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N-jettiness

The N-jettiness event shape variable [Stewart et al, 2010]
Ty = min{n; -
N ; ; { i qk}

ni (i=a,b,1,...,N): light-like reference vectors representing the
directions of initial and final jets

gx: momenta of final-state partons

Tn — 0: g is a soft or collinear radiation

In this limit, the cross section is factorized as [Stewart et al, 2009,2010]

N

do

—x [H®B1®B,®S® J

2 [Hones (H )
B;: beam functions, known up to NNLO [Gaunt et al, 2014]
Jn: jet function, known up to NNLO [Becher et al 2006, 2010]
S: soft function, known up to NNLO for two or three massless
partons [Boughezal et al 2015, Compell et al 2017]
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N-jettiness with massive particles

Application of N-jettiness
@ Resummed distributions in DY, DIS, Higgs processes [Stewart
et al, 2009-2010; Kang et al, 2012-2015; Berger, 2010; Jouttenus, 2013; Alioli,
2015, -] .
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N-jettiness with massive particles

Application of N-jettiness
@ Resummed distributions in DY, DIS, Higgs processes [Stewart
et al, 2009-2010; Kang et al, 2012-2015; Berger, 2010; Jouttenus, 2013; Alioli,
2015, ---] .
@ NNLO calculations in top quark decay, ete™ — tt,
H/V +j [J.Gao et al, 2013, Gaunt et al, 2015;Boughezal et al, 2015; Gaunt
et al, 2015; Berger et al, 2016; Abelof et al, 2016] .

How about massive coloured particles production such as top
quarks at hadron colliders?

@ No new collinear singularities generated by the heavy particle,
T is still able to control all the infrared (both soft and
collinear) singularities.

@ Soft currents become complicated.
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Kinematics

Consider the process
Pi+P—-Q+X

P1 and P,: incoming hadrons

Q: the massive colored particle

X: inclusive hadronic final state.
Two light-like vectors

n* =(1,0,0,1), A" =(1,0,0,—1)

The momenta are
m m_ , m _
PfZE”“ ) P§:§"“7 Pf{:m‘/uzg(”ﬂ‘f‘”“)

m the mass of particle Q.
0-jettiness event shape variable:

T;%:Zmin{n'Qk.ﬁ'qk}
K
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The soft function is defined by the vacuum matrix element

) (xfrvviv
5<7_§k:min <n-ﬁk,ﬁ~ﬁ’k>>

measurement function

S(r.p) = Z<o)1"yjyﬁvv TY, Y]V}

s

where the soft Wilson lines are defined as

—00

0
Ya(x) = Pexp <ig5/ dsn-Al(x+ sn)t")

0
Yi(x) = Pexp (—igs/ dsi- A(x + sﬁ)ta>

—00

Yi(x) = Pexp <ig5/ dsv - Al(x + sv)t")
0
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Structure of the soft function

The cross section in the limit of 7 — 0 can be written as

do
dydr

:UOH(Nz)/dtadtdesBl(thaaM)BQ(tbvxbnu)

2
X 5(7—57:“)5 <T_Ts_ ta—r:tb> <1+O (,/7\727;>)

Since the all-order cross section does not depend on the
renormalization scale y, the dependence on the scale p of the hard,
beam and soft functions will cancel against each other order by
order in as.

=We can derive the logarithmic terms of the scale y in the soft
function from the knowledge of the (N)NLO hard and beam
functions.
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Structure of the soft function

According to dimensional analysis, the bare soft function can be
written in QCD perturbation theory as

)=o)+ 13 (Z) " (1) st

n=1 K

It is convenient to discuss the renormalization group equation by
using Laplace transformed soft function

~ o0 T
S(L, /,L) = /O dTeXp <_e'YE/JJeL/2> 5(7')
— 14y (Z ) e (-2ngs

Then the corresponding renormalized soft function § is defined as

dinZs

v 5 1&
§s=27."5, dinp

Vs
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NLO soft function

LO one-gluon soft current, or the eikonal current:

4(0) Sy
Ja q)= T;; .
-y
NLO soft function:
2enye 2¢e v _
s0(r) = 22 [ d993(e) O duula) O @) F (. 7. )

