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Motivation
Two-loop jet functions have been widely used!


• Resummation of various jet shapes @ N3LL & N3LL’

• thrust Becher, Schwartz, ’08; Abbate, Fickinger, Hoang, Mateu, Stewart ’10


• heavy jet mass Chein, Schwartz, ’10 

• thrust cumulant Abbate, Fickinger, Hoang, Mateu, Stewart ’12


• C-parameter Hoang, Kolodrubetz, Matue, Stewart, ’14 ,’15

Becher, Neubert, ’06; Becher, Bell, ’10

Important for precise determination of       !↵s
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Hoang, Kolodrubetz, Matue, Stewart, ’14 

non-logarithmic 

term @N3LO



Motivation
• Resummation and fixed order expansion of threshold 

logarithm

• DIS in threshold region 


• pT spectra of W/Z/Higgs near partonic threshold 


• Fixed order calculation @ NNLO

• Top decay Gao, Li, Zhu, ’12 

• W/Z/Higgs+jet

• t-channel single top Berger, Gao, Yuan, Zhu, ’16,’17


General description:  N-jettiness subtraction 

Boughezal, Focke, Giele, Liu, Petriello, et al. ’15,’16

Becher, Bell, Lorentzen, Marti, 13

Boughezal, Focke, Liu, Petriello, ’15;  Gaunt, Stahlhofen, Tackmann, Walsh, ’15

x ! 1
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Becher, Neubert, Pecjak ’06



N-jettiness subtraction
⌧N =

2

Q2

X

k

min {qa · pk, qb · pk, q1 · pk, ..., qN · pk}
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Z
dtaBa(ta, xa, µ)

Z
dtbBb(tb, xb, µ)
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<latexit sha1_base64="xKTgw6zk+bwouFFimlCPgG374Js=">AAACAHicbZBPS8MwGMbT+W/Of1UvgpfgEDyNVgT1IAy9eJIJ1g3WUtIs3cKStCSpMEq9+FW8eFDx6sfw5rcx23rQzQcCP573fXnzPlHKqNKO821VFhaXlleqq7W19Y3NLXt7514lmcTEwwlLZCdCijAqiKepZqSTSoJ4xEg7Gl6N6+0HIhVNxJ0epSTgqC9oTDHSxgrtPT+WCOc9X9E+R4UBjbLwprgI7brTcCaC8+CWUAelWqH95fcSnHEiNGZIqa7rpDrIkdQUM1LU/EyRFOEh6pOuQYE4UUE+uaCAh8bpwTiR5gkNJ+7viRxxpUY8Mp0c6YGarY3N/2rdTMdnQU5Fmmki8HRRnDGoEziOA/aoJFizkQGEJTV/hXiATCTahFYzIbizJ8+Dd9w4b7i3J/XmZZlGFeyDA3AEXHAKmuAatIAHMHgEz+AVvFlP1ov1bn1MWytWObML/sj6/AF8rpcc</latexit><latexit sha1_base64="xKTgw6zk+bwouFFimlCPgG374Js=">AAACAHicbZBPS8MwGMbT+W/Of1UvgpfgEDyNVgT1IAy9eJIJ1g3WUtIs3cKStCSpMEq9+FW8eFDx6sfw5rcx23rQzQcCP573fXnzPlHKqNKO821VFhaXlleqq7W19Y3NLXt7514lmcTEwwlLZCdCijAqiKepZqSTSoJ4xEg7Gl6N6+0HIhVNxJ0epSTgqC9oTDHSxgrtPT+WCOc9X9E+R4UBjbLwprgI7brTcCaC8+CWUAelWqH95fcSnHEiNGZIqa7rpDrIkdQUM1LU/EyRFOEh6pOuQYE4UUE+uaCAh8bpwTiR5gkNJ+7viRxxpUY8Mp0c6YGarY3N/2rdTMdnQU5Fmmki8HRRnDGoEziOA/aoJFizkQGEJTV/hXiATCTahFYzIbizJ8+Dd9w4b7i3J/XmZZlGFeyDA3AEXHAKmuAatIAHMHgEz+AVvFlP1ov1bn1MWytWObML/sj6/AF8rpcc</latexit><latexit sha1_base64="xKTgw6zk+bwouFFimlCPgG374Js=">AAACAHicbZBPS8MwGMbT+W/Of1UvgpfgEDyNVgT1IAy9eJIJ1g3WUtIs3cKStCSpMEq9+FW8eFDx6sfw5rcx23rQzQcCP573fXnzPlHKqNKO821VFhaXlleqq7W19Y3NLXt7514lmcTEwwlLZCdCijAqiKepZqSTSoJ4xEg7Gl6N6+0HIhVNxJ0epSTgqC9oTDHSxgrtPT+WCOc9X9E+R4UBjbLwprgI7brTcCaC8+CWUAelWqH95fcSnHEiNGZIqa7rpDrIkdQUM1LU/EyRFOEh6pOuQYE4UUE+uaCAh8bpwTiR5gkNJ+7viRxxpUY8Mp0c6YGarY3N/2rdTMdnQU5Fmmki8HRRnDGoEziOA/aoJFizkQGEJTV/hXiATCTahFYzIbizJ8+Dd9w4b7i3J/XmZZlGFeyDA3AEXHAKmuAatIAHMHgEz+AVvFlP1ov1bn1MWytWObML/sj6/AF8rpcc</latexit><latexit sha1_base64="xKTgw6zk+bwouFFimlCPgG374Js=">AAACAHicbZBPS8MwGMbT+W/Of1UvgpfgEDyNVgT1IAy9eJIJ1g3WUtIs3cKStCSpMEq9+FW8eFDx6sfw5rcx23rQzQcCP573fXnzPlHKqNKO821VFhaXlleqq7W19Y3NLXt7514lmcTEwwlLZCdCijAqiKepZqSTSoJ4xEg7Gl6N6+0HIhVNxJ0epSTgqC9oTDHSxgrtPT+WCOc9X9E+R4UBjbLwprgI7brTcCaC8+CWUAelWqH95fcSnHEiNGZIqa7rpDrIkdQUM1LU/EyRFOEh6pOuQYE4UUE+uaCAh8bpwTiR5gkNJ+7viRxxpUY8Mp0c6YGarY3N/2rdTMdnQU5Fmmki8HRRnDGoEziOA/aoJFizkQGEJTV/hXiATCTahFYzIbizJ8+Dd9w4b7i3J/XmZZlGFeyDA3AEXHAKmuAatIAHMHgEz+AVvFlP1ov1bn1MWytWObML/sj6/AF8rpcc</latexit>

