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The program of the Conference will address a broad range of topics covering the main areas of high-
energy particle and nuclear physics. Our scientific program will include: Higgs Physics, Hadron
Spectroscopy, Neutrino Physics, Hadron Structure, High-Energy QCD, Non-perturbative QCD, Heavy Ion
collisions, Particle Detectors and Instrumentation, Beyond the SM Physics, Dark Matter
searches, Phenomenology of AdS/CFT, Astroparticles, Future experiments, and other topics.

The aim of the Conference is to bring together young and senior scientists, theorists and
experimentalists, to review the recent progress in high energy particle and nuclear physics. We strongly
encourage presentations of physics results from experimental facilities (LHC, FermiLab, RHIC, JLab,
DESY, etc), future experimental facilities (LHeC, FCC-ee, EIC, CTA, etc) and theoreticians to participate in
the event.
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Pomeranchuk Prize
The Pomeranchuk Prize is an international award for theoretical physics, awarded annually since 1998 by the
Institute for Theoretical and Experimental Physics (ITEP) from Moscow.[1]  It  is named after Russian physicist
Isaak Yakovlevich Pomeranchuk, who together with Landau established the Theoretical Physics Department of the
Institute.

Source: Institute of Theoretical and Experimental Physics[1]

2016 Curtis J. Callan and Yuri A. Simonov[2]

2015 Stanley J. Brodsky and Victor Fadin[3]

2014 Leonid Keldysh and Alexander Zamolodchikov
2013 Mikhail Shifman and Andrey Slavnov
2012 Juan Martín Maldacena and Spartak Belyaev
2011 Heinrich Leutwyler and Semyon Gershtein
2010 André Martin and Valentine Zakharov
2009 Nicola Cabibbo and Boris Ioffe
2008 Leonard Susskind and Lev Okun
2007 Alexander Belavin and Yoichiro Nambu
2006 Vadim Kuzmin and Howard Georgi
2005 Iosif Khriplovich and Arkady Vainshtein
2004 Alexander F. Andreev and Alexander Polyakov
2003 Valery Rubakov and Freeman John Dyson
2002 Ludvig Faddeev and Bryce Seligman DeWitt
2001 Lev Lipatov and Tullio Regge
2000 Evgenii Feinberg and James Daniel Bjorken
1999 Karen Ter-Martirosian and Gabriele Veneziano
1998 Aleksander Ilyich Akhiezer and Sidney Drell

"Pomeranchuk Prize Winners 2014" (https://sites.google.com/site/saveitep/together/p_saveitep_blog1
/laureatypremiipomerancuka2014godapomeranchukprizewinners2014). Institute of Theoretical and
Experimental Physics. Retrieved 6 December 2014.

1. 

http://www.itep.ru/science/pomeranshuk/detail.php?ID=1695 Премия Померанчука > 2016 - Curtis J. Callan
и Юрий Симонов

2. 

http://www.itep.ru/rus/in_rus_itep.shtml?pprize/ppw2015.html3. 

Retrieved from "https://en.wikipedia.org/w/index.php?title=Pomeranchuk_Prize&oldid=785413357"

This page was last edited on 13 June 2017, at 11:45.
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Yuri Kovchegov       DGLAP EvolutionGrowth of quark and gluon  
distributions  with Q2 at low x
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Prediction from AdS/QCD: Meson LFWF
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Start DGLAP evolution at transition 
scale Q2 = Q20 = 0.75 GeV2
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Perturbative QCD

Holographic QCD
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FIG. 2: Left panel depicts a Feynman diagram that can be obtained from Eq. (20) which contributes to the high-energy
asymptotics of γ∗γ∗ scattering. The right panel shows an example of the ”box” diagram that can not be generated from
Eq. (20): box diagrams are suppressed at high energies by a power of energy and, therefore, can be neglected. However, as we
will see in the numerical results section, such types of diagrams become relevant, and therefore not anymore negligible at low
rapidity where energy is not high enough to suppress such contributions.

PIF can be contaminated by the rapidity-dependent (or energy-dependent) terms. As explained in [51], when the
high-energy OPE is performed in terms of composite Wilson-line operators, by redefining the operator at hand all the
energy dependent terms can be shifted into the matrix elements of Wilson lines, thus leaving the NLO impact factor
energy-scale invariant. This is what has been done in the PIF calculation of [61, 63]. In addition, the composite
Wilson lines operator obtained by the shifting procedure of [61, 63] renders the impact factor conformally invariant
also at NLO: the energy-dependent terms clearly would have broken conformal invariance. The high-energy OPE
in terms of composite Wilson line operator provides an operatorial and systematic procedure to factorize scattering
amplitudes into coefficient functions which are energy-scale invariant and matrix elements of composite Wilson line
operators that encode the energy dependence of the amplitude.
In γ∗γ∗ scattering at high energy, each of the two virtual photons can be treated at the same time as the projectile

and as the target due to the symmetry of the process. We will work in a frame in which the photons collide head-on,
such that their four-momenta are

qµ1 =

!

q+1 ,−
Q2

1

2 q+1
, 0⊥

"

, qµ2 =

!

− Q2
2

2 q−2
, q−2 , 0⊥

"

(22)

with q+1 and q−2 very large. Further, we will work in a gauge which reduces to the A+ = 0 light-cone gauge near the
x− = 0 light cone, and to the A− = 0 light-cone gauge near the x+ = 0 light cone, that is, it reduces to the light-cone
gauges for each of the photons: examples of such gauges include the Coulomb ∇⃗·A⃗ = 0 gauge and the A0 = 0 temporal
gauge. In such gauge, each virtual photon, long before the interaction, splits into a quark–antiquark pair which then
traverses the gluonic field produced by the target (the other qq̄ pair): this interaction is described by a color dipole
made of two fundamental Wilson lines scattering on another fundamental dipole. In DIS the small-x evolution of
Wilson lines is described by the Balitsky-JIMWLK non-linear equation [12, 16–19]; in the case of a fundamental
dipole in the large-Nc limit the evolution equation corresponds to the Balitsky-Kovchegov equation [12–15] and its
linearization corresponds to the BFKL equation [31–33]. While it is not presently clear which evolution equation
describes Wilson-line correlators in γ∗γ∗ scattering at high energy, it is clear that in the linear regime (see Sec. IV
for the definition of such regime) the evolution of a dipole operator is given by the BFKL equation.
We are interested in the γ∗γ∗ scattering cross section in the linear case where the resummation in the leading

logarithmic approximation in the Regge limit is achieved by the linearization of the evolution equation for the color
Wilson line operator defined as

Uη(x⃗⊥, y⃗⊥) = 1− 1

Nc
tr{Uη(x⃗⊥)U

η†(y⃗⊥)} (23)

where Uη(x⃗⊥) is the Wilson line operator in the fundamental representation, which, for a projectile moving along the

 V. S. Fadin, E. A. Kuraev, L. N. Lipatov, Phys. Lett. B60 (1975) 50;  
Ya. Ya. Balitsky, L. N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822.  

BFKL pomeron in the next-to-leading approximation  

V. S. Fadin∗ and L. N. Lipatov∗∗  



An introduction to BFKL dynamics

Lev Lipatov

Petersburg Nuclear Physics Institute

1. Gluon reggeization

2. BFKL equation and its solution

3. Möbius invariance

4. Holomorphic separability

5. Integrability at large Nc

6. Odderon problem in QCD

7. Baxter-Sklyanin representation

8. Solution of the Baxter equation

9. Pomeron in the thermostat

10. Next-to-leading corrections in N = 4 SUSY

Lipatov Lectures



Results

1. Reggeization of gluons and quarks in QCD

2. Pomeron as a composite state of two reggeons

3. Odderon as a composite state of three reggeons

4. Möbius invariance of the BFKL equation

5. Holomorphic separability of BFKL Hamiltonian

6. Duality symmetry of BKP equations at Nc → ∞

7. Integrability of the BFKL dynamics at Nc → ∞

8. Effective action for reggeized gluon interactions

9. s- and t- chanel unitarity

10. Next-to-leading corrections to the BFKL equation

11. Remarkable properties of high energy dynamics

in N=4 SUSY

Lipatov Lectures



BFKL Dynamics

6

FIG. 2: Left panel depicts a Feynman diagram that can be obtained from Eq. (20) which contributes to the high-energy
asymptotics of γ∗γ∗ scattering. The right panel shows an example of the ”box” diagram that can not be generated from
Eq. (20): box diagrams are suppressed at high energies by a power of energy and, therefore, can be neglected. However, as we
will see in the numerical results section, such types of diagrams become relevant, and therefore not anymore negligible at low
rapidity where energy is not high enough to suppress such contributions.

