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Motivation

I TMD beam function and fragmentation function are essential in the factorization of
many processes at low transverse momentum, such as Drell-Yan scattering, vector
boson production and semi-inclusive deep inelastic scattering.

I TMD beam functions are known up to NNLO [Gehrmann, Lübbert and L. L. Yang,
14][Lübbert, Oredsson and Stahlhofen, 16][Echevarria, Scimemi and Vladimirov, 16].

I TMD FFs are known up to NNLO, too[Echevarria, Scimemi and Vladimirov, 16].

I The results using exponential regulator are unknown at NNLO.

I TMD beam functions and TMDFFs are still unknown at N3LO.

I We want to calculate them at N3LO, as a first step, we need to recalculate them at
NNLO, and get the new results up to order ε2 at NNLO.
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Definition of TMDs

I The unsubtracted TMD quark beam function

Bb
q/N(z, b⊥) =

∫
dt

2π
e−iztn̄·p

∑
X

/̄nαβ

2
〈N(p)| χ̄αn (tn̄ + b⊥) |X 〉 〈X |χβn (0) |N(p)〉

I The unsubtracted TMD quark fragmentation function

Db
N/q(x , b⊥) =

1

2Ncx

∫
dt

2π
e−it n̄·p

x

∑
X

/̄nαβ

2
〈0| χ̄αn (tn̄ + b⊥) |X ,N(p)〉 〈X ,N(p)|χβn (0) |0〉

z is the momentum fraction carried by quark q from initial hadron N, x is the
momentum fraction carried by hadron N from initial quark q.

I χ is quark field dressed with a light-like collinear Wilson line,

χn(x) = W †n (−∞, x)ψn(x),

Wn(x) = P exp(ig
∫ 0

−∞ dsn̄ · A(x + sn̄)).
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Rapidity Divergences

For manifest power counting, the EFT must be multipole expanded which leads to eikonal
propagators.This is the origin of rapidity divergences.

I In SCETI , ultra-soft and collinear sectors have different invariant masses, which can
be distinguished by dimensional regularization.

I In SCETII , there is no distinction between the invariant masses of soft and collinear
sectors, therefore extra regulators are needed.
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Rapidity Regulators

Several rapidity regulators have been proposed

I Analytic regulator[Becher, Neubert(09); Becher, Bell(11)]∫
ddk →

∫
ddk(

ν

k+
)α

I Delta regulator[Echevarria, ldilbi and Scimemi(11)]

1

k+ + iε
→ 1

k+ + δ

I Rapidity regulator[Chiu, Jain, Neill, Rothstein (11, 12)]∫
ddk →

∫
ddk(

ν

|kz |
)η

I Exponential regulator[Y. Li, Neill, H. X. Zhu(16)]∫
ddk → lim

τ→0

∫
ddk exp(−b0k

0τ)

where b0 = 2 exp(γE ).
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One loop example (1)

Non-vanishing diagrams contributing to one loop quark beam function Ib(1)
q/q

Ib(1)
q/q =

∫
d4−2εk

(2π)3−2ε
exp (ikT · bT )δ+(k2)δ(n̄ · (k − (1− z)p))

· 2p−CF

k+k−

(
(z2 + 1)− (z − 1)2ε

)
exp

(
−b0

2
τ(k+ + k−)

)

=
1

2

∫
d2−2εkT
(2π)3−2ε

e ikT ·bT
exp

(
−τ b0

2
(

k2
T

1−z
)
)

1− z

2CF

k2
T

(
(z2 + 1)− (z − 1)2ε

)

T. Yang (ZJU) @ March 20, 2018 TMD at NNLO 6 / 23



One loop example (2)

In analytic regulator,

1

(1− z)1+α
= − 1

α
δ(1− z) +

1

[1− z]+
,

Similarly, in exponential regulator, one can use the following distribution identity

exp (− τ
1−z

)

1− z
= −(ln τ + γE )δ(1− z) +

1

[1− z]+
+O(τ),

then integrating over kT , we can get the final bare result.
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NNLO representative diagrams (1)

There are three distinct contributions at NNLO, double-virtual, real-virtual and double-real.
In the case of double-virtual, all integrals are scaleless and give zero result. The most
intricate part is double-real.
In the case of quark beam function, the double-real case contains the following 5 processes,

I q → gg + q∗

I q → q′q̄′ + q∗

I q → qq̄ + q∗

I q → qq + q̄∗

I q → qq̄′q
′∗

g g q′
q̄′

q q̄ q q

q q̄′

Representative Feynman diagrams
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NNLO representative diagrams (2)