In the limit         , all the radiations should be soft or collinear to a 
beam or jet axis, and the cross section can be factorized in SCET

N-jettiness:

Phase space cut:

resolved, IR safe

@ NLO,   resolved part = X+1 jet @ LO

@ NNLO, resolved part = X+1 jet @ NLO

@ N3LO,  resolved part = X+1 jet @ NNLO

unresolved, IR safe

Tackmann, Stewart, Waalewijn, ’10

+O(⌧N )
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Definition

nµ

n̄µ

qµ ∼ (λ2, 1,λ)

nµ

n̄µ

qµ ∼ (λ2, 1,λ)

qµ = (n · q)
n̄µ

2
+ (n̄ · q)

nµ

2
+ qµ? = (q+, q�, q?)
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Wilson LineW (x) = P exp

✓
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ds n̄ ·A(x+ sn̄)
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J(p2, µ) =
1

⇡
Im

⇥
iJ (p2, µ)

⇤
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Methods
• Generate 3-loop Feynman diagrams and amplitudes


• Feynman Gauge, QCD Feynman rules

 QGRAF Nogueria '13 & Private codes by Brüser


• more than 600 diagrams and 8000 scalar Feynman integrals

• Reduction of Feynman integrals


• IBP reduction FIRE5, A. Smirnov ’14

• 33 master integrals (MIs)


• MIs calculation

• Mellin-Barnes + PSLQ Arno, Bailey, Ferguson, ’99 


MB.m Czakon ’05; MBresolve A.Smirnov, V. Smirnov ’09

• Dimensional Recurrence 


LiteRed Lee ’12 , HyperInt Panzer ’15



• All the Feynman integrals can be mapped to the 
following topologies

Feynman diagrams



Dimensional Recurrence
Strategy:

• find a quasi-finite integral            in 6D and 
calculate it (HyperInt)

• find dimensional recurrence relationship to integrals in 
4D (LiteRed)

• IBP reduction (FIRE5)