PIF can be contaminated by the rapidity-dependent (or energy-dependent) terms. As explained in [51], when the
high-energy OPE is performed in terms of composite Wilson-line operators, by redefining the operator at hand all the
energy dependent terms can be shifted into the matrix elements of Wilson lines, thus leaving the NLO impact factor
energy-scale invariant. This is what has been done in the PIF calculation of [61, 63]. In addition, the composite
Wilson lines operator obtained by the shifting procedure of [61, 63] renders the impact factor conformally invariant
also at NLO: the energy-dependent terms clearly would have broken conformal invariance. The high-energy OPE
in terms of composite Wilson line operator provides an operatorial and systematic procedure to factorize scattering
amplitudes into coefficient functions which are energy-scale invariant and matrix elements of composite Wilson line
operators that encode the energy dependence of the amplitude.
In γ∗γ∗ scattering at high energy, each of the two virtual photons can be treated at the same time as the projectile

and as the target due to the symmetry of the process. We will work in a frame in which the photons collide head-on,
such that their four-momenta are

qµ1 =

!

q+1 ,−
Q2

1

2 q+1
, 0⊥

"

, qµ2 =

!

− Q2
2

2 q−2
, q−2 , 0⊥

"

(22)

with q+1 and q−2 very large. Further, we will work in a gauge which reduces to the A+ = 0 light-cone gauge near the
x− = 0 light cone, and to the A− = 0 light-cone gauge near the x+ = 0 light cone, that is, it reduces to the light-cone
gauges for each of the photons: examples of such gauges include the Coulomb ∇⃗·A⃗ = 0 gauge and the A0 = 0 temporal
gauge. In such gauge, each virtual photon, long before the interaction, splits into a quark–antiquark pair which then
traverses the gluonic field produced by the target (the other qq̄ pair): this interaction is described by a color dipole
made of two fundamental Wilson lines scattering on another fundamental dipole. In DIS the small-x evolution of
Wilson lines is described by the Balitsky-JIMWLK non-linear equation [12, 16–19]; in the case of a fundamental
dipole in the large-Nc limit the evolution equation corresponds to the Balitsky-Kovchegov equation [12–15] and its
linearization corresponds to the BFKL equation [31–33]. While it is not presently clear which evolution equation
describes Wilson-line correlators in γ∗γ∗ scattering at high energy, it is clear that in the linear regime (see Sec. IV
for the definition of such regime) the evolution of a dipole operator is given by the BFKL equation.
We are interested in the γ∗γ∗ scattering cross section in the linear case where the resummation in the leading

logarithmic approximation in the Regge limit is achieved by the linearization of the evolution equation for the color
Wilson line operator defined as

Uη(x⃗⊥, y⃗⊥) = 1− 1

Nc
tr{Uη(x⃗⊥)U

η†(y⃗⊥)} (23)

where Uη(x⃗⊥) is the Wilson line operator in the fundamental representation, which, for a projectile moving along the
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Automation Example: Static-Quark Potential
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

!

1 +
αs(|q⃗ |)

4π
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"
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#2
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αs(|q⃗ |)

4π

#3 "

a3 + 8π2C3
A ln

µ2

q⃗ 2

#

+ · · ·

$

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-

Smirnov, Smirnov, Steinhauser, 2010

Static Heavy Quark Potential is IR Divergent in QCD

Summation of H graphs: confining potential?

Confinement eliminates IR divergences 
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In this paper we proceed with the study of the Pomeron spectrum, by solving numerically the
BFKL equation with massive gluons and running coupling. The spectrum of Regge singularities
is discrete and the leading Pomeron has a considerable dependence on nonperturbative effects, for
which we use Higgs mechanism as a model. We cross-checked this result with variational method
and confirmed the infrared sensitivity of leading Pomeron. This fact is related to the infrared
instability of the BFKL equation in QCD, with a running coupling. The subleading poles have a
mild sensitivity to the soft physics, and are well described by known semiclassical methods. We also
discuss the dependence on various prescriptions of the running coupling arguments.
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I. INTRODUCTION

The BFKL Pomeron[1, 2] is a structural element of all effective theories for high energy QCD. It is a solution to the
BFKL evolution equation which sums large log (�̄S ln(1/x))n terms in the perturbative QCD approach, and gives the
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The QCD Pomeron with Optimal Renormalization1
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Abstract

It is shown that the next-to-leading order (NLO) corrections to the QCD Pomeron
intercept obtained from the BFKL equation, when evaluated in non-Abelian physical
renormalization schemes with BLM optimal scale setting do not exhibit the serious prob-
lems encountered in the MS-scheme. A striking feature of the NLO BFKL Pomeron
intercept in the BLM approach is its rather weak dependence on the virtuality of the
reggeized gluon. This remarkable property yields an important approximate conformal
invariance. The results obtained provide an opportunity for applications of NLO BFKL
resummation to high-energy phenomenology.
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!P = 12 ln 2⇥ ↵s/⇡Lowest order BFKL

Scheme rBLM(0) αBLM
IP − 1 = ωBLM(Q2, 0)

(NF = 4) Q2 = 1 GeV2 Q2 = 15 GeV2 Q2 = 100 GeV2

M ξ = 0 -13.05 0.134 0.155 0.157
O ξ = 1 -12.28 0.152 0.167 0.166
M ξ = 3 -11.74 0.165 0.175 0.173

Υ -14.01 0.133 0.146 0.146

Table 2: The NLO BFKL Pomeron intercept in the BLM scale setting within non-Abelian
physical schemes.

Adopting BLM scale setting, the NLO BFKL eigenvalue in the MOM-scheme is

ωMOM
BLM (Q2, ν) = NCχL(ν)

αMOM(QMOM 2
BLM )

π

!

1 + rMOM
BLM (ν)

αMOM(QMOM 2
BLM )

π

"

, (13)

rMOM
BLM (ν) = rconfMOM(ν) . (14)

The β-dependent part of the rMOM(ν) defines the corresponding BLM optimal scale

QMOM 2
BLM (ν) = Q2 exp

!

−
4rβMOM(ν)

β0

"

= Q2 exp

!

1

2
χL(ν)−

5

3
+ 2

#

1 +
2

3
I
$

"

. (15)

Taking into account the fact that χL(ν) → −2 ln(ν) at ν → ∞, one obtains at large ν

QMOM 2
BLM (ν) = Q2 1

ν
exp

%

2
#

1 +
2

3
I
$

−
5

3

&

. (16)

At ν = 0 we have QMOM 2
BLM (0) = Q2(4 exp[2(1 + 2I/3) − 5/3]) ≃ Q2 127. Note that

QMOM 2
BLM (ν) contains a large factor, exp[−4T β

MOM/β0] = exp[2(1 + 2I/3)] ≃ 168, which
reflects a large kinematic difference between MOM- and MS- schemes [13, 6], even in an
Abelian theory.

Analogously one can implement the BLM scale setting in the Υ-scheme (Table 2).
Figs. 1 and 2 give the results for the eigenvalue of the NLO BFKL kernel. We have used

the QCD parameter Λ = 0.1 GeV which corresponds to αS = 4π/[β0 ln(Q2/Λ2)] ≃ 0.2 at
Q2 = 15 GeV2. Also, the generalization [14, 15] of the β -function in the running coupling
and of flavor number for continuous treatment of quark thresholds has been used.

One can see from Fig. 1, that the maximum which occurs at non-zero ν is not as
pronounced in the BLM approach compared to the MS-scheme, and thus it will not serve
as a good saddle point at high energies.

One of the striking features of this analysis is that the NLO value for the intercept
of the BFKL Pomeron, improved by the BLM procedure, has a very weak dependence
on the gluon virtuality Q2. This agrees with the conventional Regge-theory where one

6

s↵P�1 = s!P

BLM/PMC:  Scale chosen to eliminate β terms 



Figure 2: Q2-dependence of the BFKL Pomeron intercept in the NLO. The notation is as
in Fig. 1.

Q2
FAC(ν) = Q2 exp

!

−
4

β0

r(ν)

"

. (18)

In the MS-scheme at ν = 0, ωFAC = 0.33 − 0.26 for Q2 = 1 − 100 GeV2. However,
the NLO coefficient r(ν), and hence, the FAC effective scale, each have a singularity at
ν0 ≃ 0.6375 due to a zero of the χL(ν)-function.

In the PMS approach [21] the NLO BFKL eigenvalue reads as follows

ωPMS(Q
2, ν) = NC χL(ν)

αPMS(Q2(ν))

π

!

