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» TMD beam function and fragmentation function are essential in the factorization of
many processes at low transverse momentum, such as Drell-Yan scattering, vector
boson production and semi-inclusive deep inelastic scattering.

» TMD beam functions are known up to NNLO [Gehrmann, Liibbert and L. L. Yang,
14][Libbert, Oredsson and Stahlhofen, 16][Echevarria, Scimemi and Vladimirov, 16].

TMD FFs are known up to NNLO, too[Echevarria, Scimemi and Vladimirov, 16].
The results using exponential regulator are unknown at NNLO.
» TMD beam functions and TMDFFs are still unknown at N3LO.

» We want to calculate them at N3LO, as a first step, we need to recalculate them at
NNLO, and get the new results up to order €2 at NNLO.
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Definition of TMDs

> The unsubtracted TMD quark beam function
By/n(z,b1) = a _"Zt'_"”ZﬁQJW( ) Xq (£ 4 b1) [X) (X| X7 (0) N(p))
q/N z,b) )= 27‘_6 ~ 2 P)I Xn (LN 1 Xn P
> The unsubtracted TMD quark fragmentation function

1 dt _jpie~— 1 s s
DR q(x,b1) = x| 2t X ;%(O‘Xn(t”+bL)|X:N(P)> (X, N(p)| x5 (0) |0)

z is the momentum fraction carried by quark g from initial hadron N, x is the
momentum fraction carried by hadron N from initial quark g.

> x is quark field dressed with a light-like collinear Wilson line,

Xn(x) = W (=00, x)tn(x),
Wh(x) = P exp(ig ffoo dsii - A(x + sh)).
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Rapidity Divergences

For manifest power counting, the EFT must be multipole expanded which leads to eikonal
propagators. This is the origin of rapidity divergences.
» In SCET,, ultra-soft and collinear sectors have different invariant masses, which can
be distinguished by dimensional regularization.
> In SCET, there is no distinction between the invariant masses of soft and collinear
sectors, therefore extra regulators are needed.

TMD at NNLO
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Rapidity Regulators

Several rapidity regulators have been proposed
> Analytic regulator[Becher, Neubert(09); Becher, Bell(11)]

/ddk—>/ddk(kl+)a

> Delta regulator[Echevarria, Idilbi and Scimemi(11)]

1 . 1
k+ 4 ie kt 46
» Rapidity regulator[Chiu, Jain, Neill, Rothstein (11, 12)]

/ddk—>/ddk(|:z|)"

» Exponential regulator[Y. Li, Neill, H. X. Zhu(16)]

where by = 2 exp(yE).
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One loop example (1)

Non-vanishing diagrams contributing to one loop quark beam function I:%)

r r r
TRl el
1551(1) - (;l;% exp (ikr - br)d+(k*)3(7 - (k — (1 = 2)p))
. 2@& ((22 +1)—(z— 1)26)e><p (f%T(k+ + k*))
2—2¢ xp (—T2 L
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One loop example (2)

In analytic regulator,

1

__Ysq_,
T ~0(1-2)+

1
[1—2z]
Similarly, in exponential regulator, one can use the following distribution identity

w = —(InT4+7e)d(1 — z) + ﬁ +0(7),

1—z

then integrating over kt, we can get the final bare result.
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NNLO representative diagrams (1)

There are three distinct contributions at NNLO, double-virtual, real-virtual and double-real.
In the case of double-virtual, all integrals are scaleless and give zero result. The most
intricate part is double-real.

In the case of quark beam function, the double-real case contains the following 5 processes,

> q—88+q
> 947 +q

/
it qt g, g q q/
g T2
q a q q
+—é<zsz9j» »—éomzﬁo

» q—q3q”

Representative Feynman diagrams
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NNLO representative diagrams (2)

For quark fragmentation function, it is similar to the quark beam function. The double-real
case contains the following three processes:

> q — ggq
»q—49Gq

: 9 9
> g — q4q @2 ﬁ
All these diagrams are generated with

QGRAF[Nogueira, 1993], while the squared
amplitudes are computed with

/
FORM|[Vermaseren, 2000] and Mathematica. q % q—/
9, _
»ﬁ:q

Representative Feynman diagrams

T.Yang (ZJU) = March 20, 2018

TMD at NNLO



Parton frame and hadron frame

In quark beam function, there is no ambiguity about choosing the frame. In quark
fragmentation function, parton frame and hadron frame should be distinguished.