For quark fragmentation function, it is similar to the quark beam function. The double-real
case contains the following three processes:

I q → ggq

I q → q′q̄′q

I q → qq̄q

All these diagrams are generated with
QGRAF[Nogueira, 1993], while the squared
amplitudes are computed with
FORM[Vermaseren, 2000] and Mathematica.

g g

q′
q̄′

q
q̄

Representative Feynman diagrams
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Parton frame and hadron frame

In quark beam function, there is no ambiguity about choosing the frame. In quark
fragmentation function, parton frame and hadron frame should be distinguished.

p

~k⊥pq

k

Parton frame: 1. Generally, inconvenient for
derivations of factorization because the parton-frame
axes can not be determined from experiment. 2. In
some special cases, more convenient for factorization,
such as the factorization of energy-energy
correlation(EEC) [Moult, H. X. Zhu, 18]

q
~k⊥h

p

k

Hadron frame: More convenient for
derivations of factorization.

Fb
p (
~b⊥/x) = x2−2εFb

h (
~b⊥)
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The proof of parton-hadron frame relation (1)

p

~k⊥pq

k

q
~k⊥h

p

k

parton frame

q = (Q, q+, 0)

p = (xQ,
|k⊥p|2

xQ
,−~k⊥p)

k =

(
(1− x)Q,

k2 + |k⊥p|2

(1− x)Q
, ~k⊥p

)
2p · k =

x

1− x
k2 +

1

x(1− x)
|k⊥p|2

hadron frame

q = (Q, q+, ~k⊥h)

p = (xQ, 0, 0),

k =

(
(1− x)Q,

k2 + |k⊥h|2

(1− x)Q
, ~k⊥h

)
2p · k =

x

1− x
k2 +

x

(1− x)
|k⊥h|2

|k⊥p|2 = x2|k⊥h|2.
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The proof of parton-hadron frame relation (2)

One particle emission case:

Fb(~b⊥)

=
1

2

∫
d2−2ε~k⊥dk

+dk−δ(k2)δ(k− − (1− x)Q)e i
~k⊥·~b⊥ exp

(
− b0τ

2
(k+ + k−)

)
|M|2

=
1

2

∫
d2−2ε~k⊥ exp(i~k⊥ · ~b⊥) exp

(
− b0τ

2

k2
⊥

(1− z)Q

)
|M|2 1

(1− x)Q

Here |M|2 stands for Lorentz invariant part. Integrating over k+, k−, it generates a factor
1

(1−x)Q
, which is same in these two frames.
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The proof of parton-hadron frame relation (3)

Fb
p (~b⊥/x) =

1

2

∫
d2−2ε~k⊥p exp(i~k⊥p ·

~b⊥
x

) exp
(
− b0τ

2

k2
⊥p

(1− x)Q

)
|M|2 1

(1− x)Q

= x2−2ε 1

2

∫
d2−2ε~k⊥h exp(i~k⊥h · ~b⊥) exp

(
− b0τ

2

k2
⊥hx

2

(1− x)Q

)
|M|2 1

(1− x)Q

Further, we can use the relation

exp(−b0τ

2

|k⊥|2x2

(1− x)Q
) = exp(−b0τ

2

|k⊥|2(x2 − 1 + 1)

(1− x)Q
) = exp(−b0τ

2

|k⊥|2

(1− x)Q
) +O(τ).

Because |M|2 is Lorentz invariant, and we have changed the integration variable ~k⊥p to
~k⊥h, so

Fb
p (~b⊥/x) = x2−2εFb

h (~b⊥)
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Renormalization and matching

I Coupling constant renormalization:

αb
s = (

µ2eγE

4π
)εZα(µ)αs(µ), Zα(µ) = 1− β0

ε

αs(µ)

4π
+O(α2

s ).

I At small b⊥, one can match TMD functions to their corresponding integrated
functions,

Ibq/j(z , b⊥) = ZB
q (µ, b⊥)

∑
k

Iq/k(z , b⊥, µ)⊗ fk/j(z , µ)

FbH
j/q(x , b⊥) = ZD

q (µ, b⊥)
∑
k

dj/k(x , µ)

x2−2ε
⊗FH

k/q(x , b⊥, µ)

FbP
j/q(x , b⊥/x) = ZD

q (µ, b⊥)
∑
k

dj/k(x , µ)⊗FP
k/q(x , b⊥/x , µ)

I here, fk/j stands for the integrated parton distribution function, dj/k represents the
integrated fragmentation function.