1 + (C/2)αPMS/π

1 + CαPMS/π

"

, (19)

where the PMS effective coupling αPMS is a solution of the following transcendental
equation

π

αPMS
+ C ln

#

CαPMS/π

1 + CαPMS/π

$

+
C/2

1 + CαPMS/π
=

β0

4
ln

#

Q2

Λ2

$

− r(ν) (20)

with C = β1/(4β0) and β1 = 102 − 38NF/3. At ν = 0 one obtains in the MS-scheme
ωPMS = 0.23− 0.20 for Q2 = 1− 100 GeV2, but, by the same reason as in the FAC case,
the PMS effective coupling has a singularity at ν0. Thus, the application of the FAC
and PMS scale setting approaches to the BFKL eigenvalue problem lead to difficulties

8

BLM:  ω(BFKL nlo)  independent of Q2   

!(Q2) = ↵P � 1

Q2(GeV 2)
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��⇤�⇤!X(s) ⇠ [ s
s0
]↵P�1

↵P � 1 = 12 log 2⇥ ↵s/⇡ ' 0.55 LO BFKL
↵P � 1 ' 0.13� 0.18 NLO BFKL BLM/PMC

deviations. The sensitivity of the NLO BFKL results to the Regge parameter s0 is
much smaller than in the case of the LO BFKL. The variation of the predictions in the
value of s0 reflects uncertainties from uncalculated subleading terms. The parametric
variation of the LO BFKL predictions is so large that it can neither be ruled out nor
confirmed at the energy range of LEP2.

Figure 1: The energy dependence of the total cross section for highly virtual
photon–photon collisions predicted by the NLO BFKL theory[11, 12, 6] compared
with OPAL[13] and L3[14] data from LEP2 at CERN. The solid curves correspond to
the BLM scale-fixed NLO BFKL predictions. The dashed curve shows the LO BFKL
prediction. (Both predictions include the quark-box contribution). The BFKL predic-
tions are shown for two different choices of the Regge scale, LO BFKL: s0 = Q2–10Q2,
NLO BFKL: s0 = Q2–4Q2.

3

NLO BFKL (BLM)

�⇤�⇤ ! X

S. J. Brodsky, V. S. Fadin, V. T. Kim,  
L.N. Lipatov, G. B. Pivovarov
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γ
∗ Cross Section at NLO and Properties of the BFKL Evolution at Higher Orders

Giovanni A. Chirilli,∗ Yuri V. Kovchegov†

Department of Physics, The Ohio State University, Columbus, OH 43210, USA

We obtain a simple analytic expression for the high energy γ∗γ∗ scattering cross section at the
next-to-leading order in the logarithms-of-energy power counting. To this end we employ the eigen-
functions of the NLO BFKL equation constructed in our previous paper. We also construct the
eigenfunctions of the NNLO BFKL kernel and obtain a general form of the solution for the NNLO
BFKL equation, which confirms the ansatz proposed in our previous paper.

PACS numbers: 12.38.-t, 12.38.Bx, 12.38.Cy

I. INTRODUCTION

Understanding the high energy dynamics of strong interactions is important both for the description of the strong
interaction data reported by the current and future accelerators worldwide, and to improve our theoretical understand-
ing of quantum chromodynamics (QCD). Significant progress towards achieving these goals has been accomplished
in the recent decades by the physics of saturation and Color Glass Condensate (CGC) (see [1–6] for reviews). This
approach is based on the existence of an intrinsic hard momentum scale which characterizes hadronic and nuclear
wave functions at high energy — the saturation scale Qs [7]. At small values of Bjorken x and/or for large nuclei the
saturation scale Qs is much larger than the QCD confinement scale, justifying the use of the small-coupling expansion
since αs(Q2

s) ≪ 1, and allowing for first-principles calculations of many high energy scattering cross sections and of
other related observables.
Calculations of observables in the saturation/CGC framework consist of two steps: (i) first one has to calculate the

observables in the quasi-classical Glauber–Mueller (GM) [8] / McLerran–Venugopalan (MV) approximation [9–11] and
then (ii) evolve the result with energy s using the non-linear Balitsky–Kovchegov (BK) [12–15] or Jalilian-Marian–
Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK) [16–19] evolution equations. It appears that to successfully
describe and, sometimes, predict a host of deep inelastic scattering (DIS), hadronic and nuclear collisions data (see
e.g. [20–22]) one needs to include the running-coupling corrections [23–27] into the leading-ln s BK and JIMWLK
evolution equations. (Henceforth we will refer to the leading-ln s BK and JIMWLK equations either as leading-order
(LO) BK and JIMWLK equations.)
The next-to-leading order (NLO) corrections to both the BK [28] and JIMWLK [29, 30] evolution equations are

known, but have not yet been implemented in phenomenological applications. At the same time keeping the higher-
order corrections under theoretical control is essential for improving the precision of the saturation/CGC physics
predictions. Perhaps more importantly, an agreement of any theory with the data is established only once the
uncertainty due to higher-order corrections is understood and quantified, demonstrating explicitly that higher-order
corrections do not significantly affect the existing agreement of the theory with the data. It is, therefore, very
important to understand both the structure and magnitude of the higher-order corrections to the small-x evolution
equations.
Since no exact analytic solutions for the nonlinear LO BK and JIMWLK equations are known, it is easier to

start organizing the higher-order corrections for the linear Balitsky–Fadin–Kuraev–Lipatov (BFKL) [31–33] evolution
equation, which predated both the BK and JIMWLK equations by over two decades: in the linear (low parton density)
regime both the BK and JIMWLK equations reduce to BFKL. The LO BFKL equation’s solution is well-known and
was constructed almost simultaneously with the equation itself [33]. The kernel of the BFKL equation is known up
to the next-to-leading order [34, 35]. In the fifteen years since the construction of the NLO BFKL equation numerous
efforts have been made to understand the features of its solution: non-Regge behavior was found in the amplitude
resulting from the NLO BFKL equation [36–39]; it was also shown that the NLO correction to the BFKL intercept is
large and negative [34, 40–42], though higher-order collinear divergences are likely to reduce the size of this correction
[43–45].
More recently the eigenfunctions of the NLO BFKL kernel were constructed in our previous paper [46] by using a

perturbative expansion around the eigenfunctions of the LO BFKL kernel. This method yields a systematic way of
constructing any-order BFKL kernel eigenfunctions, therefore allowing one to find the solution of any-order BFKL

∗ chirilli.1@asc.ohio-state.edu
† kovchegov.1@asc.ohio-state.edu
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I
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*

Q 1

Q 2

I

FIG. 1: The left panel contains a diagrammatic representation of the γ∗γ∗ scattering amplitude factorized into the impact
factors, small-x evolution, and the (energy-independent) daughter dipole–dipole scattering. This structure of the factorization
is suggested by the high-energy OPE applied to the electromagnetic currents. In the right panel, the structure of the LO+NLO
impact factor is illustrated by some of the diagrams in the shock-wave formalism originally calculated at NLO in [61, 63].
Examples of diagrams contributing to the daughter dipole–dipole scattering at LO and NLO are also shown in the right panel.

Here ελρ(q) are the gluon polarization vectors, x± = (x0 + x3)/
√
2, and jσ are the electromagnetic currents.

Since we are interested in the γ∗γ∗ cross section at high energy (in the Regge limit), we factorize (19) in the
following way

Aλ1λ2(q1, q2) = −i ελ1 ∗
ρ1

(q1) ε
λ1
σ1
(q1) ε

λ2 ∗
ρ2

(q2) ε
λ2
σ2
(q2)

!

d2z⊥N−1

!

DAei S(A) det(i∇)

×
!

dz+
!

d4x eiq1·x ⟨T jρ1(x+ + z+, x−, x⃗⊥ + z⃗⊥) j
σ1(z+, 0, z⃗⊥)⟩A

×
!

dz−
!

d4y eiq2·y ⟨T jρ2(y+, y− + z−, y⃗⊥) j
σ2(0, z−, 0⊥)⟩A , (20)

where S(A) is the part of the QCD action which depends only on the gluon field Aµ, det(i∇) is the fermionic
determinant with ∇ the covariant derivative, angle brackets ⟨. . .⟩A denote the expectation value in the background
gluon field Aµ, and the normalization factor N is

N =

!

