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Introduction and Motivation

* Factorization formula in boosted regime
- Separates short and long distance physics
- Enables resummation of large logs
* Broad range of applications
- Several QCD processes
- Flavor physics (B decays, ...)
— Collider physics (event shapes, asdetermination, ...)
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Introduction and Motivation

* Mass effects of primary produced quarks:
- In SCET region mainly contained in jet function

« Example: Tail region in thrust distribution of e*e~ - tt
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Introduction and Motivation

» Status of two-loop quark jet function (jet mass measurement):

£
£
£
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- MaSSIGSS [Becher, Neubert (‘06)]

- MaSSive (Secondary) [Gritschacher et al. (‘13)]
- bHQET [Jain et al. (‘08)]
- Massive (primary) — Missing

* Primary massive:

— Last missing piece for N3LL resummation with full quark
mass dependence for some event shapes: top mass
calibration, o

- Universal — also used in DIS, pp, ...
— Interesting to study SCET <~ bHQET transition
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Calculation

* SCET jet function in n-direction: s=p2 —m?+i0
1
2 _ . 2
J(S m ,,u) _ —Im [Zj(sjm ,,u)] Jet field (gauge invariant)

K p T (s.m 2 ) = / de % (O[T {x(0)x(x)}/0)

* Afirst simplification (already used in massless calculation secher, neubert 2006)) :
Rewrite in standard QCD fields:

”iﬁ pJ(s,m?, ) = /d:z: e TP <0‘T{@W*(o)w(o)zﬂxw(x)%} 0>

0
W(x):Pexp[z’g/ dsﬁ-A(x+3ﬁ)] R P i

1-loop: m%% | é@é@%%

s =2 Y/ 0 o
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2-Loop: 23 Diagrams in Feynman Gauge
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Calculation — Two Integral Topologies

* Dirac structure and other simplifications: FORM (ruiietal. ¢17)

* Most general integral:

dy. qd 1
/d ked™e [—k2]ar[—2]02[—(k — £)2]e3[—(p + k)2 + m2]01 [—(p + £)2 + m2]02[—(p + k + £)2 + m2]bs[—n - k|1 [—n - £]c

= _ﬂ-d(_s>d_a1_a2_a3_b1_b2_b3 (ﬁ : p)_01_C2J(a'17 az,as, b17 b27 b37 C1, 02)

B = (0 = m?) = (k= 1P 4 ((p+ 0 =)+ ()P = ) = (p+ b+ D = m) =0

“Topology A" “Topology B”

1 1

R e e R T e e e e R e e T = TS o i

e
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Calculation — Two Integral Topologies

* Topology A:

- Presentin 17 (planar) diagrams m@é\ “%% g
i | &

— Solution in terms of HPLs
- O(N?)

« Topology B: % m

- Present in 4 diagrams

- Color structure: C% — CrCy4/2 = O(NY) ZE%%
e Subleading in large Nc (2 orders) W

— Much harder to compute (more on that later)

— Consider Topology A first
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Calculation — Topology A/Large Nc

* Use IBP reduction (FIRE smimov(137): ~110 Integrals — 7 Master Integrals (MIs)
- 5 solved with standard Feynman parametrization:

a0 o @ O ¢ . I

- solved with [Kotikov (‘91)]

N N

* Functional structures: PolyLogs up to weight 4

e Checked numerically by sector decomposition (FIESTA smimov (13, SecDecC sorowka et al. (17)))
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M =

- Differentiate Mls of interest wrt. x = —m?/p® and reduce outcome to Mls Ml =~
—MI6 Z Li(z) 2 Y &MI(z) —MI7 Z dili(z) = Y d;MI (@)
J J

- All Ml solutlons except for MIg and MI; known from Feynman parametrlzation - Insert

* Solving MIs by using differential equations:

- Decouple ODEs to get separate equation for MIg
CoMIG () + e1MIg () + oMl (x) + f(z) =

- Solve ODEs order by order in e: MIg = Y MIg'e’
j=—2

- Simple example for MI%‘”: ~0

}
H(—-1; H(0; 145 _ - —
—”4% + 1(+ f,f) + 1+f 15 () + MIg Y (@) + eMIg YV (2) = 0

// T
1\ _ 4 H(-Lz") 4 1
= Ml; '(z) =7 / da’ —/ da” 1—|—x” —T / da’ —/ dz" 1—|—x” —i—klfo d:c’;—l—k:g
H(0,—1,—1;x) H(0 10;3) T T

Integration constants fixed by massless limit = — 0
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Calculation — Topology A/Large Nc

e Solution:

; | 1% 1/1
| B R _ —2 . .
w = J(0,1,1,1,1,0,1,0) = Mlg = ¢ > [?E + - (6(12L13(—$) + 6Liz(x + 1)