• solve for 

Fd=6�2✏
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F 6�2✏ =
X

i

↵iF
4�2✏
i

<latexit sha1_base64="wbRoZAMnLjbSi3sFLiCv+hLQv3o="></latexit><latexit sha1_base64="wbRoZAMnLjbSi3sFLiCv+hLQv3o="></latexit><latexit sha1_base64="wbRoZAMnLjbSi3sFLiCv+hLQv3o="></latexit><latexit sha1_base64="wbRoZAMnLjbSi3sFLiCv+hLQv3o="></latexit>

F 6�2✏ =
X

i

�iG
4�2✏
i + ca G

4�2✏
a

<latexit sha1_base64="zzqQlCUMnBfHvRbDAyyTFrjxh8A="></latexit><latexit sha1_base64="zzqQlCUMnBfHvRbDAyyTFrjxh8A="></latexit><latexit sha1_base64="zzqQlCUMnBfHvRbDAyyTFrjxh8A="></latexit><latexit sha1_base64="zzqQlCUMnBfHvRbDAyyTFrjxh8A="></latexit>

Manteuffel, Panzer, Schabinger, ’14 ’15

MIs with less propagators

want MI

G4�2✏
a

<latexit sha1_base64="BLA9lzdyXGW9vPAJ03ekS5kDUDU=">AAAB+XicdVDLTsJAFJ3iC/EFunQzkZi4sWkLWNgRXegSExESqGQ6TGHCdNrMTDWk8iluXKhx65+4828cHiZq9CQ3OTnn3tx7jx8zKpVlfRiZpeWV1bXsem5jc2t7J1/YvZZRIjBp4ohFou0jSRjlpKmoYqQdC4JCn5GWPzqb+q1bIiSN+JUax8QL0YDTgGKktNTLF8576CYtHztdEkvKIj7p5YuWaZXKJ7UqtMyS5bqOo4lbrpTsCrRNa4YiWKDRy793+xFOQsIVZkjKjm3FykuRUBQzMsl1E0lihEdoQDqachQS6aWz0yfwUCt9GERCF1dwpn6fSFEo5Tj0dWeI1FD+9qbiX14nUUHVSymPE0U4ni8KEgZVBKc5wD4VBCs21gRhQfWtEA+RQFjptHI6hK9P4f+k6Zg1074sF+unizSyYB8cgCNgAxfUwQVogCbA4A48gCfwbNwbj8aL8TpvzRiLmT3wA8bbJ37Lk7s=</latexit><latexit sha1_base64="BLA9lzdyXGW9vPAJ03ekS5kDUDU=">AAAB+XicdVDLTsJAFJ3iC/EFunQzkZi4sWkLWNgRXegSExESqGQ6TGHCdNrMTDWk8iluXKhx65+4828cHiZq9CQ3OTnn3tx7jx8zKpVlfRiZpeWV1bXsem5jc2t7J1/YvZZRIjBp4ohFou0jSRjlpKmoYqQdC4JCn5GWPzqb+q1bIiSN+JUax8QL0YDTgGKktNTLF8576CYtHztdEkvKIj7p5YuWaZXKJ7UqtMyS5bqOo4lbrpTsCrRNa4YiWKDRy793+xFOQsIVZkjKjm3FykuRUBQzMsl1E0lihEdoQDqachQS6aWz0yfwUCt9GERCF1dwpn6fSFEo5Tj0dWeI1FD+9qbiX14nUUHVSymPE0U4ni8KEgZVBKc5wD4VBCs21gRhQfWtEA+RQFjptHI6hK9P4f+k6Zg1074sF+unizSyYB8cgCNgAxfUwQVogCbA4A48gCfwbNwbj8aL8TpvzRiLmT3wA8bbJ37Lk7s=</latexit><latexit sha1_base64="BLA9lzdyXGW9vPAJ03ekS5kDUDU=">AAAB+XicdVDLTsJAFJ3iC/EFunQzkZi4sWkLWNgRXegSExESqGQ6TGHCdNrMTDWk8iluXKhx65+4828cHiZq9CQ3OTnn3tx7jx8zKpVlfRiZpeWV1bXsem5jc2t7J1/YvZZRIjBp4ohFou0jSRjlpKmoYqQdC4JCn5GWPzqb+q1bIiSN+JUax8QL0YDTgGKktNTLF8576CYtHztdEkvKIj7p5YuWaZXKJ7UqtMyS5bqOo4lbrpTsCrRNa4YiWKDRy793+xFOQsIVZkjKjm3FykuRUBQzMsl1E0lihEdoQDqachQS6aWz0yfwUCt9GERCF1dwpn6fSFEo5Tj0dWeI1FD+9qbiX14nUUHVSymPE0U4ni8KEgZVBKc5wD4VBCs21gRhQfWtEA+RQFjptHI6hK9P4f+k6Zg1074sF+unizSyYB8cgCNgAxfUwQVogCbA4A48gCfwbNwbj8aL8TpvzRiLmT3wA8bbJ37Lk7s=</latexit><latexit sha1_base64="BLA9lzdyXGW9vPAJ03ekS5kDUDU=">AAAB+XicdVDLTsJAFJ3iC/EFunQzkZi4sWkLWNgRXegSExESqGQ6TGHCdNrMTDWk8iluXKhx65+4828cHiZq9CQ3OTnn3tx7jx8zKpVlfRiZpeWV1bXsem5jc2t7J1/YvZZRIjBp4ohFou0jSRjlpKmoYqQdC4JCn5GWPzqb+q1bIiSN+JUax8QL0YDTgGKktNTLF8576CYtHztdEkvKIj7p5YuWaZXKJ7UqtMyS5bqOo4lbrpTsCrRNa4YiWKDRy793+xFOQsIVZkjKjm3FykuRUBQzMsl1E0lihEdoQDqachQS6aWz0yfwUCt9GERCF1dwpn6fSFEo5Tj0dWeI1FD+9qbiX14nUUHVSymPE0U4ni8KEgZVBKc5wD4VBCs21gRhQfWtEA+RQFjptHI6hK9P4f+k6Zg1074sF+unizSyYB8cgCNgAxfUwQVogCbA4A48gCfwbNwbj8aL8TpvzRiLmT3wA8bbJ37Lk7s=</latexit>