Parton frame: 1. Generally, inconvenient for Hadron frame: More convenient for
derivations of factorization because the parton-frame derivations of factorization.

axes can not be determined from experiment. 2. In

some special cases, more convenient for factorization,

such as the factorization of energy-energy

correlation(EEC) [Moult, H. X. Zhu, 18]

Fh(by /x) = x*"2Fp(b.)
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The proof of parton-hadron frame relation (1)

parton frame hadron frame
q:(Qaq+a0) q:(Qaq+>EJ_h)
k 2 ad P = XQ7070 )
P = (XQ7 | iP‘ 7_kJ_p) ( ) 5 P
xQ k={((1-x)Q K+ [konl” K
k2+|klp|2 . - ) (1—X)Q sy KLh
k=((1-x)Q sl Ky,
(1=x)@ 2p‘k:7X k2+7x |/&h|2
X 1 1—x (1-x)

K ki,
1—x +x(1—x)| Lol

(kipl® = x|kl

2p- k=
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The proof of parton-hadron frame relation (2)

One particle emission case:
F(by)
_ l/dZ‘QEELdk+dk_5(k2)6(k_ — (1= 0@ exp (— BT(K 4 k7)) MP
boT K3 1
2 (1-27)@Q (1-xQ

Here |M|? stands for Lorentz invariant part. Integrating over k¥, k™, it generates a factor
which is same in these two frames.

/d2 26Iq_exp(lkJ_ bJ_)exp( )|M|

1
(1—x)Q"
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The proof of parton-hadron frame relation (3)

Fo(by/x) = / 2Ry explikuy - Eoyexp (= 27K G)MP !
PATL 2 e T 2 (1- ) (1-x)Q
_ 22l 2-2e o7 boT ST2S 1
=x 2/d kinexp(ikin-bi)exp (— 2 1-x0 )|M\ =0
Further, we can use the relation
bor ki’ | Cbot [k PP —1+1) bt ki
exp( 2 (1 _ X)Q) - exp( 2 (1 _ X)Q ) - exp( 2 (1 _ X)Q) + O(T)

Because | M|? is Lorentz invariant, and we have changed the integration variable I?lp to

kJ_h, SO . .
Fp(bL/x) = x*"*Fy(by)
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Renormalization and matching

» Coupling constant renormalization:

2 VE
ot = (M5 Zuwe), Zu(w) =1 2 4 o)

> At small by, one can match TMD functions to their corresponding integrated
functions,

Ty/i(z,b1) = 25 (11.b1) > Tas(z, b1, 1) @ fiosi(z, 1)
k

dirk(x, p
it b) = 2000 ) 0 0 6 B b, )

k
Flx, bo/x) = 27 (10, b1) D dijulx, 12) ® Fiyqlx, b /x, 1)
k

> here, f,/; stands for the integrated parton distribution function, dj,. represents the
integrated fragmentation function.

» All UV divergences are contained in ZB, ZqD, all IR divergences in fk/j and dj/k,
ZTq/k(z, b, ) and Fi/q(x, b1 /x, ) are free of any divergences.

TMD at NNLO
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Extraction of matching coefficient

d; k(X7N’)
E‘%(X, bl) = ZD(/% by )Z J/X272e ® ]:It'/q(xa bL,M)
Filax, bi/x) = 27 (11, b1) Z (%, 1) @ Fiepq(x, b /x, 1)

In hadron frame,
> LO: FM(b1) = 6jg0(1 — x)
(1)

(bi) = F " (b)) — ZD6(1 — x)5jg — 5

(1)H
» NLO: F; i

ila
» NNLO: F2M(b,) = B

FOM(b1)~ZP5(1-x)05— 5~ 70 ] Y g For

In parton frame,
> LO: FP (b /x) = 0jg6(1 — x)
> NLO: fj}q (b/x) = f}}f"(bi/x) Z05(1 = x)5jq - 1/3,
> NNLOFIY (01 /x) = F" b /) = 20501 =t = ) -2, -
WF (b /x) = Sy di)) @ FLF (b /x)
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Zero-bin subtraction and RGEs

> In exponential regulator, the zero-bin contribution is equivalent to TMD soft function.
> 1 evolution equation for the matching coefficients are

dI,'k Q2 B
W = |~ Tam(os)n(5) + 2 (as)]z,-k—2§j:I,-,-®ij(z,as)

d]:ik(bTJ') Qz B by T by
g = [ Tamlas) () + 207 (0s)| P 5) — 2 DA @ Fu)

> where Pj is the space-like DGLAP splitting kernel, P,.JT is the time-like DGLAP splitting

kernel,v = % I"cusp is the cusp anomalous dimension.

» v evolution equation for the matching coefficients [Chiu, Jain, Neill, Rothstein, 11]:

dZi plby| ,

v TR(=p i as) T,

dFu(ts) plby]. by
L

mbu 7 o
r(MEL ) = / = rcusp(as(u»w(as(rl)).