— 6Lig(z 4+ 1) log(x + 1) — 6Lis(—x) log(z) — 3log(—2x) 10g2(az +1) + 7% log(xz + 1) + 15C(3)))

360
+ 540Lis (—z) log®(z) + 360Lia(x 4+ 1) log?(x 4+ 1) — 720Lis(z + 1) log(z + 1) log(x)
— 1800Li3(—x) log(x) + 1440Lis(x 4+ 1) log(x) + 1440Li3(—x) log(x + 1)
— 1440Li3(x + 1) log(x + 1) — 360H (0,0, 1, 1; —x) — 1440((3) log(x) + 1800 (3) log(x + 1)

1
+ (—(900L12(—x)2 + 24072 Liy(—x) 4 2160Lig(—x) + 2160Lig(x + 1)

+ 6072 log?(x 4+ 1) — 12072 log(z + 1) log(z) + 317?4)> + O(e)]

r = —m?/p?
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Calculation — Topology A/Large Nc

e Taking the imaginary part Im[f(z + i0)] = %Disc[f(x +10)]

- Two steps

1) s>0: Looking for branch cuts
— only present in logs, can always be extracted from PolyLogs

— Discllog(—s — i0)] = —2mi

s=p® —m?+i0

. Fix structure
- full expression over small region around 0 and take discontinuity
— deduce distributional structure in terms of and

- Check all intermediate steps numerically
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Example
1 2 111 2 1 2
“Lis (1 + m—) = - [——w%g (—1 - m—) — > log? (—1 - m—) + Li ( i 2)} “l
s S S 6 6 S s+m 1 [m2 2
ZDISC [TLIB (lJrT)}-l—‘
No branch cut for s>0 1
Goes linearly to 0 for s—=0 E
s>0: Log branch cuts
2 [ m? m? s 2 ( s m? s s s
1 1 2 mlog® ( T mlog ( &5 ) log | 5 mlog® ( =5 mlog ( 5 ) log (W+1) mlog (W""l) log ( 5 log2 (-5 41
:>—,Disc{—Lig(1+ﬁ>} _. <I >+ <M) (#)_ (/)_ <u> i (u)_wog (m2—|—)
1 S s 550 2s S 2s S 5 2s
Integrate
1. Aa 11, m? 1. 4 m? 1 . 5 (m? 1 As o (M2 1 . 5 (A m? 1 . 5 (A
_z'DlsC /_A1 ds B (—EW log (—1 — ?) — Elog (—1 — ?)> = Ewlog (F) — §7T10g (E) log (F) e §7rlog (F) log (F) — éwlog <F> + O(As)
Al,A2>0

Deduce full distributional structure:
2 2 2
e > L1 — %71’,60(8) log? (%) + 7L (s)log

1 1 : 1
—Disc [—Lig (1 + m-)] — —rlog? (—2
S S 6 W

i
2
7 log %) log (=2 +1) wlog (% + 1) log (%) 7 log? (32_‘_1)}
+ _ m

+ O(s) [ . %

S

O(s)log" s/u?
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Calculation — Topology A/Large Nc

e Renormalization:

- Mass (pole) and coupling (MS) renormalization straightforward (before
taking imaginary part)

- renormalization

J(s,m?, ) = /ds’Z(s,S’,/L)Jbare(s’,m2,u)

}

Known from massless result -» good check!

- contribution:
J121 = J12) bare + Z[2] + J1],bare © 21

}

Involves convolutions of plus-distributions etc.
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Result — Topology A/Large Nc

* Preliminary large Nc result:

2

T, ) = £a(s) + YN, £ (s (4— i, +L?n> +£o(s)<— 2 — sz) +8L1(s) + @(s)( - 2L’“>]

A 6 2 2(m? + s)? s
2 2 4 2
as(1)\2 1, 1. (1031 572\, 1 , 359¢(3)  23n% 897 155515
SN N2 (s)| S04 4 SL eI I 5 — 24972 L,, — _ _
+( in ) C{£ 1<8)[2 mtoln Ty g ) L g (2883) — 799 4 24277 18 20 54 ' 2592

1
+ Lo(s) 5 (—=54L}, — 180L2, + (637* — 843) L., + 702¢(3) + 1297* — 1310) ]

+ L1(s)

’}/ N

(36L2, + 111L,, — 217* + 290)] + Lo(s) [ - % (9L, + 20)] +8L3(s) + Rz Regular parts

I 1
Nl

2
4 (_O‘Z Sf”) N.Tr nf{cl(s) [3% (—1044L2, 4 36 (87 — 37) Ly, + 288¢(3) + 1327% — 6037) ]
16 ] 16 7

4

+£0(3)[—§(

~9L2, — 48L, + 6% — 94) ] + L1(s) [ — g BLn +8) | + La(s) + Ry ¢ + O(NS, 03)