An example

= +

++

+

=

C1 C2

C3

C5

C4

d = 4� 2✏
<latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit>

d = 6� 2✏
<latexit sha1_base64="5gl/TloG8VggyeN3VbQTh6SehNM=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgxjJTxMdCKLpxWcHaQjuUTCbThmaSMckUytDvcONCxa0/486/MX0I9XXgwuGce7mHEyScaeO6H05uYXFpeSW/Wlhb39jcKm7v3GmZKkLrRHKpmgHWlDNB64YZTpuJojgOOG0E/aux3xhQpZkUt2aYUD/GXcEiRrCxkh9enBxV2jTRjEvRKZa8sjsBcn+RL6sEM9Q6xfd2KEkaU2EIx1q3PDcxfoaVYYTTUaGdappg0sdd2rJU4JhqP5uEHqEDq4QoksqOMGiizl9kONZ6GAd2M8amp396Y/Evr5Wa6MzPmEhSQwWZPopSjoxE4wZQyBQlhg8twUQxmxWRHlaYGNtTYb6E/0m9Uj4vezfHperlrI087ME+HIIHp1CFa6hBHQjcwwM8wbMzcB6dF+d1uppzZje78A3O2ydT6pFd</latexit><latexit sha1_base64="5gl/TloG8VggyeN3VbQTh6SehNM=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgxjJTxMdCKLpxWcHaQjuUTCbThmaSMckUytDvcONCxa0/486/MX0I9XXgwuGce7mHEyScaeO6H05uYXFpeSW/Wlhb39jcKm7v3GmZKkLrRHKpmgHWlDNB64YZTpuJojgOOG0E/aux3xhQpZkUt2aYUD/GXcEiRrCxkh9enBxV2jTRjEvRKZa8sjsBcn+RL6sEM9Q6xfd2KEkaU2EIx1q3PDcxfoaVYYTTUaGdappg0sdd2rJU4JhqP5uEHqEDq4QoksqOMGiizl9kONZ6GAd2M8amp396Y/Evr5Wa6MzPmEhSQwWZPopSjoxE4wZQyBQlhg8twUQxmxWRHlaYGNtTYb6E/0m9Uj4vezfHperlrI087ME+HIIHp1CFa6hBHQjcwwM8wbMzcB6dF+d1uppzZje78A3O2ydT6pFd</latexit><latexit sha1_base64="5gl/TloG8VggyeN3VbQTh6SehNM=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgxjJTxMdCKLpxWcHaQjuUTCbThmaSMckUytDvcONCxa0/486/MX0I9XXgwuGce7mHEyScaeO6H05uYXFpeSW/Wlhb39jcKm7v3GmZKkLrRHKpmgHWlDNB64YZTpuJojgOOG0E/aux3xhQpZkUt2aYUD/GXcEiRrCxkh9enBxV2jTRjEvRKZa8sjsBcn+RL6sEM9Q6xfd2KEkaU2EIx1q3PDcxfoaVYYTTUaGdappg0sdd2rJU4JhqP5uEHqEDq4QoksqOMGiizl9kONZ6GAd2M8amp396Y/Evr5Wa6MzPmEhSQwWZPopSjoxE4wZQyBQlhg8twUQxmxWRHlaYGNtTYb6E/0m9Uj4vezfHperlrI087ME+HIIHp1CFa6hBHQjcwwM8wbMzcB6dF+d1uppzZje78A3O2ydT6pFd</latexit><latexit sha1_base64="5gl/TloG8VggyeN3VbQTh6SehNM=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgxjJTxMdCKLpxWcHaQjuUTCbThmaSMckUytDvcONCxa0/486/MX0I9XXgwuGce7mHEyScaeO6H05uYXFpeSW/Wlhb39jcKm7v3GmZKkLrRHKpmgHWlDNB64YZTpuJojgOOG0E/aux3xhQpZkUt2aYUD/GXcEiRrCxkh9enBxV2jTRjEvRKZa8sjsBcn+RL6sEM9Q6xfd2KEkaU2EIx1q3PDcxfoaVYYTTUaGdappg0sdd2rJU4JhqP5uEHqEDq4QoksqOMGiizl9kONZ6GAd2M8amp396Y/Evr5Wa6MzPmEhSQwWZPopSjoxE4wZQyBQlhg8twUQxmxWRHlaYGNtTYb6E/0m9Uj4vezfHperlrI087ME+HIIHp1CFa6hBHQjcwwM8wbMzcB6dF+d1uppzZje78A3O2ydT6pFd</latexit>