I All UV divergences are contained in ZB
q , ZD

q , all IR divergences in fk/j and dj/k ,
Iq/k(z , b⊥, µ) and Fk/q(x , b⊥/x , µ) are free of any divergences.
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Extraction of matching coefficient

FbH
j/q(x , b⊥) = ZD

q (µ, b⊥)
∑
k

dj/k(x , µ)

x2−2ε
⊗FH

k/q(x , b⊥, µ)

FbP
j/q(x , b⊥/x) = ZD

q (µ, b⊥)
∑
k

dj/k(x , µ)⊗FP
k/q(x , b⊥/x , µ)

In hadron frame,

I LO: F (0)H
j/q (b⊥) = δjqδ(1− x)

I NLO: F (1)H
j/q (b⊥) = F (1)bH

j/q (b⊥)− Z (1)δ(1− x)δjq −
d

(1)
j/q

x2−2ε

I NNLO: F (2)H
j/q (b⊥) =

F (2)bH
j/q (b⊥)−Z (2)δ(1−x)δjq−

d
(2)
j/q

x2−2ε−Z (1)
d

(1)
j/q

x2−2ε−Z (1)F (1)H
j/q (b⊥)−

∑
k

d
(1)
j/k

x2−2ε⊗F
(1)H
k/q (b⊥)

In parton frame,

I LO: F (0)P
j/q (b⊥/x) = δjqδ(1− x)

I NLO: F (1)P
j/q (b⊥/x) = F (1)bP

j/q (b⊥/x)− Z (1)δ(1− x)δjq − d
(1)
j/q

I NNLO:F (2)P
j/q (b⊥/x) = F (2)bP

j/q (b⊥/x)− Z (2)δ(1− x)δjq − d
(2)
j/q − Z (1)d

(1)
j/q −

Z (1)F (1)P
j/q (b⊥/x)−

∑
k d

(1)
j/k ⊗F

(1)P
k/q (b⊥/x)
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Zero-bin subtraction and RGEs

I In exponential regulator, the zero-bin contribution is equivalent to TMD soft function.

I µ evolution equation for the matching coefficients are

µ
dIik
dµ

=
[
− Γcusp(αs) ln(

Q2

ν2
) + 2γB(αs)

]
Iik − 2

∑
j

Iij ⊗ Pjk(z , αs)

µ
dFik( b⊥

x
)

dµ
=
[
− Γcusp(αs) ln(

Q2

ν2
) + 2γB(αs)

]
Fik(

b⊥
x

)− 2
∑
j

PT
ij (x , αs)⊗Fjk(

b⊥
x

)

I where Pjk is the space-like DGLAP splitting kernel, PT
ij is the time-like DGLAP splitting

kernel,ν = 1
τ

, Γcusp is the cusp anomalous dimension.

I ν evolution equation for the matching coefficients [Chiu, Jain, Neill, Rothstein, 11]:

ν
dIik
dν

= −γR(
µ|~b⊥|
b0

;αs)Iik ,

ν
dFik(

~b⊥
x

)

dν
= −γR(

µ|~b⊥|
b0

;αs)Fik(
~b⊥
x

),

γR(
µ|~b⊥|
b0

;αs) =

∫ b2
0
~b2
⊥

µ2

dµ′2

µ′2
Γcusp(αs(µ

′)) + γr (αs(
b0

|~b⊥|
)).
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Cross checks

After zero-bin subtraction, renormalization and matching, we get the final finite matching
coefficients. We have explicitly checked:

I all IR divergences can be absorbed into corresponding integrated functions.

I the UV renormalization factor ZB
q in beam function is the same as the factor ZD

q in
fragmentation function, and it doesn’t depend on the momentum fraction z or x .

ZB
q = ZD

q = 1 +

{
4CF

ε2
−

CF

(
4 ln

(
ν2

µ2

)
+ 2 ln

(
Q2

ν2

)
− 3

)
ε

}
αS

4π
+O(α2

S)

I the matching coefficients satisfy the µ evolution equation and ν evolution equation.

I the matching coefficients for beam function coincide with [Gehrmann, Lübbert and L.
L. Yang(14)], matching coefficients for fragmentation function coincide with
[Echevarria, Scimemi and Vladimirov(16)].
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Results

Iq′q(Lb = 0) =

CFTF

{
4(z + 1)H0,0,0 +

2(1− z)

27z
(136z2 − 143z + 172)−

2

3
(8z2 + 3z + 3)H0,0

+
4

9
(32z2 − 30z + 21)H0 +

8(2z3 − 3z2 + 3z − 2)

3z
(H1,0 + ζ2)

}
In the limit of z → 0,

Iq′q =

(
344
27
− 8π2

9

)
CFTF

z
, Iq̄q =

(
344
27
− 8π2

9

)
CFTF

z
,

Iqg =

(
344
27
− 8π2

9

)
CATF

z
, Iqq =

(
344
27
− 8π2

9

)
CFTF

z
.

