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Motivations for NLP

• Next-to-leading power (NLP, τ → 0) at NNLO

σNNLO(τ)
τ→0∼ δ(τ) +

[
ln3,2,1,0

τ

]
+

+ ln3,2,1,0 τ +O(τ)

I Drell-Yan process near threshold
[Del Duca, Laenen, Magnea, Vernazza, White, 1706.04018; Bonocore, Laenen, Magnea, Vernazza, White,

1706.04018, 1610.06842 and earlier papers]

I Improving N-jettiness subtraction
[Moult, Rothen, Stewart, Tackmann, Zhu, 1612.00450; Boughezal, Liu, Petriello, 1612.02911; NLP leading log]

• All-order resummation of NLP logs

• Generality of Low’s sub-leading soft theorem

I Relation to an infinite-dimensional symmetry group of “large” (non-vanishing at
infinity) gauge transformations
[Strominger, 2013–]

I But: LBKD theorem beyond tree-level not so simple.
[SCET analysis: Larkowski, Neill, Stewart, 1412.3108]
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N-jet amplitudes, leading power

Source of the hard process. N non-collinear directions defined by momenta

pµi = n+i · pi
nµ−i

2
+ p⊥i + n−i · pi

nµ+i

2
, p2

i = 0, all pi · pj ∼ Q2

Log structure determined by IR singularities of the amplitude

N-jet operator in SCET

O(x) =

∫ N∏
i=1

dti C({ti})
N∏

i=1

ψi(x + tin+i)

Log structure determined by the UV divergences of
collinear and soft loops in SCET [Becher, Neubert, 2009]

ZO
N∏

i=1

√
Zi〈0|O(0)|M({pi})〉|L(0)

SCET

!
= finite
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N-jet amplitudes, leading power anomalous dimension

〈0|O(0)|M({pi})〉|L(0)
SCET

= S({pi})
N∏

i=1

Ji(p2
i )

= 1− αs

4π

 ∑
i,j,i 6=j

Ti · Tj

2

[
2
ε2

+
2
ε

ln
µ2

−sij

]
−
∑

i

T2
i

ci

ε
+O(ε0)



SCET matrix element is scaleless without IR regulator,
since all invariants are hard. Use small off-shellness p2

i .
Colour conservation

∑
i

Ti = 0.

Ji(p2
i ) = 1 +

αs

4π
T2

i

[
2

ε2
+

2

ε
ln
µ2

−p2
i

+
ci

ε

]

S({pi}) = 1 +
αs

4π

∑
i,j,i 6=j

Ti · Tj

2

 2

ε2
+

2

ε
ln
−µ2sij

p2
i p2

j


Note cancellation of IR regulator in pole parts. Required by
consistency. UV anomalous dimension must not depend on
IR reg

M. Beneke (TU München) Amsterdam, 19 March 2018 4 / 19



N-jet amplitudes, sub-leading power

NLP N-jet operators are the basic objects to match onto for NLP calculations.
If p⊥ ∼ λQ and jet mass scale p2

J ∼ λ2Q2, needO(λ2) in SCET expansion.
Consider a SCETI situation p2

s � p2
J � Q2.

I Matrix elements of LP N-jet operators with sub-leading
soft and collinear interactions from L(1), L(2)

I N-jet operators with 1) more thlan one collinear field of
the same type in one direction, or 2) with additional soft
fields, or 3) with derivatives.
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SCET, leading power

Employ the position-space SCET formalism [MB, Chapovsky, Diehl, Feldmann, 2002]

L(0)
SCET =

N∑
i=1

L(0)
ci + Lsoft

L(0)
c (x) = ξ̄

(
in−Dc + gsn−As(x−) + iD/⊥c

1
in+Dc

iD/⊥c

)
n/+

2
ξ + L(0)

c,YM

iDc = i∂ + gsAc, xµ− =
1

2
n+ · x nµ−

• Separate fields for every collinear direction, and one soft

• Different collinear sectors interact only via soft gluon, since hard virtualities are integrated
out

• Soft interactions with collinear amounts
to standard eikonal vertex

• Note multipole expansion of the soft field around x− in collinear interactions.
Guarantees eikonal propagator and soft-gluon decoupling via Wilson line field redefinition
ξ → Y(x−)ξ(0) [Bauer, Pirjol, Stewart, 2001]
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SCET Lagrangian, sub-leading power

L(1) = ξ̄
(

xµ⊥nν−Wc gFus
µνW†c

) n/+

2
ξ + q̄ W†c iD/⊥c ξ − ξ̄ i

←−
D/⊥cWc q + L(1)

YM

L(2)
=

1

2
ξ̄
(
(n−x) nµ+nν− Wc gFus

µνW†c + xµ⊥x⊥ρnν−Wc
[
Dρus, gFus

µν

]
W†c
) n/+

2
ξ

+
1

2
ξ̄

(
iD/⊥c

1

in+Dc
xµ⊥γ

ν
⊥ Wc gFus

µνW†c + xµ⊥γ
ν
⊥ Wc gFus

µνW†c
1

in+Dc
iD/⊥c

)
n/+

2
ξ + L(2)

ξq + L(2)
YM

• No purely collinear subleading interactions. At least one soft field in every vertex.