DAei S(A) det(i∇). (21)

In the following calculation we omit the factor
"

#

f e
2
f

$2
(where ef labels the electromagnetic charge of the quark

with flavor f), which we will reinstate in the expressions for the cross sections.
The factorization of Eq. (20) is simply due to the fact that in the high-energy asymptotics the dominant contribution

to the γ∗γ∗ forward scattering amplitude should contain at least a single two-gluon exchange in the t-channel. A
typical dominant high-energy diagram that can be obtained from Eq. (20) is shown in Fig. 2a. An energy-suppressed
diagram of the type we neglected in writing Eq. (20) is shown in Fig. 2b, and belongs to the class of the so-called
“box” diagrams, where there is a quark t-channel exchange spanning the whole rapidity interval of the scattering
process. Such diagrams are suppressed by a power of center-of-mass energy squared s compared to the leading graphs
in Fig. 2a, and can be neglected in the high-energy asymptotics.
Each term in the angle brackets ⟨. . .⟩A in Eq. (20) is evaluated using the OPE at high energy [12] and the background

field technique. The coefficient functions of the OPE of two electromagnetic currents at high energy is the photon
impact factor (PIF) as originally defined in [33]. The PIF is convoluted with a matrix element of an operator made
out of Wilson lines along the light cone.
Since we are interested in the NLO γ∗γ∗ cross section, we need the LO and NLO PIF. The calculation of NLO

PIF has been performed in [61, 63]. We will only employ the results of that work in our calculation and refer the
reader to the original papers [61, 63] for the details of the PIF calculation. We stress, however, that at NLO the

6

FIG. 2: Left panel depicts a Feynman diagram that can be obtained from Eq. (20) which contributes to the high-energy
asymptotics of γ∗γ∗ scattering. The right panel shows an example of the ”box” diagram that can not be generated from
Eq. (20): box diagrams are suppressed at high energies by a power of energy and, therefore, can be neglected. However, as we
will see in the numerical results section, such types of diagrams become relevant, and therefore not anymore negligible at low
rapidity where energy is not high enough to suppress such contributions.

PIF can be contaminated by the rapidity-dependent (or energy-dependent) terms. As explained in [51], when the
high-energy OPE is performed in terms of composite Wilson-line operators, by redefining the operator at hand all the
energy dependent terms can be shifted into the matrix elements of Wilson lines, thus leaving the NLO impact factor
energy-scale invariant. This is what has been done in the PIF calculation of [61, 63]. In addition, the composite
Wilson lines operator obtained by the shifting procedure of [61, 63] renders the impact factor conformally invariant
also at NLO: the energy-dependent terms clearly would have broken conformal invariance. The high-energy OPE
in terms of composite Wilson line operator provides an operatorial and systematic procedure to factorize scattering
amplitudes into coefficient functions which are energy-scale invariant and matrix elements of composite Wilson line
operators that encode the energy dependence of the amplitude.
In γ∗γ∗ scattering at high energy, each of the two virtual photons can be treated at the same time as the projectile

and as the target due to the symmetry of the process. We will work in a frame in which the photons collide head-on,
such that their four-momenta are

qµ1 =

!

q+1 ,−
Q2

1

2 q+1
, 0⊥

"

, qµ2 =

!

− Q2
2

2 q−2
, q−2 , 0⊥

"

(22)

with q+1 and q−2 very large. Further, we will work in a gauge which reduces to the A+ = 0 light-cone gauge near the
x− = 0 light cone, and to the A− = 0 light-cone gauge near the x+ = 0 light cone, that is, it reduces to the light-cone
gauges for each of the photons: examples of such gauges include the Coulomb ∇⃗·A⃗ = 0 gauge and the A0 = 0 temporal
gauge. In such gauge, each virtual photon, long before the interaction, splits into a quark–antiquark pair which then
traverses the gluonic field produced by the target (the other qq̄ pair): this interaction is described by a color dipole
made of two fundamental Wilson lines scattering on another fundamental dipole. In DIS the small-x evolution of
Wilson lines is described by the Balitsky-JIMWLK non-linear equation [12, 16–19]; in the case of a fundamental
dipole in the large-Nc limit the evolution equation corresponds to the Balitsky-Kovchegov equation [12–15] and its
linearization corresponds to the BFKL equation [31–33]. While it is not presently clear which evolution equation
describes Wilson-line correlators in γ∗γ∗ scattering at high energy, it is clear that in the linear regime (see Sec. IV
for the definition of such regime) the evolution of a dipole operator is given by the BFKL equation.
We are interested in the γ∗γ∗ scattering cross section in the linear case where the resummation in the leading

logarithmic approximation in the Regge limit is achieved by the linearization of the evolution equation for the color
Wilson line operator defined as

Uη(x⃗⊥, y⃗⊥) = 1− 1

Nc
tr{Uη(x⃗⊥)U

η†(y⃗⊥)} (23)

where Uη(x⃗⊥) is the Wilson line operator in the fundamental representation, which, for a projectile moving along the
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Figure 1. Inclusive dihadron production process in multi-Regge kinematics.

(PDFs) for the initial proton, but also the parton fragmentation functions (FFs) describing the detected hadron in
the final state. It is known that the inclusion of NLA terms makes a very large e↵ect on the theory predictions for
the Mueller–Navelet jet cross sections and the jet azimuthal angle distributions. Similar features are expected also
for our case of inclusive dihadron production. This results in a large dependence of predictions on the choice of the
renormalization scale µ

R

and the factorization scale µ
F

. Here we will take µ
R

= µ
F

and adopt the Brodsky-Lepage-
Mackenzie (BLM) scheme [34] for the renormalization scale setting as derived in its “exact” version in [35].

DIHADRON PRODUCTION AT THE LHC

The process under investigation is the hadroproduction of a pair of identified hadrons in proton-proton collisions

p(p1) + p(p2)! h(k1, y1, �1) + h(k2, y2, �2) + X , (1)

where the two hadrons are characterized by high transverse momenta,~k2
1 ⇠ ~k2

2 � ⇤2
QCD and large separation in rapidity

Y = y1 � y2, with p1 and p2 taken as Sudakov vectors. The di↵erential cross section of the process can be presented as

d�

dy1dy2 d|~k1| d|~k2|d�1d�2
=

1
(2⇡)2

2
666664C0 +

1X

n=1

2 cos(n�)C
n

3
777775 , (2)

where � = �1 � �2 � ⇡, with �1,2 the two hadrons’ azimuthal angles, while C0 gives the total cross section and the
other coe�cients C

n

determine the azimuthal angle distribution of the two hadrons. In order to match the kinematic
cuts used by the CMS collaboration, we consider the integrated coe�cients given by

C

n

=

Z
y1,max

y1,min

dy1

Z
y2,max

y2,min

dy2

Z 1

k1,min

dk1

Z 1

k2,min

dk2 � (
y1 � y2 � Y

) C
n

(
y1, y1, k1, k2) (3)

and their ratios R

nm

⌘ C

n

/C
m

. For the integrations over rapidities and transverse momenta we use the limits, y1,min =
�y2,max = �2.4, y1,max = �y2,min = 2.4, k1,min = k2,min = 5 GeV, which are realistic values for the identified hadron
detection at LHC. We use the PDF set MSTW 2008 NLO [36] with two di↵erent NLO parameterizations for hadron
FFs: AKK [37] and HKNS [38]. Pursuing the goal to stress the potential relevance of the process we are proposing,
rather than to give a high-precision prediction, we present our first results neglecting the NLA parts of hadron vertices
and planning their inclusion as the mail goal of a later, more technical publication. In Figure 2 the dependence on
the final state rapidity interval Y , of the �-averaged cross section C0 and of the ratios R10, R20, and R30 at the center-
of-mass energy

p
s = 13 TeV is shown. Our predictions with the AKK FFs give bigger cross sections, whereas

the di↵erence between AKK and HKNS in the azimuthal correlation momenta is small, since the FFs uncertainties
are largely canceled out when we take the ratios R

n0. The general features of our predictions are rather similar to
the respective ones of the Mueller–Navelet jet process. Although the BFKL resummation predicts a growth with
energy of the partonic cross section, the convolution of the latter with proton PDFs leads to a decrease with Y of
C0. The decreasing behavior with Y of the R

n0 azimuthal ratios is due to the increasing amount of undetected parton
radiation X (see Equation (1)) in the final state allowed by the growth of the partonic subprocess energy. We present
our NLA BLM predictions together with the results we obtained in LLA, using both BLM and natural scale setting
(µ2

R

= µ2
F

= |~k1||~k2|, always smaller than the BLM one). Plots of Figure 2 show that LLA results at BLM scales lie
closer to the NLA BLM ones than LLA results at natural scales.

Dihadron Production at LHC: BFKL Predictions for Cross Sections and Azimuthal Correlations 
Francesco G. Celiberto, Dmitry Yu. Ivanov, Beatrice Murdaca, and Alessandro Papa
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Figure 2. Y dependence of cross section, R10 ⌘ hcos �i, R20 ⌘ hcos 2�i, and R30 ⌘ hcos 3�i for dihadron production at
p

s = 13
TeV. See Ref. [39] for predictions of C0 and R10 given at larger values of Y , similar to the ones used in the CMS Mueller–Navelet
jets analysis.