d = 4� 2✏
<latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit><latexit sha1_base64="JBZwa/C5JAIjfnDk8QlFOPyYBnM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyWgnoQil48VnBtoV1KNpttQ7PJmmQLpfR3ePGg4tU/481/Y9ruQVsfDDzem2FmXphypo3rfjsrq2vrG5uFreL2zu7efung8FHLTBHqE8mlaoVYU84E9Q0znLZSRXESctoMB7dTvzmkSjMpHswopUGCe4LFjGBjpSC6rp1XOzTVjEvRLZXdijsDWiZeTsqQo9EtfXUiSbKECkM41rrtuakJxlgZRjidFDuZpikmA9yjbUsFTqgOxrOjJ+jUKhGKpbIlDJqpvyfGONF6lIS2M8Gmrxe9qfif185MfBmMmUgzQwWZL4ozjoxE0wRQxBQlho8swUQxeysifawwMTanog3BW3x5mfjVylXFu6+V6zd5GgU4hhM4Aw8uoA530AAfCDzBM7zCmzN0Xpx352PeuuLkM0fwB87nD09RkVo=</latexit>
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<latexit sha1_base64="seqtdHpIkS65JV7JQfbIvm98RNk="></latexit><latexit sha1_base64="seqtdHpIkS65JV7JQfbIvm98RNk="></latexit><latexit sha1_base64="seqtdHpIkS65JV7JQfbIvm98RNk="></latexit><latexit sha1_base64="seqtdHpIkS65JV7JQfbIvm98RNk="></latexit>
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<latexit sha1_base64="nOLH1fgPTEtD2LUEEB9Lwc+2Mq8="></latexit><latexit sha1_base64="nOLH1fgPTEtD2LUEEB9Lwc+2Mq8="></latexit><latexit sha1_base64="nOLH1fgPTEtD2LUEEB9Lwc+2Mq8="></latexit><latexit sha1_base64="nOLH1fgPTEtD2LUEEB9Lwc+2Mq8="></latexit>

with HyperInt with LiteRed and FIRE5



Preliminary Result in Laplace space
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<latexit sha1_base64="++NwX/6Cdh3AQsoxxzvRFsrcWTo="></latexit><latexit sha1_base64="++NwX/6Cdh3AQsoxxzvRFsrcWTo="></latexit><latexit sha1_base64="++NwX/6Cdh3AQsoxxzvRFsrcWTo="></latexit><latexit sha1_base64="++NwX/6Cdh3AQsoxxzvRFsrcWTo="></latexit>