• Algorithm for construction to higher orders. [MB, Feldmann, 2002]

• Invariance soft and (separate for every direction) collinear gauge transformation

Collinear: Ac → Uc Ac U†c +
i
g

Uc

[
Dus(x−),U†c

]
, ξ → Uc ξ,

Aus → Aus, q→ q,

Soft: Ac → Uus(x−) Ac U†us(x−), ξ → Uus(x−) ξ,

Aus → Uus Aus U†us +
i
g

Uus

[
∂,U†us

]
, q→ Uus q.

(1)
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Building blocks and basis of N-jet operators

Put x = 0, i.e.O(0).
Building blocks

collinear quark collinear gluon soft fields

χi(tini+) ≡ W†i ξi Aµ⊥i(tini+) ≡ W†i [iDµ⊥iWi] qs(0),Fs
µν(0)

O(λ) O(λ) O(λ3, λ4)

I Sub-leading N-jet basis operators are constructed in the following way

• every element collinear gauge invariant and soft gauge covariant
• operate with i∂µ⊥i on collinear building block
• take products of several collinear building blocks in the same collinear sector, e.g.

(W†i ξi)(ti1n+i)(W†i ξi)(ti2n+i)(W†i iDµci⊥Wi)(ti3n+i)

I AtO(λ2) up to two ∂⊥ or up to three fields in one sector.
Notation: JAi, JBi, JCi, ...

– A,B,C, . . . refers to 1,2,3, ... fields in a given collinear direction
– i meansO(λi) in a given collinear sector,

e.g. JB2 means two fields and one ∂⊥ on a given sector.
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O(λ1,2) NLP N-jet operator do not contain soft fields

I Collinear gluon operator always transverse. in+i · Dci can be eliminated by Wilson line
identities and in−i · Dci+s by equation of motion, e.g.

(n−A)ij = −
2

in+∂
(i∂⊥νA

ν
⊥)ij −

2

(in+∂)2
[Aν⊥, (in+∂A⊥ν)]ij

−
2g2

s

(in+∂)2

(
δilδjk −

1

3
δijδkl

)
χk
/n+

2
χl ,

I Soft covariant derivatives on collinear fields can be eliminated, e.g.

(
[in−Ds,Aµ⊥]

)
ij

=
1

2
i∂µ⊥(n−A)ij +

1

2

(
[Aµ⊥, n−A]

)
ij

+
1

2in+∂

(
[(in+∂A

µ
⊥), n−A]

)
ij

+
1

in+∂

([
i∂ν⊥ +Aν⊥, [i∂

µ
⊥ +Aµ⊥, i∂⊥ν +A⊥ν ]

])
ij

+
g2

s

2in+∂

(
δilδjk −

1

3
δijδkl

)(
χ̄kγ

µ
⊥

1

in+∂

(
/A⊥
)

ll′
/n+

2
χl′

+χ̄k′ (6A⊥)k′k
1

in+∂
γ
µ
⊥
/n+

2
χl + 2χ̄k

i∂µ⊥
in+∂

/n+

2
χl

)

⇒ Soft fields can appear only in the form of products of soft building blocks at x = 0 and soft
derivative on them. Starts atO(λ3)
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O(λ1,2) NLP N-jet operator do not contain soft fields (2)

Does not generate a soft op-
erator. Graph is reproduced in
SCET by time-ordered products
T(J(A0),L(2)

ξ ), T(J(A1),L(1)
ξ )

• Checked that LBK amplitude is reproduced. No need to invoke gauge invariance/Ward
identity to fix the local term. Automatic in SCET.

• Previous work on NLP operator bases

I [MB, Campanario, Mannel, Pecjak, hep-ph/0411395]

Operator with soft heavy quark fields as source of large energy. Different, there are
O(λ2) operators with soft gluon fields.

I [Kolodrubetz, Moult, Stewart, 1601.02607; Feige, Kolodrubetz, Moult, Stewart, 1703.03411]

Helicity basis in label SCET – rather different: subleading purely collinear
interactions, two-point insertions, soft building blocks.
Position space SCET looks simpler in this respect.
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One-loop anomalous dimension of NLP N-jet operators

General form of the operator

O(0) =

∫ N∏
i=1

ni∏
ki=1

dtiki C({tiki}) Js(0)
N∏

i=1

[i∂i⊥]l
ni∏

ki=1

ψiki (tiki n+i)

• Loop is either collinear OR soft. Mixed only from two loops

• Collinear renormalization only within one direction. Treat each sector separately, then sum
over i = 1, . . . ,N

• Soft loops still connect exactly two directions. Treat each pair separately, then sum over
pairs.