T.Yang (ZJU) = March 20, 2018 TMD at NNLO



After zero-bin subtraction, renormalization and matching, we get the final finite matching
coefficients. We have explicitly checked:
> all IR divergences can be absorbed into corresponding integrated functions.

» the UV renormalization factor ZqB in beam function is the same as the factor Zf in
fragmentation function, and it doesn’'t depend on the momentum fraction z or x.

Zf:ZqD:l_’_{%_ CF(4|n(Z§)+2|n<Szz)3>}as

A + O(ai—)

€

v

the matching coefficients satisfy the p evolution equation and v evolution equation.

v

the matching coefficients for beam function coincide with [Gehrmann, Liibbert and L.
L. Yang(14)], matching coefficients for fragmentation function coincide with
[Echevarria, Scimemi and Vladimirov(16)].
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Iq’q(l-b = 0) ==

2(1 — 2
Cr TF{4(z +1)Ho 0,0 + %(13622 — 143z +172) — g(822 +324+3)Hoo
4 8(223 — 32243z -2
+ 6(32z2 — 30z +21)Ho + ( = )(Hl,o+<z)}
In the limit of z — 0,
344 _ 8r? 344 _ 8x?
F-s5)ar (B -%)oT
Igq= 1 Laq = 2 )
Iog = 1Lag =
V4 z
In the limit of z — 1,
1 808 224
Tyrg =0,Z5g =0,Zgqqg = [7j| (28C3CACF — —CaCr + 7CFNFTF> )
aa 1—z], 27 27

2
Toe = CeTE (—5 log®(1 — z) + 2log(1 — z) + 2 (14¢3 — 5)) +

CaTE (40Li3(2) + g log®(1 — z) — 2log(1 — z) — 49¢3 — 4 + 20i7 log?(2) — 1072 |og(2)> .
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Results of scale independent part for quark beam function:
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Crossing Symmetry for TMD

» For TMD beam function,

/

9
.p’
p ’

N
|
S
E\
=

31

» For TMD fragmentation function,

_Ap
k

> To get the TMD FF in hadron frame from TMD beam function,

Ai-d Ae(— 1
p = —p.g = —qk = kz=—29 1279 (ca) _ 1
a-p Aa-(-p) x
b, 12 b 1 spin and color factor of particle j
Fip (=, x) = =Nigx' >Zp(by, ), = -
LA x) WX G(be, x) & spin and color factor of particle k

» From explicit calculation up to NNLO, we have checked that the results indeed satisfy

this relation for interval 0 < x < 1.
> For x = 1, this relation is violated due to the expansion of regulator 7.

TMD at NNLO
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A part of result at order e

For simplicity, we only give a part of results at order ¢.

L, =

0)
2 2

CFTF{ § 8z +3z+3) (Hoo.0 + HoC2) + ~ (32z —12z+21) Ho.o
p4

1 (82 —7Z+8)H10
9z

+ 5(z +1) (3¢2Ho,0 + 3Ho,0,0,0 + 2Ho(3) —

4(1 — 2) (162> — 17z + 16
N ( ) ( )Cz+
9z
4(82° — 2172 +21z—8
» 2 29: - )<3}6

n 8 (—22 + 322 -3z + 2) (_HI,O,O +2H110 + 2H1(:2)
3z

(4162 363z + 183)

4(z—1) (640z2 — 827z + 460)
81z
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A part of results at order €2

A part of results at order €2
Ty q(Ly =0)
4
:cpn{§@k2—nz+mﬂmmp+%@)

2 2
+§@£+3z+@csgmw—3%ﬁw—z%@y—E(M&Q—%&+1%)%ﬁ
3%1—@(%%—2&+@®}ﬁ0+16¢3£+1&2—mz+®(mmp—2mﬂp—2m@)

27z 9z
8 (—223 + 322 -3z + 2) (_CZHl,O — 4C2H171 — H17o’0,0 + 2H17170,0 — 4H17171,0 =+ 2H1C3)

3z
1 4
7(2 + 1) (8§3 HO,O + 12¢> Ho}o’o + 12H0,0,0,0,0 + 21HOC4) + aHo (128022 — 1119z + 1263)
N (=2 (20822 — 329z + 280) (2 + £ (3222 — 31z +32) (3 — ¢ (2822 — 232+ 28) &4)
z

8(z — 1) (193622 — 1151z + 1594) | ,
2437 ‘
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Summary and Outlook
Summary and Outlook

» TMD beam functions and FFs are universal, process independent.

> Using exponential regulator, we have calculated NNLO TMD quark beam functions
and FFs up to order €2, which are prepared for the calculation of N3LO .

> We have almost finished the calculation of 3 loop NF part.

Representative diagram of 3 loop NF part
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