\

Topology B contributions

1 log" s/ 112 ’ i
4 [@(5) og" s/ } : Lmzlogm—2, Lszlog%, L,.Elogm —58
+ H K m
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Result — Topology A/Large Nc

- m? . S - m? + s
* Regular parts: Y SN TE aSKGg B SIS
(25m* + 50sm? + 2852 +12 (m? + 5)* L, ) Lia (—1%)  8Lis (585 )
Rz = O(s) 5 2 N
3s(m? + s) s
4 ((Lm — Ly) Li (—72%) + 4Li3 (— %)) L] TmS(Lym? —s)  4L3mS  3L2mS
s (m? + 3)3 252 3s 25
1 24 Lis (—=5 36(m2L, — s 24 L, 6s 48L, L 12s L 12 19s 58 L,
9 s s s (m? + s) s (m? + s) m=+s  (m?2+s) s
/ ds'J(s',m?, ) °| \ m =173 GeV
0 il uw=>5GeV + /s
— 1-loop
” 2-loop, O(N?)
2r — 2-loop, O(N;)
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Crosschecks — Topology A/Large Nc

* RGE: Known Z(s', s, 1) eeereia or reproduces correct 1/¢ divergences (+logs) v

 Massless limit:
— No spurious singularities due to off-shellness of quark propagator

lim J(s,m%, 1) + O(NY, ) = J (s, 1) + O(N, 0) v/
m—

l

Massless Jet Function (secher et al. (06)]

o Heavy quark ( ) limit: bHQET Jet Function pain et ar. (os)

\

J(s,m?, 1) + O(N, 0) = Cou B(3, p) + O(NZ, a3, 1/m?) v/
$

Matching coefficient (Hoang et al. ('16)1

s=s/m
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Transition Regions — Topology A/Large Nc

e 1-Loop contribution:
0.000015 [ Ratio '~
—Jul L
0.000010 - . —1
— Massive 10 .
Massless/Massive
Massless
. — bHQET/Massive
5. %1070 — bHQET 0.8
0.001 000
2 m = 173 GeV s/m?
: ! _ p=>5GeV ++/s
e 2-Loop contribution:
5. %1075 .
—JJg] T Ratio
4.x1079F 12}
3.x107°} — Massive ﬁ — 1
2.x107% F — Massless 1o Massless/Massive
11078} \ — bHQET 0al — bHQET/Massive
05 1z B0 50100 i
~1.x1078 2 -
s/m 0.001 “1000
s/m?
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Calculation — Topology B

1

dy. 3d
/d kdee [—k2]o1 [—02]a2 [—(p + k)2 + m2]0r [—(p + £)2 + m2]b> ENEENE

. related to topology B integrals (~30):

- Generalized sunrise and kite-type integrals
— complicated, standard sunrise/kite integrals contain elliptic PolyLogs

[Broadhurst et al. ('93), Adams et al. (‘16), ..., Sabry ('62), Adams et al. (‘16)] ]

- Rapidity divergences in individual integrals (sum finite)
* Has to be taken into account in IBP reduction (additional regulator)
- Blows up number of Mls
* Harder to compute

SCET 2018, March 20 Christopher Lepenik, University of Vienna
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Calculation — Topology B

* Unnecessary complications? — Try different strategy!
— Work in progress: Explicit cuts before loop integrations

- Possible advantages:
* Imaginary part obtained directly (gives usually simpler results)
e Better control over potential rapidity divergences

TEER

SR E -/
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Summary & Outlook

* Summary
- Current state of massive guark jet function at two loops

- Achieved result for planar diagrams — first two orders in large Nc
 Used IBPs and standard techniques to solve Mis
* Crosschecked with massless and heavy quark limit

* Outlook
— Finish computation Nc-subleading diagrams
- Implement result in existing thrust code — Redo analyses

SCET 2018, March 20 Christopher Lepenik, University of Vienna
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Summary & Outlook

* Summary
- Current state of massive guark jet function at two loops

- Achieved result for planar diagrams — first two orders in large Nc
 Used IBPs and standard techniques to solve Mis
* Crosschecked with massless and heavy quark limit

* Outlook
— Finish computation Nc-subleading diagrams
- Implement result in existing thrust code — Redo analyses

Thank you for your attention!
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Topology B — IBPs and Rapidity Regulators

e Subtlety in IBP reduction: Crucial to include regulator
- Example: Consider analytic regulator

- IBP relation: I Rapidity finite

dy. d 1
/d kd®¢ =2 [—(p+ k)2 +m2][—(p+ )2 + m2][—(p + k + £)2 + m2][-n - k] +e
1

- _ a7 - dr. 49
- - o f d/ﬁde[—ﬁ?ﬂ—(pm?+m2H—<p+e>2+m2n—<p+k+£>2+m2][—n-k]2+a*

O(1/«) rapidity divergent

» Additional complication: O(«a'™) terms of finite integrals are needed
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