• LP: J(A0) for collinear, J(A0,A0) for soft. Omit labels for other sectors.

NLP –O(λ)

Not by itself of interest, relevant as part ofO(λ2) renormalization and is observable is the square
of an amplitude (forO(λ)×O(λ)). Relevant operators:

collinear J(A1), J(B1)  2× 2 matrix

soft J(A0,A1), J(A0,B1), T(J(A0,A0),L(1))  3× 3 matrix
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Soft part, O(λ)

(1) No mixing. Anomalous dimension matrix diagonal.

(2) No time-ordered product contributions.

(3) Soft loops vanish, if gluon is attached to two collinear lines in the same direction.

(4) Non-zero renormalization constants Z[(A0,A1),(A0,A1)]
s , Z[(A0,B1),(A0,B1)]

s can be expressed
in terms of LP soft anomalous dimension.

(5) Requires consideration of 2→ 3 mixing. Soft IR singularities cancel with collinear
contributions (O(λ0)) or vanish (O(λ1)).

pj

p

... J

p′

q

pj

p

k... J

p′

q

pj

p

k... J

p′

q

pj

p

k... J

p′

q

pj

p

k... J

p′

q

pj

p

k... J

p′

q

pj

p

k... J

p′

q

O(λ)
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Collinear part, O(λ)

(1) No mixing between A1 and B1. A1 can be expressed in terms of LP A0 anomalous
dimension.

(2) Cases for B1: ξξ, ξA, and ξξ̄&AA
For two quarks in one direction

(3) Previous results and checks

I ξA agrees with calculation of ξ̄Ahv anomalous dimension [Hill, Becher, Lee, Neubert,

hep-ph/0404217; MB, Yang hep-ph/0508250] after subtracting soft terms related to hv field.

I Some results on ξ̄iAiξj in the context of thrust in e+e− [Freedman, Goerke, 1408.6240]

– different formalism, difficult to compare to.

Zc
ξαξβ,ξγξδ

(x, y) = δ(x− y)δαγδβδ

[
Jq(p2

1)
−1Jq(p2

2)
−1

−
αT11 · T12

2π

(
2

ε2
+

1

ε
ln

(
µ2

−p2
1

)
+

1

ε
ln

(
µ2

−p2
2

))]

+
αT11 · T12

2πε

[
δ
αγ
δ
βδ

{
θ(x− y)

[ 1

x− y

]
+

+θ(y− x)
[ 1

y− x

]
+

− θ(x− y)
1− x̄

2

ȳ
− θ(y− x)

1− x
2

y

}

+

(
θ(x− y)

x̄

ȳ
+ θ(y− x)

x

y

) 1

4

(
σ
νµ
⊥

)
αγ

(
σ
νµ
⊥

)
βδ

]
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One-loop anomalous dimension of NLP N-jet operators, O(λ2)

Operators

P = J(A0,A2), J(A1,A1), J(A1,B1), J(A0,B2), J(A0,C2), J(B1,B1),

T(J(A0,A0),L(1),L(1)), T(J(A0,A0),L(2)), T(J(A0,A1),L(1)), T(J(A0,B1),L(1))

I Still generic. Can have several operators of one category.

I No T-product operators for collinear part.

I Non-trivial mixing matrix only for J into J and T-products into J.

I Operator mixing now also occurs in the soft sector through time-ordered products, 2→ 4
particle operator mixing.

I Soft quark exchange could produce qq̄→ gg mixing, but vanishes.

pj

pi

k... J

pj

pi

k... J

pj

pi

k... J
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General structure of the result

ZPQ(x, y) = Zs
PQ(x, y) + Zc

PQ(x, y)

= 1− αs

4π

[
δPQδ(x− y)

∑
i,j

∑
l,k

Til · Tjk

{
1
ε

ln
(−sijxil xjk

µ2

)
(1− δij) + δij

[
1
ε2

+ δlk
cjl

ε

]}

−
∑

i

δ[i](x− y)
γi,coll

PQ (x, y)

ε
−
∑

i,j,i 6=j

∑
l,k

Til · Tjk δ(x− y)
γij,soft

PQ

ε

]
sym

I Off-shell IR regulator p2
ik cancels upon summing soft+collinear

I Note similarity of 1/ε2 and 1/ε ln
−sijxil xjk

µ2
to LP. Only total colour charge in every

collinear sector matters as should be for terms related to soft.

I Complications hidden in collinear and soft single-pole terms

Operator mixing, collinear anomalous dimension γi,coll
PQ (x, y) a matrix in the spin, colour

and momentum labels within a collinear sector.

