vn(pT ) are slighty blue
shifted because of the additional hadronic scatterings
[19].

Results We begin by presenting results for the av-
erage transverse momentum hpT i of identified particles
as a function of charged particle multiplicity in Fig. 1.
Using both temperature dependent ⌘/s and ⇣/s and a
switching time of ⌧

0

= 0.4 fm we find good agreement
with experimental data from the ALICE collaboration
for charged pions, protons, and ⇤’s. The hpT i of charged
kaons is underestimated. We note that as discussed for
heavy ion collisions in [70], the inclusion of bulk viscosity
is essential in order not to overestimate hpT i. Without
bulk viscosity, the pion hpT i is overestimated the most,
by approximately 50%. The e↵ect of using the constant
e↵ective ⌘/s is weak as is the e↵ect of a smaller switching
time ⌧

0

= 0.2 fm, which is not shown here.
Having established the agreement with measured

transverse momentum spectra, which is almost entirely
determined by hpT i, we now present results for vn from
two-particle correlations. To compute vn{2} using par-
ticle samples from UrQMD, we first construct the flow
vector Qn =

P
i wie

in�i , where the sum i runs over all
particles of interest with 0.3GeV < pT < 3GeV (when
comparing to CMS results), and the weights are set to
wi = 1. The two particle cumulant vn{2} is then com-
puted as

vn{2} =
1

hN(N � 1)i
ev

(hRe{QnQ
⇤
n}�Ni

ev

) , (3)
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FIG. 2. The second and third harmonic v
2

{2} and v
3

{2} of
charged hadrons as a function of the number of tracks (as
defined by the CMS collaboration) for the temperature de-
pendent ⌘/s using ⌧

0

= 0.2 fm (squares) and ⌧
0

= 0.4 fm
(circles). We compare to experimental data from the CMS
Collaboration [85] with peripheral events subtracted.

FIG. 3. Same as Fig. 2, but for the e↵ective ⌘/s = 0.2.

where N is the number of particles included in the cal-
culation of Qn and h·i

ev

is the average over events. In
practice, we sample the hypersurface from each hydrody-
namic event 5000 times and run UrQMD for each of these
particle configurations. For the evaluation of vn{2} we
combine the UrQMD output of all 5000 runs to collect
enough statistics and suppress short range correlations
from e.g. resonance decays. The latter e↵ect is desired
because the measurement uses a large pseudo-rapidity
gap of |�⌘| > 2 between the two particles, also eliminat-
ing short range correlations.

In Fig. 2 we see that above a multiplicity of No✏ine

trk

'
80 = 2hNo✏ine

trk

i, the experimental vn{2} are well re-
produced by our calculation, considering the uncertainty
from the initial switching time, which we vary from ⌧

0

=
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IP-Glasma+MUSIC results
Experimental data: CMS Collaboration, Phys.Lett. B724, 213 (2013)
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With eccentric proton (hot spot) much better agreement is achieved 
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IP-Glasma (CGC)+Boltzmann Approach to Multiparton Scatterings (BAMPS) 
3

with the reference momentum range chosen as 0 GeV <

p

ref

T

< 8 GeV by default2. Since in our model the double-
inclusive spectrum in each event is given by the product
of single inclusive spectra, we follow [17, 29] and directly
compute

V

n�

(p
T

, p

ref

T

) =

⌧
Re

b

n

(p
T

)b⇤
n

(pref
T

)

b

0

(p
T

)b⇤
0

(pref
T

)

�

events

(6)

where in each event b

n

(p
T

) =
R

d�

p

T

2⇡

dN

g

d

2
p

T

e

in�

p

T is
the azimuthal Fourier coe�cient of the single-inclusive
spectrum. Since our model does not include correlations
from back-to-back di-jet pairs, we also note that –
contrary to the experimental analysis – no additional
subtractions are required to eliminate such correlations.