CONCLUSIONS AND OUTLOOK

In this paper we investigated the dihadron production process at the LHC at the center-of-mass energy of 13 TeV,
giving the first theoretical predictions for cross sections and azimuthal angle correlations in the LLA and partial NLA
BFKL approach. We implemented the exact version of the BLM optimization procedure in order to make completely
vanish the �0-dependence in our observables and minimize the size of the NLA corrections. We found that our NLA
BLM predictions are close to the LLA BLM ones, while the LLA calculations at natural scales overestimate the total
cross section C0 and predict a stronger decorrelation for the azimuthal ratios R

n0. The good agreement between LLA
and NLA at BLM scales is a direct consequence of the small size of the higher-order corrections, representing so a clear
signal of the reliability of the BLM method. However, more accurate analyses are still needed: full NLA calculations
including next-to-leading order hadron vertices, together with the study of larger rapidity intervals in the final state
and considering the e↵ect of a di↵erent choice for the factorization scale µ

F

with respect to the renormalization scale
µ

R

, are underway [40]. In view of all these considerations, we encourage experimental collaborations to include the
study of the dihadron production in the program of future analyses at the LHC, making use of a new suitable channel
to improve our knowledge about the dynamics of strong interactions in the Regge limit.
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CONCLUSIONS AND OUTLOOK 

In this paper we investigated the dihadron production process at the LHC at the center-of-mass energy of 
13 TeV, giving the first theoretical predictions for cross sections and azimuthal angle correlations in the 
LLA and partial NLA BFKL approach. We implemented the exact version of the BLM optimization 
procedure in order to make completely vanish the β0-dependence in our observables and minimize the 
size of the NLA corrections. We found that our NLA BLM predictions are close to the LLA BLM ones, 
while the LLA calculations at natural scales overestimate the total cross section C0 and predict a stronger 
de-correlation for the azimuthal ratios Rn0. The good agreement between LLA and NLA at BLM scales 
is a direct consequence of the small size of the higher-order corrections, representing so a clear signal of 
the reliability of the BLM method. However, more accurate analyses are still needed: full NLA 
calculations including next-to-leading order hadron vertices, together with the study of larger rapidity 
intervals in the final state and considering the effect of a different choice for the factorization scale μF 
with respect to the renormalization scale μR, are underway. In view of all these considerations, we 
encourage experimental collaborations to include the study of the dihadron production in the program of 
future analyses at the LHC, making use of a new suitable channel to improve our knowledge about the 
dynamics of strong interactions in the Regge limit. 
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FIG. 1: Vector meson photoproduction at large – t in pPb collisions.

and the photon-target production cross section. The main advantage of using colliding hadrons and nuclear beams for
studying photon induced interactions is the high equivalent photon energies and luminosities that can be reached at
existing and future accelerators (For a review see Ref. [8]). In the case of the diffractive vector meson photoproduction
at large – t in an ultraperipheral pPb collision, represented by the diagram in Fig. 1, the final state will be characterized
by two large rapidity gaps in the detector. One rapidity gap is predicted to be present between the vector meson
and the nuclei, which emits the photon and remains intact. The other gap is expected to be characterized by the
vector meson on one side and a jet on the other, which balances the transverse momentum. Differently from the
exclusive vector meson photoproduction discussed e.g. in Refs. [15–17], in this process the t-channel color singlet
object carries large momentum transfer, which means that the square of the four momentum transferred across the
associated rapidity gap, -t, is large, which implies the dissociation of the proton target (For a recent discussion about
proton dissociation see e.g. Refs. [18, 19]). Consequently, the detection of the final state intact proton or the forward
jet can, in principle, be used to discriminate between these two processes. The cross section for the photoproduction
of vector mesons at large – t in pPb collisions can be expressed by

dσ [Pb+ p → Pb⊗ V ⊗ jet+X ]

dY dt
= ω

dNγ/Pb(ω)

dω

dσγp→V ⊗jet+X (W 2
γp)

dt
(1)

where ⊗ characterizes the presence of a rapidity gap in the final state and the rapidity Y of the vector meson produced
is directly related to the photon energy ω, i.e. Y ∝ ln (2ω/mV ). Consequently, large values of Y are associated to
large photon energies. Moreover, dσ

dt is the differential cross section for the process γp → V ⊗ jet+X , to be discussed

below, and Wγp = [2ω
√
s]1/2 is the photon – proton center - of - mass energy, with

√
s being the c.m.s. energy of

the pPb system. Eq. (1) implies that, given the nuclear photon flux, the double differential cross section is a direct
measure of the photoproduction cross section for a given energy and squared momentum transfer. In particular, the
kinematical range of large rapidities probes the γp cross section at large values of Wγp. Due to coherent condition, the
photon flux is characterized by photons with a very low virtuality, which implies that for most purposes, the photons
can be considered as real. Considering the requirement that in photoproduction there is no hadronic interaction
(ultra-peripheral collision) an analytical approximation for the equivalent photon flux of a nucleus can be calculated,
and is given by [8]

dNγ/A (ω)

dω
=

2Z2αem

π ω

!

η̄K0 (η̄)K1 (η̄)−
η̄2

2
U(η̄)

"

(2)

where γL is the Lorentz boost of the Pb beam; K0(η̄) and K1(η̄) are the modified Bessel functions. Moreover, for pPb
collisions we have that η̄ = ω (RPb + Rp)/γL and U(η̄) = K2

1 (η̄) − K2
0 (η̄), , where Rp and RPb are the proton and

lead radius, respectively. In our calculations we assume that Rp = 0.7 fm and RA = 1.2 × A
1

3 fm. Considering that
for pPb collisions at the Run 2 LHC energy the Lorentz factor is γL = 4348, one obtain that the maximum c.m. γN
energy is given by Wγp ≈ 1300 GeV. Therefore, while studies at HERA were limited to photon-proton center of mass
energies of about 200 GeV, photon-hadron interactions at LHC can reach one order of magnitude higher on energy.
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FIG. 2: Comparison between the BFKL and Born level predictions for the rapidity distributions for the diffractive J/Ψ (left
panel) and ρ (right panel) photoproduction in pPb collisions at LHC for distinct t-ranges and

√
s = 8.16 TeV.

and considering the experimental cuts assumed by the H1 and ZEUS Collaborations. We have obtained that these
data can be described by the BFKL solution assuming β = 1 for both mesons and γ = 0.1 (3.0) for the ρ (J/Ψ)
production. We have verified that other combinations of values for β and γ imply that the t - dependencies of the
cross sections are not well described in the region of small or large values of t (See Refs. [11, 12]). As a consequence,
the main parameters present in our LO BFKL analysis have been constrained by the HERA data, which implies that
its predictions for the photoproduction at the LHC are, in principle, parameter free. However, some comments are
in order before to present our results. Firstly, in our analysis we will disregard the contribution of higher conformal
spins (n > 0). As demonstrated e.g. in Ref. [29], the contribution of these higher components become important in
the production of Mueller - Navelet jets in hadronic collisions when the rapidity interval of jets is small and the jets
have a large transverse energy. In the case of the vector meson photoproduction at large - t, the results presented
in Ref. [23] indicate that the impact of higher conformal spins is small in the range probed by HERA, although the
impact increases at large - t. These authors have demonstrated that the correction due to the n ̸= 0 components
decreases with increasing the energy

√
ŝ and increases with increasing the ratio |t|/M2

V . Considering the estimates
presented in Ref. [23] we expect that the impact of the higher conformal spins will be a reduction in our predictions
by ≈ 15% if the range of large values of t (10 < −t < 30) is probed by the LHC. At smaller values of t the impact
becomes negligible. Second, our predictions are associated to a leading order calculation. It is well known that
next - to - leading logarithmic (NLL) corrections to the BFKL kernel can be large [30]. Additionally, in order to
implement a full next - to - leading order (NLO) calculation, we also should to take into account the NLO corrections
to the γ → V impact factor [31]. The treatment of both these corrections still is theme of intense debate and its
implementation goes beyond the scope of our phenomenological analysis. The main expectation is that the NLO
corrections will imply a slower energy dependence of the BFKL cross sections. Results presented in Ref. [23], which
have considered part of the NLL corrections to the BFKL kernel, indicate that the LO and NLL predictions are similar
in the HERA kinematical range but start to be different at higher energies, in particular in the behavior at large - t.
As a consequence, our predictions should be considered a upper bound for the magnitude of the rapidity distributions
and total cross sections. Surely, a full NLO calculation is important to obtain more reliable predictions for the vector
meson photoproduction at LHC energies. However, we believe that the exploratory analysis perfomed in what follows
is useful to indicate the potentiality of this process to probe the BFKL dynamics as well as to constrain the influence
of the higher order corrections. In particular, we would like to point out that the measurement of the vector meson
production at two different rapidities can be used to quantify the energy dependence of the BFKL dynamics and,
consequently, to discriminate between different approaches for the treatment of the NLO corrections.
Our predictions for the rapidity distributions for the diffractive J/Ψ and ρ photoproduction in pPb collisions at