Becher, Schwartz, ’08
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⌘

<latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit>
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<latexit sha1_base64="npu46vwgmx+tSZlJVI6wJqD8JZg="></latexit><latexit sha1_base64="npu46vwgmx+tSZlJVI6wJqD8JZg="></latexit><latexit sha1_base64="npu46vwgmx+tSZlJVI6wJqD8JZg="></latexit><latexit sha1_base64="npu46vwgmx+tSZlJVI6wJqD8JZg="></latexit>



Preliminary Result in Laplace space
cJ3 =C3
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⌘

<latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit>

CF =
N2

c � 1

2Nc
, CA = Nc

<latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit>
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<latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit>
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<latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit>

        ,            and             are calculated to 20 digits, here we only show 
the analytical result for leading color factor
cJ3,C3

F
<latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit>

cJ3,C2
FCA

<latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit>

cJ3,CFC2
A

<latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit>



Preliminary Result in Laplace space
cJ3 =C3

F cJ3,C3
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⌘

<latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit><latexit sha1_base64="Kz3hLJK2/hffuYnoa8ReBWA2Tu0="></latexit>

CF =
N2

c � 1

2Nc
, CA = Nc

<latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit><latexit sha1_base64="MAencTos7II+eeBU6SbNP6emU1c=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARutCSFEFdFKoFcSUVrC00MUymk3boZJLOTIQS+gpufBU3LlTcunTn2zi9LLT1h4GP/5zDmfP7MaNSWda3kVlYXFpeya7m1tY3NrfM7Z07GSUCkzqOWCSaPpKEUU7qiipGmrEgKPQZafi96qjeeCBC0ojfqkFM3BB1OA0oRkpbnlmoepdlJxAIp9cevi8d2cO0pGl4CJ1+P0FtWPXOy9rwzLxVtMaC82BPIQ+mqnnml9OOcBISrjBDUrZsK1ZuioSimJFhzkkkiRHuoQ5paeQoJNJNxxcN4YF22jCIhH5cwbH7eyJFoZSD0NedIVJdOVsbmf/VWokKTt2U8jhRhOPJoiBhUEVwFA9sU0GwYgMNCAuq/wpxF+l4lA4xp0OwZ0+eh3qpeFa0b47zlYtpGlmwB/ZBAdjgBFTAFaiBOsDgETyDV/BmPBkvxrvxMWnNGNOZXfBHxucPAVqbcA==</latexit>

cJ3,N3
c
=
620⇣23
9

+
937⇡2⇣3

54
� 868261⇣3

1944
+

277⇣5
9

+
1016⇡6

25515

+
11173⇡4

4860
� 5042831⇡2

69984
+

276912037

419904
⇡10.94660297

<latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit><latexit sha1_base64="GzRFSHXmGIFN5yrvjJdnC5eNIrw="></latexit>

cJ3,CFT 2
Fn2

f
=
53600⇣3
243

� 424⇡4

405
+

5404⇡2

81
� 4340018

6561

cJ3,C2
FTFnf

=� 32

27
⇡2⇣3 +

11932⇣3
81

+
32⇣5
3

� 3296⇡4

1215
+

13951⇡2

243
� 261587

486

cJ3,CFCATFnf
=� 88

27
⇡2⇣3 +

8620⇣3
81

+
32⇣5
3

+
8⇡4

135
+

68869⇡2

2187
� 2942843

6561
<latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit><latexit sha1_base64="u88ntUaFoLOKXeJHP9NbQB8DrN8="></latexit>

        ,            and             are calculated to 20 digits, here we only show 
the analytical result for leading color factor
cJ3,C3

F
<latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit><latexit sha1_base64="xFwARnWCKMRc7XchZF9zRxYBSJc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJYQb0VCyKeKhhbaNOw2W7bpZtN3N0USujv8OJBxat/xpv/xm2bg7Y+GHi8N8PMvCDmTGnb/raWlldW19ZzG/nNre2d3cLe/qOKEkmoSyIeyUaAFeVMUFczzWkjlhSHAaf1YFCd+PUhlYpF4kGPYuqFuCdYlxGsjeQRPy2fVv2bdnncvvMLRbtkT4EWiZORImSo+YWvViciSUiFJhwr1XTsWHsplpoRTsf5VqJojMkA92jTUIFDqrx0evQYHRulg7qRNCU0mqq/J1IcKjUKA9MZYt1X895E/M9rJrp76aVMxImmgswWdROOdIQmCaAOk5RoPjIEE8nMrYj0scREm5zyJgRn/uVF4p6VrkrO/Xmxcp2lkYNDOIITcOACKnALNXCBwBM8wyu8WUPrxXq3PmatS1Y2cwB/YH3+ANf+kQo=</latexit>