Evolution of azimuthal anisotropy. Including both
initial state e↵ects and final state evolution, we analyze
the time evolution of the momentum space anisotropy
v

2

{2PC}(p
T

) for
p
s

pA

= 5.02TeV p+Pb collisions
in Fig. 1. We show v

2

{2PC}(p
T

) at di↵erent times,
t = 0.2 (initial), 0.4, 0.6, 1, 2 fm/c for low multiplicity
(0.5 < (dN

g

/dy) /hdN
g

/dyi < 1) and high multiplicity
((dN

g

/dy) /hdN
g

/dyi > 2.5) events.
While in both cases momentum correlations lead to a

sizeable initial state v

2

[17], the subsequent dynamics is
quite di↵erent: In high multiplicity events, we observe
a pronounced e↵ect of the final state interactions such
that the high initial anisotropy at intermediate momenta
(p

T

⇠ 2� 5 GeV) is significantly reduced within the first
0.2 fm/c evolution in the parton cascade, while at the
same time the correlation strength at higher and lower
momenta begins to increase. Subsequently, the azimuthal
anisotropy increases for all p

T

up to maximally 5%. As
a result, the pronounced peak at around p

T

⇠ 3 GeV,
present after the IP-Glasma stage, is washed out by the
final state interactions. In contrast, for low multiplicity
events modifications due to final state e↵ects appear to be
less significant, as the final curve v

2

(p
T

) closely resembles
that of the IP-Glasma initial state. Only at low trans-
verse momenta, p

T

. 2 GeV the azimuthal anisotropy is
increased to 2� 3 %.
While our results confirm the basic expectation that

final state e↵ects gain significance as the density of the
medium increases in high-multiplicity events [6, 30],
the way this is realized dynamically is in fact very
interesting. We find that the average number of inter-
actions in low-multiplicity events (N

scat

= 4.5 ± 1.1)
is indeed almost the same as in high-multiplicity
events (N

scat

= 5.6 ± 1.1). Because of the nature of
the QCD cross-sections, most interactions however

2
Because we are studying the momentum anisotropy of gluons, we

choose the reference momentum to extend to larger values than

the range used in the experimental analysis.
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Figure 1. Gluon v2{2PC}(pT ) at mid-rapidity (|y| < 0.5)
for di↵erent times in high multiplicity (hdNg/dyi = 26, up-
per panel) and low multiplicity (hdNg/dyi = 6, lower panel)
p+Pb collisions.

correspond to small momentum transfers ⇠m

D

which
itself depends on the density of the medium [31],
such that the average momentum transfer is larger
in high-multiplicity events. Hence, the average num-
ber of large angle scatterings, estimated according to
N

large angle

scat

= 1

Nparticles

P
coll

3

2

sin2 ✓coll
c.o.m.

where ✓

coll

c.o.m.

is

the scattering angle in the c.o.m. frame of the partonic
interaction3, is in fact significantly larger in high-
multiplicity events (N large angle

scat

= 1± 0.18) as compared
to low-multiplicity events (N large angle

scat

= 0.53± 0.14).

3
Note that the pre-factor 3/2 is chosen such that for constant

isotropic cross sections N large angle
scat = Nscat.

Initial state dominate : 
low mult & high pT  

Final state dominate : 
high mult & low pT  

Combined approach

final v2 
(2 fm)

initial v2

initial v2

final v2 
(2 fm)
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• Many aspects of such collective behavior can be explained by 
purely initial state effects due to momentum space correlations

• In sufficiently high multiplicity events, initial state effects 
momentum space correlations will eventually dilute to show 
sensitivity to spatial & geometric correlations 

28

Summary

Observation in high multiplicity events in small collision systems show 
remarkable similarity with heavy ion collision & evidence of collectivity 

The framework of CGC provides an ab initio approach to describe 
both initial state momentum and position space correlations. When 
combined with Lund (PYTHIA), Hydrodynamics or partonic transport, 
one can explain global data in p+p, p+A & A+A, in principle have a 
combined description of all systems into a single framework. 