The factor F(n, 7, q) is the measurement function, defined as

F(n,ii,q)=6(q" —7)0(¢” —q")+ (¢~ —7)O(q" —q7)
NLO bare soft function:

4eTE"
W= = (T T14To-T
S er(1_6)< 1- 1+ 1o 1o+

(o) (5) )
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NNLO soft function

The NNLO contribution consists of two parts

SO(r) = S () + SA(7)

Virtual real corrections

o

Double real corrections
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NNLO soft function: virtual real corrections

The virtual-real contribution to the soft function is given by
2756 4de
s = © ot ame | [ a1 4. (@) (@) F (0.7, 0)

NLO one-loop soft current: [Bierenbaum et al,2011]
1) 23 e PP
Jg (Q) = if:abc T; TC( — — ! >glj(67 q7Pian)
oyl pi-q pj-q

The factor gji(e, q, pi, pj) is given by
1 . .
{[p/ ~q(pj - a)*My+ Spj - alpi - pipi - a = mip;- @)Mo + i < ]

pi-qp; - q
+[pi - pipi - apj - 4 — mi(p; - ) — m; (pi - q)2]p..;,-M3}
i+ Pj

2p; - pj

X
mz(pj - q)? = 2pi - pjpi - Gpj - q + M2 (p; - q)?
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NNLO soft function: virtual real corrections

We have used the HypExp package to manipulate the
hypergeometric functions appearing in the intermediate steps.
The result of virtual real contribution is

) __SCACF SCi 4Cp > 5
SVR = 3 + 2 + 3 (m° =6 —24In2)Cx + 37°Cy
4Cp
= CA(TF —33C3+12(In 2+42In2)) + 16¢3Cp
Ca 2
—61—5 2CA [ ©* + 3072 (3—4In2+|n 2)

— 10(24 + 31n* 2 + 72Lig(1/2) — 124¢3 + 63C3In 2)> + 7T4CF}

+ O(€?)
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NNLO soft function: double real corrections

Two types of contributions
2 2
Sou(r) = SP() + 5 (7)
A soft quark-antiquark pair contribution [Catani et al, 2001]

3

|M(q17 CI2aP17P27P3)‘2 = (g;l/fle) Z 77_']'(q17 q2)|M(P1aP2’P3)|2
ij=1

with

2p; - piq1- G2+ pi - (g1 — q2)p; - (91 — q2)
Ti(q1, q2) = —TRT; - T; ! 7
9 ) = TR T T o0 b (o + @)y (a + a2)

462’YE6 de 3 )
S =2 [ dadas @) Y Tian e)F(nh.a )
ij=1
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NNLO soft function: double real corrections

The two-gluon soft current [Catani et al, 2001; Czakon, 20011]
ﬁmmhwkj{ﬂ@qu+” iﬁ@{ Plal —Pi %
T 27 T a2 —~ 'l qpi (q1+q2)

Pi‘(Q1—Q2)[ pipY N g“””
2pi - (1 + @) Lpi-qipi- G2 G1- Q2

2e2EC
SO = 25 [ dandas(@)ied)

7-‘—2—26

x SO (g1 3) s (G1) o (02) 15220 (q1, G2) F (, 7, 01, q2)

The measurement function

F(n,A,q1,92) = 6(q7 + g5 —7)0(ay —ai)O(a; — a3)
+6(qf +a; —7)0(aq; —qi)O(a7 — a3)
+6(qy + a3 —7)0(a7 —q1)O(a; — a3)
+6(qy +a; —7)0(a7 —q1)O(a3 — a3)
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NNLO soft function: double real corrections

It is convenient to perform the phase space integration in the
light-cone coordinates.

1
/ddq: z/dd‘zqrdq+dq‘,

Then we insert two identities

1:/d715(71—qf), 1:/d7'25(7_2_q§t)

to extract the contributions from the two hemispheres.
Finally, we need to calculate four-fold integrals over a unit
hypercube.