δ
(i)

(xi − yi) =

ni∏
k=1

δ(xiki − yiki ) δ(x− y) =
N∏

i=1

δ
(i)

(xi − yi) δ
[i]

(x− y) =
N∏

j=1,j 6=i

δ
(j)

(xj − yj)
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O(λ2) anomalous dimension of i-collinear fermion number-two N-jet operator

Zc
PQ =

JB2
ξ∂ξ JB2

∂(ξξ)
JC2
Aξξ

JB2
ξ∂ξ ? ? ?

JB2
∂(ξξ)

0 gµν⊥ Zξξ,ξξ 0
JC2
Aξξ 0 0 ?

• No A-operators in fermion number-two sector.

• Two-particle B2 mixing into three-particle C2.

• Three-particle collinear C2 anomalous dimension.

• In additionO(λ) B1 operator mixing in fermion-number-two sector timesO(λ) B1
mixing in any other sector j 6= i.
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Two-particle B2 mixing into three-particle C2

t11

t11

t12 q

p2

p1

t11

t12

t11

p2
q

p1

t12

t12

t11 q

p2

p1

(b, i)F (b, i)B (b, ii)F

t12

t12

t11

p2

q
p1

t12

t11

p2
q

p1

t12

t11

p2

q
p1

(b, ii)B (c)F (c)′F

t12

t11

q

p2

p1

t12

t11

q

p2

p1

t12

t11

q

p2

p1

(c)B (c)V (c)′V

Zc
ξαs ∂

µξ
β
t ,Aνaξα

′
k ξ

β′
l

(x, y1, y2) =
α

8πε
n+i · pi

{
− if abctcsktbtlK

αα′ββ′

1,µν (x, y1, y2)

+ (tatb)sktbtlK
αα′ββ′

2,µν (x, y1, y2)− (tatb)tltbskKββ
′αα′

2,µν (x̄, y1, y3)

}

where the kernels Kαα
′ββ′

1/2,µν (x, y1, y2) are a sum
of terms of the form

Iαα
′ββ′

µν (x, y1, y2) ≡(
− θ(x− y1)θ(̄y3 − x)

x2 ȳ1 + x̄2 ȳ3 − ȳ1 ȳ3

ȳ1y2 ȳ3

+ θ(y1 − x)
x2

y1 ȳ3
+ θ(x− ȳ3)

x̄2

ȳ1y3

)

×
{

x + y1

x− y1
(γ
ν
⊥γ

ρ
⊥)
αα′

(γ
µ
⊥γ

ρ
⊥)
ββ′

+ gµν⊥ (γ
σ
⊥γ

ρ
⊥)
αα′

(γ
σ
⊥γ

ρ
⊥)
ββ′

+ (γ
µ
⊥γ

ρ
⊥)
αα′

(γ
ν
⊥γ

ρ
⊥)
ββ′

}
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Three-particle collinear C2 anomalous dimension

Zc
Aµξαξβ ,Aνξα′ξβ′

(x1, x2, y1, y2) =

−(1 + Jg(p2
1)−1Jq(p2

2)−1Jq(p2
3)−1)δ(x1 − y1)δ(x2 − y2) δαα

′
δββ
′
gµν⊥

+
1

1− y2
δ(x2 − y2)δββ

′
Zc
Aµξα,Aνξα′

(
x1

1− x2
,

y1

1− y2

)
+

1
1− y1

δ(x1 − y1)gµν⊥ Zc
ξαξβ ,ξα

′
ξβ
′

(
x2

1− x1
,

y2

1− y1

)
+

1
1− y3

δ(x3 − y3)δαα
′
Zc
Aµξβ ,Aνξβ′

(
x1

1− x3
,

y1

1− y3

)

• At one-loop only two of the three lines can be connected.

• Anomalous dimension is a sum ofO(λ) B1 anomalous dimensions for all pairs of lines
with rescaled momentum fractions, since now x1 + x2 + x3 = 1, y1 + y2 + y3 = 1.
First line removes graphs counted twice in the sum over pairs.
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Summary & outlook

I Categorization of general basis of sub-leading power N-jet operators

II Computed the one-loop anomalous dimension matrices (kernels)

III Observables at NLP

dσ =
∑
a,b

CaC?b ⊗ Jab ⊗ Sab

Soft functions contain field strength (or covariant derivative) insertions, e.g.

〈soft|
[ N∏

i=1

ni∏
ki=1

Yiki (0)

]
(Y†k nµk−Fµ⊥kYk)(s1nk−)(Y†l nνl−Fν⊥lYl)(s2nl−)|Ω〉

IV Solving the RGE: For a given process project on a spin and colour basis.
Within a given collinear sector multi-variable integro-differential equations similar
to higher-twist light-cone processes.

Log summation
with ADM of NLP
N-jet operators.

Subleading jet and
soft functions from
time-ordered products.
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