Run 2 energies are presented in Figs. 2, 3 and 4. Following Refs. [23, 24] we calculate dσ/dt for the process
γp → V ⊗ jetX by integrating Eq. (4) over xJ in the region 0.01 < xJ < 1. It means that we assume that the
upper limit on the mass of the proton dissociation products at LHC is similar to that considered at HERA. We have
verified that our predictions for the rapidity distribution increase by ≈ 20% if the minimum value of xJ is assumed

Probing the BFKL dynamics in the Vector Meson Photoproduction at large – t in pPb collisions at the 
CERN LHC 
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written this way is not gauge invariant and therefore we use radiation gauge also for the
photon, i.e. the polarization sum is obtained using gµν − qµpν+qνpµ

pq (for a thorough analysis

of the gauge-dependence of the Pomeron model see [25]). The leading terms in a t/M2
X

expansion of the squared amplitudes for the Pomeron and Odderon exchange as well as the
interference are then given by,

!

gP
pp′g

γcc̄
P

κP
pp′κ

γcc̄
P

"2

∝
z2

c + z2
c̄

zczc̄

(1 − ξ)

ξ2

!

gO
pp′g

γcc̄
O

κO
pp′κ

γcc̄
O

"2

∝
z2

c + z2
c̄

zczc̄

(1 − ξ)

ξ2

gP
pp′g

O
pp′g

γcc̄
P gγcc̄

O

κP
pp′κ

O
pp′κ

γcc̄
P κγcc̄

O

∝
zc − zc̄

zczc̄

(1 − ξ)

ξ2
, (14)

with corrections that are of order t/M2
X and therefore can be safely neglected. The ratio

between the interference term and the Pomeron exchange is thus given by,

gO
pp′g

γcc̄
O

gP
pp′g

γcc̄
P

=
κO

pp′κ
γcc̄
O

κP
pp′κ

γcc̄
P

zc − zc̄

z2
c + z2

c̄

=
κO

pp′κ
γcc̄
O

κP
pp′κ

γcc̄
P

2zc − 1

z2
c + (1 − zc)2

(15)

Inserting this into the asymmetry given by Eq. (10) and making the simplifying assumption
that the Odderon contribution can be dropped in the denominator gives

A(t, M2
X , zc) ≃ 2

κO
pp′κ

γcc̄
O

κP
pp′κ

γcc̄
P

sin

#

π (αO − αP)

2

$ !

sγp

M2
X

"αO−αP sin παP

2

cos παO

2

2zc − 1

z2
c + (1 − zc)2

. (16)

To obtain a numerical estimate of the asymmetry, we shall assume that t ≃ 0 and use
αhard
P = 1.2 and αO = 0.95 [5] for the Pomeron and Odderon intercepts respectively. In

addition we will also assume κγcc̄
O /κγcc̄

P ∼
%

CFαs(m2
c) ≃ 0.6, in analogy to the couplings

which occur in the higher order corrections to Bethe-Heitler pair production [26], and use the
maximal Odderon-proton coupling, κO

pp′/κ
P
pp′ = gO

pp′/g
P
pp′ = 0.1, which follows from Eq. (13)

for αsoft
P = 1.08, s = 104 GeV2, s0 = 1 GeV2 and ∆ρmax(s) = 0.05. Inserting the numerical

values discussed above then gives

A(t ≃ 0, M2
X , zc) ≃ 0.45

!

sγp

M2
X

"−0.25
2zc − 1

z2
c + (1 − zc)2

, (17)

which for a typical value of sγp

M2

X
= 100 becomes a ∼ 15 % asymmetry for large zc as illustrated

in Fig. 4. We also note that the asymmetry can be integrated over zc giving

A(t ≃ 0, M2
X) =

& 1

0.5
A(t ≃ 0, M2

X , zc) −
& 0.5

0
A(t ≃ 0, M2

X , zc) ≃ 0.3

!

sγp

M2
X

"−0.25

. (18)

It should be emphasized that the magnitude of this estimate is quite uncertain. The
Odderon coupling to the proton which we are using is a maximal coupling for the soft
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Abstract (Springer)
We construct, in the framework of QCD, the conformally invariant
functional whose maximal value gives theJ-plane location of the
leading singularity of thet-channel partial waves in LLA for
diagrams withn reggeized gluons. In the case of the odderon the
wave function in the impact-parameter space depends on only
one anharmonic ratio and the corresponding functional is
significantly simplified. By using a variational method with
conformal techniques we show that the odderonJ-plane
singularity in the LLA approximation of QCD lies above 1.

Keyword(s): INSPIRE: talk: Marseille 1993/07/22 | p p: interaction
| interaction: p p | anti-p p: interaction | interaction: anti-p p |
quantum chromodynamics: perturbation theory | model: odderon |
invariance: conformal | impact parameter | functional analysis |
leading logarithm approximation | partial wave | Regge poles |
numerical calculations: variational

 Record added 1993-07-06, last modified 2017-06-21

 KEK scanned document Export
BibTeX, EndNote, LaTeX(US),
LaTeX(EU), Harvmac, MARC,
MARCXML, NLM, DC

Information References (17) Citations (36) Files Plots

The Odderon intercept in perturbative QCD - INSPIRE-HEP http://inspirehep.net/record/355800?ln=en

1 of 2 1/4/18, 12:45 AM

Welcome to INSPIRE, the High Energy Physics information
system. Please direct questions, comments or concerns to
feedback@inspirehep.net.

HEP  :: HEPNAMES  :: INSTITUTIONS  :: CONFERENCES  :: JOBS  :: EXPERIMENTS  ::
JOURNALS  :: HELP

Odderon-Pomeron interference
Stanley J. Brodsky, Johan Rathsman (SLAC) , Carlos Merino (Santiago de

Compostela U.)

Apr 1999 - 10 pages

Phys.Lett. B461 (1999) 114-122
DOI: 10.1016/S0370-2693(99)00807-2

SLAC-PUB-8095
e-Print: hep-ph/9904280 | PDF

Abstract
We show that the asymmetry in the fractional energy of charm
versus anticharm jets produced in high energy diffractive
photoproduction is sensitive to the interference of the Odderon

 and Pomeron  exchange amplitudes in QCD.
We predict the dynamical shape of the asymmetry in a simple
model and estimate its magnitude to be of the order 15% using an
Odderon coupling to the proton which saturates constraints from
proton-proton vs. proton-antiproton elastic scattering.
Measurements of this asymmetry at HERA could provide firm
experimental evidence for the presence of Odderon exchange in
the high energy limit of strong interactions.
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FIG. 1. The amplitude for the diffractive process γp → cc̄Y with Pomeron (P) or Odderon (O)
exchange.

The total center of mass energy of the γp system will be denoted sγp which should be
distinguished from the total ep cms energy. Denoting the photon momentum by q, the
proton momentum by p, and the momenta of the charm quark (antiquark) by pc (pc̄), the
energy sharing of the cc̄ pair is given by the variable

zc(c̄) =
pc(c̄)p

qp
=

Ec(c̄)
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(1)

where the latter equality is true in the proton rest frame. It follows that zc + zc̄ = 1 in Born
approximation at the parton level. The finite charm quark mass restricts the range of z to
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where M2
X is the invariant mass of the cc̄ pair which is related to the total γp cms energy

sγp by

M2
X = (ξp + q)2 ≃ 2ξpq ≃ ξsγp (3)

where ξ is effectively the longitudinal momentum fraction of the proton carried by the
Pomeron/Odderon and the proton mass is neglected.

Regge theory, which is applicable in the kinematic region sγp ≫ M2
X ≫ M2

Y , together
with crossing symmetry, predicts the phases and analytic form of high energy amplitudes
(see, for example, Refs. [19] and [20]). The amplitude for the diffractive process γp → cc̄p′

with Pomeron (P) or Odderon (O) exchange can be written as
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where SP/O is the signature† which is +(−)1 for the Pomeron (Odderon). In the Regge
approach the upper vertex gγcc̄

P/O(t, M2
X , zc) can be treated as a local real coupling such that

the phase is contained in the signature factor. In the same way the factor gP/O
pp′ (t) represents

the lower vertex. For our purposes it will be convenient to rewrite the signature factor in
the following way,
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. (5)

In the literature it has become customary to absorb the pole factors 1/ sin παP (t)
2 and

1/ cos παO(t)
2 into the couplings

(

gP/O
pp′ (t)

)2
, but we will keep them explicit since we want

to treat the upper and lower vertex separately.
In general the Pomeron and Odderon exchange amplitudes will interfere, as illustrated

in Fig. 2. The contribution of the interference term to the total cross-section is zero, but
it does contribute to charge-asymmetric rates. Thus we propose to study photoproduction
of c-c̄ pairs and measure the asymmetry in the energy fractions zc and zc̄. More generally,
one can use other charge-asymmetric kinematic configurations, as well as bottom or strange
quarks.