1+2€ —142¢ 2e _—1—2¢ _ —l_e, 1 ¢
/—/dx/dy/dz/dt 4 (kB S Gl ) N
[x2 + z(1 — x?)] (1 — 2xy + x2y? + 4txy)
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Two different methods
@ Mellin-Barnes representation

1 1 1 iz
(X+Y)A:r(A)27ri/ 9z 5 A+ 2)1H(=2)

@ Sector decomposition: to isolate the overlapping singularities

1 1 1
/ dx / dy x 172y ~be <X +(1-x) y>
0 0

Y

1 1 1
/ dxx_l_(a+b)e/ dt tbe (1 +(1-x) t)
0 0
1 1 -1
+ / dyy_l_(a+b)€/ drt 12 (1 +(1—y) t)
0 0
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NNLO soft function: double real corrections

The above integral is evaluated to be

0.392699 1.08879 = 4.09324

IMp=——F—+—5—+ + 15.1676 + 50.7918¢
€ € €
0.392695 1.08876  4.09301
l$ocee = ——5— + ——5 — + —_—— +15.1668 4 50.7878¢

The final result of the double-real contribution is

8CACr — 32C%

(2)
S =
DR 3

+ 6%(46.667CACF —8C4 —2.667n¢Cr)

! —67.226CACF + 2.667n;Ca — 5.6423C% — 4.444n;Cp + 263.189C2
€

+ (—316.07CACr — 2.957n¢Ca + 54.485C% + 4.853n;Cr + 641.097C%)
+ €(—531.488CACr — 2.905n;Ca + 92.248C3 + 10.171n¢Cy + 874.517C%)
+0O(€) .
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Cross-check with RG equations

Because of the independence of the cross section on the
renormalisation scale p, in Laplace space, RG equation for soft
function is

dins __dlnH dinB; dinb
T dinp dinp dinp

dIn,u:

The expression for renormalisation factor Z; is

Inz = 2= 2 + ¥ i (%)2 3600 + Y — 4867{” I %
ST ax \ 4e? 2¢ 47 16¢2 16¢2 4¢

e 3 2 1
SCET prediction | -24.8889 | 96.8889 | 158.568 | 354.032
real calculation | -24.8889 | 96.8888 158.577 | 353.820

difference 0 -1 x107% [ 9x1073 | -0.212

Comparison of the coefficients of €/, i = 1,2, 3,4 in double real

contribution in two different methods.
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Renormalized soft function

For a color octet production
51 = 2CA(L—2In2) — Cp(2L% + 7°),

.y A
5@ = CEKer 4+ CAKaa + CaCrKar + CansKar + CrneKer — 71

with
Ker = 2L* + 27212 + 247" 7
90
KAF=—589L3+(—%+%’r2+8|n2)ﬁ+<28@—¥—409”2)L
4 2 2
,56??4‘3 4% 72628771 +52371 n2 |
KAf:—§L2+(§In2—%)L—%2,
KFfzgL3+%OL2+(&+4L2)L+8€3+gW2

A1 is the coefficient of € in 5](32% + s\(,zR
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General kinematics: tW production

The top quark velocity v is

g 1 — Bt cosO; - 1+ B¢ cos B¢ , Brsinbr
= = VI = ,
V1= Vi-8 V-5

with 8 € (0,1), cosf; € (—1,1).
The anomalous dimension of the soft function

S
(Tl T1+T2 T2)’Ycuspl- 2Tl lecuspl m;3
__sem®
(—s13)(—523)

— 299 — 4 -3 -2yt =292 5 In(1 - B?)

S
—2T> - T2’Ycusp In TB — 2Ty - T2’Ycusp In

More dependence on the kinematics. Six-fold integrals. SECDEC
and MB are not convenient packages to deal with such kind of
integrals.
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NLO coefficient of 1/¢

Blue lines: Numerical calculations; Red lines: RG predictions
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N coefficient of Y
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NNLO coefficient of 1/e
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NNLO coefficient of ¢°

Preliminary results (fitted by ~ 100 phase space points):
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Conclutions

@ We calculate one of the indispensable ingredients in
N-jettiness subtraction method, i.e., the soft function, for one
massive colored particle production at hadron colliders

@ Our results can be used in the differential NNLO calculation
for a massive coloured particle production
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Thank you |
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