cJ3,C2
FCA

<latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit><latexit sha1_base64="WVGfQ+7Qs7mF+9lbvsfBqVl5ulc=">AAAB+HicbVBNS8NAEJ34WetX1KOXYBE8SEmqoN6qBRFPFYwttGnYbDft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpAwKpVtfxtLyyura+uFjeLm1vbOrrm3/yTjVGDi4pjFohkgSRjlxFVUMdJMBEFRwEgjGNQmfmNIhKQxf1SjhHgR6nEaUoyUlnzTxH52dlrzbzuVmn897tz7Zsku21NYi8TJSQly1H3zq92NcRoRrjBDUrYcO1FehoSimJFxsZ1KkiA8QD3S0pSjiEgvm14+to610rXCWOjiypqqvycyFEk5igLdGSHVl/PeRPzPa6UqvPQyypNUEY5ni8KUWSq2JjFYXSoIVmykCcKC6lst3EcCYaXDKuoQnPmXF4lbKV+VnYfzUvUmT6MAh3AEJ+DABVThDurgAoYhPMMrvBmZ8WK8Gx+z1iUjnzmAPzA+fwAhRJI7</latexit>

cJ3,CFC2
A

<latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit><latexit sha1_base64="VsUMvwH2v3ggJrLon3svIvzJs7k=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFdRbtSDiqYKxQpuGzXbbLt18sLtRSuxP8eJBxav/xJv/xm2bg7Y+GHi8N8PMPD/mTCrL+jZyC4tLyyv51cLa+sbmllncvpNRIgh1SMQjce9jSTkLqaOY4vQ+FhQHPqcNf1Ab+40HKiSLwls1jKkb4F7IuoxgpSXPLBIvPTqseZeo5p23K6P2tWeWrLI1AZondkZKkKHumV+tTkSSgIaKcCxl07Zi5aZYKEY4HRVaiaQxJgPco01NQxxQ6aaT00doXysd1I2ErlChifp7IsWBlMPA150BVn05643F/7xmorqnbsrCOFE0JNNF3YQjFaFxDqjDBCWKDzXBRDB9KyJ9LDBROq2CDsGefXmeOJXyWdm+OS5VL7I08rALe3AANpxAFa6gDg4QeIRneIU348l4Md6Nj2lrzshmduAPjM8fel6SZQ==</latexit>