γ* γ*c

c
_

p
p'

p

FIG. 2. The interference between Pomeron (P) or Odderon (O) exchange in the diffractive
process γp → cc̄p′.

Given the amplitude (4), the contribution to the cross-section from the interference term
depicted in Fig. 2 is proportional to

†Even (odd) signature corresponds to an exchange which is (anti)symmetric under the interchange

s ↔ u.
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FIG. 4. The asymmetry in fractional energy zc of charm versus anticharm jets predicted by our
model using the Donnachie-Landshoff Pomeron for αP = 1.2, αO = 0.95 and sγp/M2

X = 100.

Odderon in relation to the soft Pomeron. So on the one hand the ratio may be smaller than
this, and on the other hand the ratio may be larger if the hard Odderon and Pomeron have
a different ratio for the coupling to the proton. For the hard Pomeron the coupling is in
general different at the two vertices (see e.g. [27]) and this could also be true for the hard
Odderon.

There is also a small irreducible asymmetry from photon-Pomeron interference. Adding
the photon exchange amplitude to the Odderon amplitude modifies the asymmetry as follows
(again only taking into account the Dirac form-factor),
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where αO = 1+∆O+α′
Ot has been used to expand the pole-factor for the Odderon, cos παO

2 ≃
−π

2 (∆O + α′
Ot), for small t. Note that if ∆O = 0 then the Odderon amplitude appears to

have a 1/t pole just as photon exchange. However this pole must be screened by an effective
mass for the corresponding 3-gluon state. The extra factor 1/3 for photon exchange reflects
the relative factor of 3 for the Pomeron/Odderon couplings to the proton [28]. Using the soft
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Also: Odderon Exchange in pion photoproduction
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Electron-Electron Scattering in QED

t u

This is very important!

This is very important!

This is very important!

This is very important!

↵(t) =

↵(0)

1�⇧(t)

↵(t) =

↵(t
0

)

1�⇧(t,t
0

)

Gell-Mann--Low Effective Charge
• Dressed Photon Propagator sums all β (vacuum polarization) contributions, 

proper and improper 

⇧(t, t0) =
⇧(t)�⇧(t

o

)
1�⇧(t0)↵(t) =

↵(t0)
1�⇧(t, t0)

• Initial Scale Choice t0 is Arbitrary! 

• Any renormalization scheme can be used ↵(t)! ↵MS(e�
5
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BLM Scale Setting

Use skeleton expansion:
Gardi, Grunberg, Rathsman, sjb

nf  dependent 
coefficient identifies 

quark loop VP 
contribution 

Conformal coefficient - independent of  � = d
d logQ2g(Q2) < 0

� = d
d logQ2g(Q2) > 0

� = d
d logQ2g(Q2) < 0

� = d
d logQ2g(Q2) > 0

This is very important!

This is very important!

�0 = 11� 2
3nf
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BLM/PMC: Set Scales

How do we identify the β terms?

BLM: Use nf dependence of β0 and β1

a(Q) ⌘ ↵s(Q)
⇡



9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

The Running Coupling in QED 

- Vertex- and wavefunction renormalization cancel exactly in QED due to the 
Ward-Takahashi identity - the running coupling is physical!

- Independent of the initial renormalization scale

- Obeys renormalization group properties;
renormalization scheme- and scale-invariance, transitivity, etc...

- The argument of the running coupling is the ‘final scale’ that resums all non-
conformal terms; a function of scheme and renormalization scale

{ci}

a(τ, {ci})

τ

A

B

C

D

E F

- Resummed perturbative QED = dressed 
skeleton expansion; 

- the perturbative coefficients are those of the 
would-be conformal theory

- Let’s give this lesson a name so we don’t forget:
The Principal of Maximum Conformality

S.J. Brodsky, X.-G. Wu; Phys.Rev. D86 (2012) 054018, [arxiv:1208.0700]
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On the elimination of scale ambiguities in perturbative quantum chromodynamics

Stanley J. Brodsky
Institute for Advanced Study, Princeton, New Jersey 08540

and Stanford Linear Accelerator Center, Stanford Unioersity, Stanford, California 94305*

G. Peter Lepage
Institute for Aduanced Study, Princeton, New Jersey 08540

and Laboratory ofNuclear Studies, Cornell Unioersity, Ithaca, New York I4853*

Paul B.Mackenzie
Fermilab, Batavia, Illinois 6D51D
(Received 23 November 1982)

We present a new method for resolving the scheme-scale ambiguity that has plagued perturbative
analyses in quantum chromodynamics (QCD) and other gauge theories. For aphelian theories the
method reduces to the standard criterion that only vacuum-polarization insertions contribute to the
effective coupling constant. Given a scheme, our procedure automatically determines the coupling-
constant scale appropriate to a particular process. This leads to a new criterion for the convergence
of perturbative expansions in QCD. We examine a number of well known reactions in QCD, and
find that perturbation theory converges well for all processes other than the gluonic width of the Y.
Our analysis calls into question recent determinations of the QCD coupling constant based upon Y
decay.

I. INTRODUCTION the for orthopositronium is much

Physics Letters B 279 (1992) 352-358 
North-Holland PHYSICS LETTERS B 

On some possible extensions 
of the Brodsky-Lepage-Mackenzie approach 
beyond the next-to-leading order 
G. Grunberg  
Centre de Physique Theorique, Ecole Polytechnique, F-91128 Palaiseau, France 

and 

A.L. Kataev 1 
Randall Laboratory of Physics, University of Michigan. Ann Arbor, M148109-1120, USA 

Received 20 May 1991; revised manuscript received 20 January 1992 

Noting that the choice of  renormalization point advocated by Brodsky, Lepage and Mackenzie ( BLM ) is the flavor independent 
prescription which removes all f-dependence from the next-to-leading order coefficients, we consider the possible generalization 
which requires all higher order coefficients ri to be f-independent constants r,*. We point out that in QCD, setting ri= r,* is always 
possible, but leaves us with an ambiguous prescription. We consider an alternative possibility within the framework of  the BLM 
approach and apply the corresponding prescription to the next-to-next-to-leading approximation of trtot(e+e - ~hadrons)  in QCD. 
The analogous questions and the special features of the BLM and effective charge approaches in QED are also discussed. 

PHYSICAL REVIEW D VOLUME 51, NUMBER 7 1 APRIL 1995

Commensurate scale relations in quantum chromodynamics

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford University, Stanford, California 9)909

Hung Jung Lu*
Department of Physics, University of Maryland, College Park, Maryland 20742

(Received 4 May 1994)

We use the BLM method to relate perturbatively calculable observables in +CD, including the
annihilation ratio R +, , the heavy quark potential, and radiative corrections to structure function
sum rules. The commensurate scale relations connecting the effective charges for observables A and
B have the forin cry(Qq) = nor(Qg) (1+regis —P + ), where the coefficient rqg~ is independent
of the number of ffavors f contributing to coupling constant renormalization. The ratio of scales
Qz/Qir is unique at leading order and guarantees that the observables A and B pass through new
quark thresholds at the same physical scale. We also show that the commensurate scales satisfy the
renormalization group transitivity rule which ensures that predictions in PQCD are independent of
the choice of an intermediate renormalization scheme C. In particular, scale-Axed predictions can
be made without reference to theoretically constructed renormalization schemes such as MS. +CD
can thus be tested in a new and precise way by checking that the observables track both in their
relative normalization and in their commensurate scale dependence. The generalization of the BLM
procedure to higher order assigns a different renormalization scale for each order in the perturbative
series. The scales are determined by a systematic resummation of running coupling constant effects.
The application of this procedure to relate known physical observables in +CD gives rather simple
results. In particular, we find that up to light-by-light-type corrections all terms involving (s,
and m in the relation between the annihilation ratio R + and the Bjorken sum rule for polarized
electroproduction are automatically absorbed into the renormalization scales. The final series has

Scale setting using the extended renormalization group and the principle of maximum
conformality: The QCD coupling constant at four loops

Stanley J. Brodsky1,* and Xing-Gang Wu1,2,†

1SLAC National Accelerator Laboratory, 2575 Sand Hill Road, Menlo Park, California 94025, USA
2Department of Physics, Chongqing University, Chongqing 401331, China

(Received 30 November 2011; published 22 February 2012)

A key problem in making precise perturbative QCD predictions is to set the proper renormalization

scale of the running coupling. The extended renormalization group equations, which express the

invariance of the physical observables under both the renormalization scale- and scheme-parameter

transformations, provide a convenient way for estimating the scale- and scheme-dependence of the

physical process. In this paper, we present a solution for the scale equation of the extended renormal-

ization group equations at the four-loop level. Using the principle of maximum conformality (PMC)/

Brodsky-Lepage-Mackenzie (BLM) scale-setting method, all nonconformal f!ig terms in the perturbative

expansion series can be summed into the running coupling, and the resulting scale-fixed predictions are

independent of the renormalization scheme. The PMC/BLM scales can be fixed order-by-order. As a

useful reference, we present a systematic and scheme-independent procedure for setting PMC/BLM scales

up to next-to-next-to-leading order. An explicit application for determining the scale setting of Reþe"ðQÞ
up to four loops is presented. By using the world average "MS

s ðMZÞ ¼ 0:1184& 0:0007, we obtain the

asymptotic scale for the ’t Hooft scheme associated with the MS scheme, !0tH
MS

¼ 245þ9
"10 MeV, and the

asymptotic scale for the conventional MS scheme, !MS ¼ 213þ19
"8 MeV.