In the limit of z → 1,

Iq′q = 0, Iq̄q = 0, Iqq =

[
1

1− z

]
+

(
28ζ3CACF −

808

27
CACF +

224

27
CFNFTF

)
,

Iqg = CFTF

(
−

2

3
log3(1− z) + 2 log(1− z) + 2 (14ζ3 − 5)

)
+

CATF

(
40Li3(2) +

2

3
log3(1− z)− 2 log(1− z)− 49ζ3 − 4 + 20iπ log2(2)− 10π2 log(2)

)
.
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Results

Results of scale independent part for quark beam function:

0.0 0.2 0.4 0.6 0.8 1.0

-50

0

50

100
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Crossing Symmetry for TMD

I For TMD beam function,

z =
n̄ · q′

n̄ · p′ .

I For TMD fragmentation function,

x =
n̄ · p
n̄ · q .

p′

q′

k′

p
q k

I To get the TMD FF in hadron frame from TMD beam function,

p′ → −p, q′ → −q, k ′ → k, z =
n̄ · q′

n̄ · p′ →
n̄ · (−q)

n̄ · (−p)
=

1

x
.

Fb
jk(

b⊥
x
, x) = −Nkjx

1−2εIbkj(b⊥,
1

x
), Nkj =

spin and color factor of particle j

spin and color factor of particle k
.

I From explicit calculation up to NNLO, we have checked that the results indeed satisfy
this relation for interval 0 < x < 1.

I For x = 1, this relation is violated due to the expansion of regulator τ .
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A part of result at order ε

For simplicity, we only give a part of results at order ε.

Iq′q(Lb = 0) =

CFTF

{
− 2

3

(
8z2 + 3z + 3

)
(H0,0,0 + H0ζ2) +

4

9

(
32z2 − 12z + 21

)
H0,0

+
16(1− z)

(
8z2 − 7z + 8

)
H1,0

9z
+

8
(
−2z3 + 3z2 − 3z + 2

)
(−H1,0,0 + 2H1,1,0 + 2H1ζ2)

3z

+
4

3
(z + 1) (3ζ2H0,0 + 3H0,0,0,0 + 2H0ζ3)− 2

27
H0

(
416z2 − 363z + 183

)
+

4(1− z)
(
16z2 − 17z + 16

)
ζ2

9z
+

4(z − 1)
(
640z2 − 827z + 460

)
81z

+
4
(
8z3 − 21z2 + 21z − 8

)
ζ3

9z

}
ε
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A part of results at order ε2

A part of results at order ε2

Iq′q(Lb = 0)

= CFTF

{
4

9

(
32z2 − 12z + 21

)
(H0,0,0 + H0ζ2)

+
2

9

(
8z2 + 3z + 3

)
(−3ζ2H0,0 − 3H0,0,0,0 − 2H0ζ3)−

2

27

(
416z2 − 363z + 183

)
H0,0

−
32(1− z)

(
26z2 − 25z + 26

)
H1,0

27z
+

16
(
−8z3 + 15z2 − 15z + 8

)
(H1,0,0 − 2H1,1,0 − 2H1ζ2)

9z

+
8
(
−2z3 + 3z2 − 3z + 2

)
(−ζ2H1,0 − 4ζ2H1,1 − H1,0,0,0 + 2H1,1,0,0 − 4H1,1,1,0 + 2H1ζ3)

3z

+
1

3
(z + 1) (8ζ3H0,0 + 12ζ2H0,0,0 + 12H0,0,0,0,0 + 21H0ζ4) +

4

81
H0

(
1280z2 − 1119z + 1263

)
+

(1− z)
(
− 2

27

(
208z2 − 329z + 280

)
ζ2 + 8

27

(
32z2 − 31z + 32

)
ζ3 − 7

6

(
28z2 − 23z + 28

)
ζ4

)
z

−
8(z − 1)

(
1936z2 − 1151z + 1594

)
243z

}
ε2
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Summary and Outlook

Summary and Outlook

I TMD beam functions and FFs are universal, process independent.

I Using exponential regulator, we have calculated NNLO TMD quark beam functions
and FFs up to order ε2, which are prepared for the calculation of N3LO .

I We have almost finished the calculation of 3 loop NF part.

g
q′ q̄′

Representative diagram of 3 loop NF part
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