53.380n2
f � 118.23nf + 228.97

<latexit sha1_base64="F3lodv9zAOFsWaU5xvRTExaQHPY=">AAACBnicdVDLSsNAFJ3UV62vqEtBBosgiCFJlaa7ohuXFYwV2hgm00k7dDIJMxOhlO7c+CtuXKi49Rvc+TcmbYX6OnDhzDn3cueeIGFUKtP80Apz8wuLS8Xl0srq2vqGvrl1JeNUYOLimMXiOkCSMMqJq6hi5DoRBEUBI82gf5b7zVsiJI35pRokxItQl9OQYqQyydd3TypGxTEh98Mb+8iyHMOu5I9D23aMWtXXy5ZhjgHNX+TLKoMpGr7+3u7EOI0IV5ghKVuWmShviISimJFRqZ1KkiDcR13SyihHEZHecHzHCO5nSgeGsciKKzhWZyeGKJJyEAVZZ4RUT/70cvEvr5Wq0PGGlCepIhxPFoUpgyqGeSiwQwXBig0ygrCg2V8h7iGBsMqiK82G8D9xbaNmWBfH5frpNI0i2AF74ABYoArq4Bw0gAswuAMP4Ak8a/fao/aivU5aC9p0Zht8g/b2CYI5lNI=</latexit><latexit sha1_base64="F3lodv9zAOFsWaU5xvRTExaQHPY=">AAACBnicdVDLSsNAFJ3UV62vqEtBBosgiCFJlaa7ohuXFYwV2hgm00k7dDIJMxOhlO7c+CtuXKi49Rvc+TcmbYX6OnDhzDn3cueeIGFUKtP80Apz8wuLS8Xl0srq2vqGvrl1JeNUYOLimMXiOkCSMMqJq6hi5DoRBEUBI82gf5b7zVsiJI35pRokxItQl9OQYqQyydd3TypGxTEh98Mb+8iyHMOu5I9D23aMWtXXy5ZhjgHNX+TLKoMpGr7+3u7EOI0IV5ghKVuWmShviISimJFRqZ1KkiDcR13SyihHEZHecHzHCO5nSgeGsciKKzhWZyeGKJJyEAVZZ4RUT/70cvEvr5Wq0PGGlCepIhxPFoUpgyqGeSiwQwXBig0ygrCg2V8h7iGBsMqiK82G8D9xbaNmWBfH5frpNI0i2AF74ABYoArq4Bw0gAswuAMP4Ak8a/fao/aivU5aC9p0Zht8g/b2CYI5lNI=</latexit><latexit sha1_base64="F3lodv9zAOFsWaU5xvRTExaQHPY=">AAACBnicdVDLSsNAFJ3UV62vqEtBBosgiCFJlaa7ohuXFYwV2hgm00k7dDIJMxOhlO7c+CtuXKi49Rvc+TcmbYX6OnDhzDn3cueeIGFUKtP80Apz8wuLS8Xl0srq2vqGvrl1JeNUYOLimMXiOkCSMMqJq6hi5DoRBEUBI82gf5b7zVsiJI35pRokxItQl9OQYqQyydd3TypGxTEh98Mb+8iyHMOu5I9D23aMWtXXy5ZhjgHNX+TLKoMpGr7+3u7EOI0IV5ghKVuWmShviISimJFRqZ1KkiDcR13SyihHEZHecHzHCO5nSgeGsciKKzhWZyeGKJJyEAVZZ4RUT/70cvEvr5Wq0PGGlCepIhxPFoUpgyqGeSiwQwXBig0ygrCg2V8h7iGBsMqiK82G8D9xbaNmWBfH5frpNI0i2AF74ABYoArq4Bw0gAswuAMP4Ak8a/fao/aivU5aC9p0Zht8g/b2CYI5lNI=</latexit><latexit sha1_base64="F3lodv9zAOFsWaU5xvRTExaQHPY=">AAACBnicdVDLSsNAFJ3UV62vqEtBBosgiCFJlaa7ohuXFYwV2hgm00k7dDIJMxOhlO7c+CtuXKi49Rvc+TcmbYX6OnDhzDn3cueeIGFUKtP80Apz8wuLS8Xl0srq2vqGvrl1JeNUYOLimMXiOkCSMMqJq6hi5DoRBEUBI82gf5b7zVsiJI35pRokxItQl9OQYqQyydd3TypGxTEh98Mb+8iyHMOu5I9D23aMWtXXy5ZhjgHNX+TLKoMpGr7+3u7EOI0IV5ghKVuWmShviISimJFRqZ1KkiDcR13SyihHEZHecHzHCO5nSgeGsciKKzhWZyeGKJJyEAVZZ4RUT/70cvEvr5Wq0PGGlCepIhxPFoUpgyqGeSiwQwXBig0ygrCg2V8h7iGBsMqiK82G8D9xbaNmWBfH5frpNI0i2AF74ABYoArq4Bw0gAswuAMP4Ak8a/fao/aivU5aC9p0Zht8g/b2CYI5lNI=</latexit>



Cross Checks

• check MIs with FIESTA4 and pySecDec numerically


• Mellin-Barnes vs dimensional recurrence


• RG equation 


• gauge invariance: calculate jet function in     gaugeR!
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Summary & Outlook

• We obtain a preliminary result of quark jet 

function @ N3LO


• reduce the theoretical uncertainty for jet shapes


• important ingredient to construct N-jettiness 

subtraction terms @N3LO 


• gluon jet function @ N3LO



Thank you!



Consider a Feynman integral as a function of n integer 
indices

Backup:IBP Reduction

F (a1, ..., an) =

Z
...

Z
ddk1...ddkl
Ea1

1 ...Ean
n
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X
↵iF (a1 + bi,1, ..., an + bi,n) = 0
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!
...

!
ddk1...ddkl

!
! ki

"
pj

1
Ea1

1 ...Ean
n

#
= 0
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The integration by parts relations

can be expressed in following form

In this work, IBP reduction is performed by FIRE5 
automatically