DOI: 10.1103/PhysRevD.85.034038 PACS numbers: 12.38.Aw, 11.10.Gh, 11.15.Bt
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Progress in Particle and Nuclear Physics 72 (2013) 44–98
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Review

The renormalization scale-setting problem in QCD
Xing-Gang Wua,⇤, Stanley J. Brodskyb, Matin Mojazab,c

a Department of Physics, Chongqing University, Chongqing 401331, PR China
b SLAC National Accelerator Laboratory, Stanford University, CA 94039, USA
c CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230, Denmark

a r t i c l e i n f o

Keywords:
Renormalization group
Renormalization scale
BLM/PMC
QCD

a b s t r a c t

A key problem in making precise perturbative QCD predictions is to set the proper renor-
malization scale of the running coupling. The conventional scale-setting procedure assigns
an arbitrary range and an arbitrary systematic error to fixed-order pQCD predictions. In
fact, this ad hoc procedure gives results which depend on the choice of the renormaliza-
tion scheme, and it is in conflict with the standard scale-setting procedure used in QED.
Predictions for physical results should be independent of the choice of the scheme or other
theoretical conventions. We review current ideas and points of view on how to deal with
the renormalization scale ambiguity and show how to obtain renormalization scheme-
and scale-independent estimates.We begin by introducing the renormalization group (RG)
equation and an extended version, which expresses the invariance of physical observ-
ables under both the renormalization scheme and scale-parameter transformations. The
RG equation provides a convenient way for estimating the scheme- and scale-dependence

Review of past
30 years development

Systematic All-Orders Method to Eliminate Renormalization-Scale and
Scheme Ambiguities in Perturbative QCD

Matin Mojaza*

CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230 Odense, Denmark
and SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Stanley J. Brodsky†

SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Xing-Gang Wu‡

Department of Physics, Chongqing University, Chongqing 401331, People’s Republic of China
(Received 13 January 2013; published 10 May 2013)

We introduce a generalization of the conventional renormalization schemes used in dimensional

regularization, which illuminates the renormalization scheme and scale ambiguities of perturbative

QCD predictions, exposes the general pattern of nonconformal f!ig terms, and reveals a special

degeneracy of the terms in the perturbative coefficients. It allows us to systematically determine the

argument of the running coupling order by order in perturbative QCD in a form which can be readily

automatized. The new method satisfies all of the principles of the renormalization group and eliminates an

unnecessary source of systematic error.

DOI: 10.1103/PhysRevLett.110.192001 PACS numbers: 12.38.Bx, 11.10.Gh, 11.15.Bt, 12.38.Aw

PRL 110, 192001 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
10 MAY 2013

Recent Breakthrough!
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Principle of Maximum Conformality (PMC)



Principle of Maximum Conformality (PMC)

• Subtract extra constant δ in dimensional regularization. 
Defines new scheme Rδ

• Coefficients of δ identify β terms !

• Shift β terms to argument of running coupling              at 
each order n (analogous to all-orders vacuum polarization 
summation in QED)

• Resulting PQCD series matches β= 0 conformal series 

• scheme-independent predictions at each computed order 

• almost independent of initial scale μ0

log 4⇡ � �E � � MS : � = 0

↵s(Q2
n)

M. Mojaza, L. di Giustino, Xing-Gang Wu, sjb

(δ: Arbitrary constant!)
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Shift scale of αs to µPMC
R to eliminate {βR

i }− terms

Conformal Series

Choose renormalization scheme; e.g. αR
s (µ

init
R )

Choose µinit
R ; arbitrary initial renormalization scale

Identify {βR
i }− terms using nf − terms

through the PMC −BLM correspondence principle

Result is independent of µinit
R and scheme at fixed order

No renormalization scale ambiguity! 

Result is independent of  
Renormalization scheme  

and initial scale! 

QED Scale Setting at NC=0 

Eliminates unnecessary  
systematic uncertainty

PMC/BLM

Set multiple renormalization scales -- 
Lensing, DGLAP, ERBL Evolution ...

δ-Scheme automatically             
identifies β-terms!

Scale fixed at each order

Principle of Maximum Conformality

Identify βi via δ-dependence
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Example of Multiple BLM/PMC Scales

 Angular distributions of massive quarks close to threshold.

Hoang, Kuhn, Teubner, sjb

 QCD coupling at small scales at low relative 
velocity v

F1 + F2 =
⇥
1� 2

↵s(se3/4/4)
⇡

⇤
⇥

⇥
1 +

⇡↵s(sv2)
4v
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Xing-Gang Wu, sjb

Born term. 

t

t̄

Implications for the p̄p! t¯tX asymmetry at the Tevatron
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Small value of  renormalization scale  increases 
asymmetry, just as in QED!!

g

Xing-Gang Wu, sjb

Interferes with Born term. 

t

t̄

Implications for the p̄p! t¯tX asymmetry at the Tevatron
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Shared virtuality
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Figure 11. Predictions for the mtt̄ cumulative asymmetry: pure QCD at NLO and NNLO (as
derived in this work), NLO prediction of Ref. [11] including EW corrections, as well as the PMC
scale-setting prediction of Ref. [11].

range of mtt̄ used for the calculation of the NNLO result, fixed and dynamic scales would lead

to consistent predictions within scale errors (see also recent discussion for the LHC [92]).

We conclude that the two scale-setting approaches produce very di↵erent predictions for

the mtt̄ cumulative ÂFB and it should be easy to distinguish between the two with data,

especially in the region around mtt̄ ⇠ 500GeV. We would also like to point out that the

NNLO prediction based on conventional scale-setting with µR = mt exhibits the “increasing-

decreasing” behaviour pointed out in Ref. [11], albeit much less pronounced than in the PMC

scale-setting approach.

5 Comparisons between di↵erent pdf sets

An alternative way of assessing the pdf dependence in theory predictions is to compare calcu-

lations with di↵erent pdf sets. In this section we compare NNLO QCD predictions based on

four state-of-the-art pdf sets: CT10, HERA 1.5, MSTW2008 and NNPDF 2.3. We compare

the central pdf members for central scale choice µF = µR = mt.
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Predictions for the cumulative front-back asymmetry.

AFB
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PMC and Conv NLO :   Wang, Wu, Si, sjb

NLO , NNLO:   Czakon, Fiedler, Heymes, Mitov

NLO

NNLO

PMC
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Wang, et al
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Xing-Gang Wu, Matin Mojaza  
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The Renormalization Scale Ambiguity for Top-Pair Production 
Eliminated Using the ‘Principle of Maximum Conformality’ (PMC)

Xing-Gang Wu  
 SJB

Conventional guess for renormalization scale  
and range

Experimental  
asymmetry

PMC Prediction

Top quark forward-backward asymmetry predicted by pQCD NNLO 
within 1 σ of CDF/D0 measurements using PMC/BLM scale setting 



Features of BLM/PMC

• Predictions are scheme-independent at every order

• Matches conformal series

• Commensurate Scale Relations between observables: Generalized Crewther Relation   
(Kataev, Lu, Rathsman, sjb)

• No n! Renormalon growth  (Lipatov)

• New scale appears at each order; nF determined at each order - matches virtuality of 
quark loops

• Multiple Physical Scales Incorporated (Hoang, Kuhn, Tuebner, sjb)

• Rigorous: Satisfies all Renormalization Group Principles

• Realistic Estimate of Higher-Order Terms

• Same as Gell-Mann Low for QED 

• Eliminates unnecessary theory error

• Maximal sensitivity to new physics

• Example: BFKL intercept (Fadin, Kim, Lipatov, Pivovarov, sjb)

NC ! 0
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